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PREFACE 


The present volume contains a complete translation, made 
in consequence of a suggestion by my eminent friend, Professor 
^ E. T. Whittaker, F.R.S,, of the Italian text of my Lezioiii di 
calcolo drfferenziah assoluto?- Two new chapters have been added, 
which n,re intended to exhibit the fundamental principles of 
Einstein’s General Theory of Relativity (including, of course, 
as a limiting case, the so-called Special or Restricted Theory) 
as an application of the Absolute Calculus. 

I have already had occasion to remark in the Preface to the 
Italian edition that we possess Various systematic and well- 
written expositions of Relativity by celebrated authors. The 
short treatment which is ottered in the two new cha]3ters of the 
present work presents some distinctive features which it may 
be well to point out explicitly. 

In the first place, in order not to increase the size of the book 
unduly, I have thought it expedient to confine myself to tracing ^ 

the relativistic evolution of Mechanics (properly so called) and 
of Geometrical Optics, and to developing its most important 
consequences. In this treatment the whole of Electromagnetism 
is sacrificed. The sacrifice is certainly regrettable, since Electro¬ 
magnetism was historically relateddii the most intimate way to 
Einstein’s conception, having served uuleed as tlie support and 
model for Restricted Relativity. Furthermore, Electromagnetism, 
in common with every other physical phenomenon, now comes 
within the ambit of General Relativity. Much as the omission 
of Electromagnetism is to be regretted, it has the advantage 
of reducing the programme to subjects belonging to the pure 
Newtonian tradition (or to its developments); and it allows us 
to take a clearer and jnore exact view of the transition from the 
classical sclieine of Mechanics to the relativistic one. 

^ Coinpilud by Br. Eurico IVrsico (Rome, Stuck, 11)25). 
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PREFACE 


For this reason I have followed the method—which I have 
adopted sometimes in lectures or articles on special subjects— 
of taking the classical laws as the starting point and then of 
trying to find inductively what modifications—negligible in 
ordinary circumstances—should be introduced in order to take 
account of Einstein’s ideas; and in the first place, naturally, 
to take account of his Principle of Relativity, that is to say, the 
invariant behaviour of these laAVS under all transformations of 
space and time, an auxiliary four-dimensional being duly 
employed. This method has seemed to me to be preferable to 
tlie procedure of enunciating the postulates of relativistic 
Medianics in abstract tensorial form, whiclx is so comprehensive 
in physical content as to be almost inaccessible to ordinary 
intuition, except with ample comment and illustration. 

A further characteristic of our exposition is that we make 
extensive use not only of geometrical rejDresentation but also 
of the differential properties pertaining to the space-time con¬ 
tinuum; attention is drawn also to the special importance of 
the Einsteinian statics, the treatment being rigorous in some 
cases, while in others which involve fields variable with the time 
it is approximate. 

In closing tins introduction to Cliapters XI and XII I would 
add that they were prepared, still in collaboration with Professor 
Persico, at the suggestion of Mr. F. F. P. Bisacre, M.A. 

In connexion with the wliole of the English edition, I must 
warmly thardc the translator, Miss Marjorie Long, formerly 
Scholar of Girtou'College, who with double competence, scientific 
and linguistic, has known how to combine scrupulous respect 
for the text with its effective adaptation to the spirit of the 
English language. 

I owe hearty thanks also to Dr. John Dougall, who, while 
revising the proofs, lias checked the analysis throughout, detected 
some ovensiglits, and made many useful suggestions for imjxrovc- 
ment. I wisli finally to thank my English publishers, who have 
not only acceded to, but almost always anticipated, my wislies 
in regard to symbols and the typography of the book. 

T. LEVI-CIVITA. 

lioiMic, October^ 
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Riemann’s general metric and a fornmla of Christoffel con¬ 
stitute tlie premises of the absolute differential calculus. Its 
development as a systematic branch of mathematics was a later 
process, t]ie credit for wliich is due to Ricci, who during the ten 
years 1887-1896 elaborated the theory and worked out the 
elegant and comprehensive notation which enables it to be easily 
adapted to a wide variety of questions of analysis, geometry, 
and physics. 

Ricci himself, in an article published in Volume XVI of the 
Bulletin ties Sciences Matheinatiqiies (1892), gave a first account 
of his methods, and applied them to some problems in differential 
geometry and mathematical physics. Later on other interesting 
applications, made by himself or his students (to whicli group 
I had the privilege of belonging), suggested the desirability of 
preparing a general account of the whole subject, including 
methods, results, and a bibliography. This was the origin of the 
memoir “ Methodes de calcul difierentiel absolu et leurs appli¬ 
cations ”, which was compiled by Professor Ricci and myself in 
collaboration, on the courteous invitation of Klein, and appeared 
in Volume 54 of Math, Ann. (1901). 

There is a chapter on the foundations of the absolute calculus, 
with special reference to the transformation of the equations of 
dynamics, in Wriglit’s Tract, Invariants of Quadratic Differential 
Forms (Cambridge University Press, 1908); apart from this, 
while special researches based on the use of this method were 
continued after 1901 by a limited number of mathematicians, 
yet general attention was not again directed to it until the great 
renaissance of natural ])hilosophy, due to Einstein, which found 
in the absolute differential calculus the necessary instrument 

vii 
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for forimi]o,ting the new ideas mathematically and for the siib- 
scqucnfc numerical work. 

Einstein’s discovery of; the gi'avitational ecjnations was an¬ 
nounced by liim in the famous note Zur allgemeinen Relati- 
vitatstheorio ” ^ in the following Avords; “ Sie hedeutet einen 
wahren Triumph der diircli Gauss, Kiemann, C'hristoffel, Eicci . . . 
hegrundeten Methoden des allgenieinen Differentialkalculus. ’ 

In an ea.rlier memoir Einstein had given a neAv exposition of 
tiiose elements and i’onnnhe of tlie a)>solutc calculus whicli more 
S]}ecifically served his purposes. A similar standpoint was sub- 
S(*,cjucnt]y ado])t(.Ml l)y tlie most distinguished workers in the field 
of general relativity, in ])articular by AVeyl,‘^ Laue,^ .Eddington/^ 
and Eirkhoff,^ all of whom made conspicuous original contribu¬ 
tions, both of idea and of iiiethod, to the physical theories, in 
addition to useful ajui elegant develo])nients of the tensor calculus. 
Similar statements can be made for Carmichael,^ Marcolongo,'^ 
Kojjff,^ Beccpierel ^—to mention, from the vast literature ou the 
subject, only the hooks I liavo myself had occasion to consult 
—while do Donder has avoided the notation of tlie absolute 
cafe ulus and used instead the theory of integral iu variants. 

Ill recent years there have been some general treatises devoted 
to the absolute calculus; for instance, those of duvet,^^ Marais, 
aiu! Galbrun.^’^ Lastly, tliere is anotlier calcidus, in a new order 
of ideas, not less compreliensive and perliaps even more general, 
invented by Sclionten, and develojjed Avith the collaboration 
of Struik.^'^ 

In face of this plentiful and valuable literature a new dis¬ 
cussion of Ricci’s methods might seem to be superfluous; and 
conce[)tua.]ly this is pGrhaj)s true. 

In fact, of the inijjrovements and additions to the scheme 
of 1901 (the memoir in Math. Ann.), derived mainly from the 
3iotion of paj-allelism and on this basis inti’oduced by me into 
two courses of lectures given at the University of Rome during 
tJie sessions 1920-1921 and 1922-1923, all, or almost all, will 
be fouiul as indej)eridont discoveries of the authors already citefl, 
in ojio or other of their books. 

Eor instance, tlie definition of a tensor, and some algebraic 
anticipations of the results intended to simplify the proofs, are 
to be found iu Wey], Lane, and Marais, all of wliom, like Edding¬ 
ton, establisJi a more or less intimate connexion belAvcen co- 



PREFACE TO THE FIRST (ITALIAN) EDITION ix 

variant diilerentiation and parallelism. A thorougli discussion 
of tiic latter is also giveji by Juvet and Galbrun. But the associa¬ 
tion with the algebraico-tensorial notation and with the elements 
of differential geometry is always less detailed and systematic 
than what I tried to establish in my lectures. The line of argu¬ 
ment followed in them has a particular unity, which may j^erhaps 
justify their ax)pearance in print at this juncture. 

The manuscript was edited witli great care and intelligence 
by Dr. Enrico Persico, from notes of the lectures. I wish to express 
my thanks to liim for his valuable help, and to my publisher, 
Signor Stock (who also attended the lectures), to whose continued 
encouragement the existence of the book is due. 


Home, Decaubcr, 19.^3. 


TULLIO LEVI-CTVITA. 
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NOTE TO 

SECOND ENGLISH IMPRESSION 

Advantage has been taken of a reprint to correct a few 
typographical errors and to add references to some recent 
work (see p. 441). 

T. L.^C. 

Rome, November, 1928* 


PUBLISHER’S NOTE 

Professor Tullio Levi-Civita died in Rome on tke 29th of 
December, 1941. 

An appreciation of liis work was publisbed in tbe Atti della 
Accademia Nazionale dei Lincei, Serie Ottava, Vol. I, Fascicolo 
11, November, 1946, with a list of his 204 scientific publications. 

This volume includes tke Author’s last revisions of the 
English Version. 


April, 1947. 
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THE ABSOLUTE 
DIFFERENTIAL CALCULUS 


PART I 

Introductory Theories 


CHAPTER I 

Functional Ditperminants and Matrices 

1. Geometrical terminology. 

In analytical geometry it fretpiently ]ia])pens that compli¬ 
cated algebraic relationshi])s represent simple geometrical pro¬ 
perties. In some of these cases, while the algebraic relationships 
are not easily expressed in words, the use of geometrical language, 
on the contrary, makes it possible to express the ecpiivalent 
geometrical relationships clearly, concisely, and intuitively. 
Further, geometrical relationships are often easier to discover 
than are the corresponding analytical properties, so that geo¬ 
metrical terminology offers not only an illuminating means of 
ex])osition, but also a powerful instrument of research. We 
can therefore anticipate that in various questions of analysis it 
will be advantageous to adopt terms taken over from geometry. 

For this purpose it is essential to adopt the fundamental 
convention of using the term ‘point of an abstract n-clmcnsional 
numifold {n being any positive integer whatever) to denote a 
set of n values assigned to any n variables x-^, This 

is an obvious extension of the use of the term in the one-to-one 
correspondence which can be established between pairs or trip¬ 
lets of co-ordinates and the points of a plane or space, for the 

i 
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cases n 2 and 7i ^ 3 respectively. For the case of n ^ 
ables we can thus also speak of a field of points (rather 
values assigned to the ir’s), and of the region round a s])eo 
point Xi{i ~ 1, 2, . . . n). 

If the cc’s are n functions x,- (t) of a real variable then 
t varies continuously between and h we get a simply in^^i 
succession of points, the aggregate of wljich (as for 
n = 3) is called a line, and more precisely an arc or segnix^'^ 
a line. 


2. Functional determinants and change of variables. 

Let there be n functions of n variables; 

[x^, . . . X,), 

the functions and their derivatives to any required degree 
supposed finite and continuous in the field considered. 

To simplify the notation, let x (without a sufBx) reproh 
not only (as is usual) any one of the n variables x-^, . 

but also (as is sometimes done) the whole set of them; * 
similarly for other letters which will be used farther on. W 
this convention the given functions can be written in the abricl, 


With the usual notation, t\i(d fiinclio7ial determinant or Jacoh 
of the w’s is the determinant of the ^ith order whose terms 
the first derivatives of the ^//s; i.e. 


dii^ 

du^ 

du-^ 

dx-^ 

^ ^2 


d IL2 

d'U^ 

du^ 

dx-^ 

dx^ 

dx„ 

dt^ 



dx^ 


dx~ 


Such a determinant is sometimes represented by the abridg 
notation 
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analogous to tliat used for fractions and substitutions, the set 
of functions %i representing the numerator and the set of vari¬ 
ables X the denominator of a fraction. The analogy of form 
is justified by the analogy of properties, as can be seen by con¬ 
sidering the effect on a functional determinant of a change of 
variables. For let the x’s be functions of n variables y, 

= 2=1 (2/1. • • • 2/,,):] 

.. ( 1 ) 

• • • yn)j 

and suppose further that these equations represent a reversible 
transformation, i.e. that they also define the as functions 
of the cr’s, or, in other words, that they are soluble with respect 
to the ^’s. If then the w’s are considered as functions of the 
2 /’s (being given in terms of the cr’s, which are functions of the 
^’s), and the corresponding functional determinant 



is formed, it will be found, as will be shown below in § 4, 
that ~ D multiplied by the determinant of the functions 
defined by equations ( 1 ), i.e. by 



3. The fundamental theorem on implicit functions. 

Before proving the theorem just referred to, we must recall 
a fundamental theorem relating to implicit functions. It is known 
that a relation between two variables of the type 

/(?/> a;) = 0 

defines y sls a. function of x, provided certain suitable qualitative 
conditions are satisfied^ A classical form of the conditions 
sufficient for solubility is as follows. Let if, be a point at which 
/ vanishes, / being finite in a (plane) region I round the point. 

Let — exist in I and be not zero for x — x°, y — y°. Then 
dy 

1 When an eijuation is said to he “soluble”, this will not necessarily mean that 
the process of finding an algebraic solution can be carried out. 
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in a certain (linear) region round the value xP the given equation 
defines a continuous function y{x) such tin it/(//(;/:), . 7 ;) vanishes 
identicaJly. 

For implicit functions of several variables the following 
theorem, which is a generalization of the one just stated, liokls. 

Let there be given n equations between n variables y and 
any iiuniber of variables x of the form 

/,( 2 /|a:) =.0 {i = 1,2, . . . 

Let there be a set of vadues xP, y^, which satisfy these equa¬ 
tions; in a region I’ound the point y^\ let the /’s and their 
derivatives with respect to the v/’s be continuous, and let the 
determinant 


be not zero. Then the given equations define the ?y’s as functions 
of the 7 ;’s in a region roiurd the set of values 

It will be seen that from a certain point of view the func¬ 
tional determinant of several functions of tlie same number of 
variables constitutes a natTiral generalization of tlie derivative 
of a fimctioii of one variable. This will follow explicitly from the 
a];)]jiications of the following section, 

4. Effect on a functional determinant of a change of variables. 

Consider iirst the (sufficient) condition of solubility of the 
set of equations ( 1 ). Write the equations in the form 

^iiyv ■ • • l/a) — 0 {i =- 1, 2 , . . . n), 

and suppose that there exists at least one set of values of the 
iy’s and the aj’s which satisfy them and for which the functions 
x^i^y) and their derivatives are continuous. Then, to apply the 
preceding theorem, we must calculate the partial derivatives of 
the left-liand side of each equation Avith respect to the y's, and 
form their determinant. But these derivatives are the terms 

—-d ™ 1 , 2 , . . . n), and hence the condition of solubility with 

respect to tlie y'v. is 

A = • “"A =4. 0. 

\«/i ■ • • yJ 


A • • • K\ 

2/i • • • yJ 
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Now take the theorem stated in § 2, and suppose A 0. 
Multiply together the two determinants D and A, i.e., inter¬ 
changing rows and columns in A, form the product 


du^ 

da^ 

9 % 


dxi 

dxo 

dx„ 

dx^ 

dx.2 

dx„ 


3^/1 

32/1 

3 2/1 



dU2 


dx^ 


3*„ 

dx^ 

dx ..2 ' ■ 

dx,, 

X 

3^/2 

32/2 

3 i /2 

du,, 


du„ 


9^1 

3®2 

dx„ 

dx^ 

9(^0 

" dx:, 


32/n 

wl ' 



Applying the ordinary rule, the product by rows gives as 
the typical element of the resulting determinant the expression 

dll, dxi __ du, 

T' dx-, dij, dy, 

(remembering the rule for differentiating a function of one or 
more functions). Hence, as already stated, the product is the 
determinant Dj^, This result is expressed by the formula 



which justifies the use of this notation for the functional deter¬ 
minants. 

5. The necessary and sufficient conditions for the independence 
of n functions of n variables. 

If therefore the functional determinant of n functions of n 
variables does not vanish identically, it follows that this pro¬ 
perty still holds when the original variables are replaced by 
otliers related to the first set by the transformation (1) (with 
the condition A 4= 0); in other words, this is an invariant property. 
The following definition may therefore be given: 

Defjnitjon.— n ofi\ mriables are said to he indepen¬ 
dent ivJien their functional determinant does not vanish identically. 

The reason for a])p]ying the word independence to this 
property is shown by the following theorem. 
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Tpieorem.—(? n’m n functions u of ii variables x, the necessary 
and sufficient condition for the non-existence of any {differentiable) 
relation hetwee^i them of the type 

/(tfi, , u,) 0 .... (3) 

involving only the ii’s and not the x^s, is that their functional deter¬ 
minant does not vanish identically. 

We shall first show that the condition is sufficient; tlien that 
it is also necessary, but for the moment confining the proof to 
a ])articiilar case; the theorem in its general form will be shown 
farther on to be itself only a particular case of another still 
more general theorem (cf. § 7). 

Suppose the condition satisfied 



We shall then show that no relation of the type (3) can exist. 
(Identities are of course not considered; i.e. we exclude the case 
wliere equation (3) is satisfied when arbitrary values are assigned 
to the tds, as it would not then represent any relation between 
the 'ids.) Suppose that such a relation does exist. Differentiating 
with respect to . . . x,,, we should get n equations 


^ 9 / du,, _ 

dxi 


{i 1, 2, . . . n), 


0 r 

linear and homogeneous in the derivatives Now since by 

ou^ 

hypothesis f is a true function, not zero identically, these deri¬ 
vatives are not all zero. Hence the determinant of the coefficients 
of this group of equations vanishes; i.e. D = 0, which is con¬ 
trary to our hypothesis. The condition (4) is therefore sufficient 
to secure the non-existence of any relation of the type (3). 

To prove that condition (4) is necessary, we shall show that 
if it is not satisfied, i.e. if 

-D = 0,.(5) 


then the ?.ds are connected by a relation (at least one) of the 
type (3). For the moment the only case considered will be that 
in which at least one of the minors of order n — I oi the deter- 
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minant D does not vanisli. This minor will in general be of the 
type 

where .. . 2‘^n-i ( 7 i,. . . g„.-i represent any two arrangements 

of n — 1 integers chosen without repetitions from the numbers 
1, 2, .... n. But since the order in which the x'a and t^’s are 
made to correspond to the numbers 1,2,. . . n is immaterial, we 
can, without loss of generality, suppose numbers assigned to the 
variables in such a way that D' is the minor formed by the first 
n — 1 rows and n — I columns; we thus get 

D' = O • ■ ■ ''‘“-A =t= 0. ... (6) 

This condition expresses the fact that no relation exists 
between the first n — 1 functions. 

Now we know that if a reversible transformation is applied 
to the a;’s, it follows from hypothesis (5) that the determinant 
of the ids with resj^ect to the new set of variables y is also zero. 
Let the relation between the ic’s and be given by the following 
equations: 

Vi = 1 


Vu-l — • • • *;i)j I 

2/u = 1 

We may note that these formula define a reversible trans¬ 
formation, since the functional determinant of the ^’s with respect 
to the x’s is 

du, dui 

dxi ■ ‘ ‘ dx„_i dx„ 


dx^ ' ' 3a:,1-1 

0 


9 m, 

9a;„ 



0 


1 
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and ex[)a,ndm‘:!: this from tlie last roAV'-, it is soon to be equal to 
£)', wliicli hy hypothesis is not zero. 

Nuw^ consider the ahs as I'unctions of tlie ^’s; using equations 
(7) we get 


Vx^ I 

Vn-i, 

'«,* = ■ ■ ■ v»-vy.)-' 


( 8 ) 


Expressing tlie fact that the determinant of the ^ds with 
respect to the ^’s is zero, we get 


1 

0 . , . 

0 

0 

0 

1 

0 

0 

0 

0 . . . 

1 

0 

1 

du„ 



1 

3//i 

S-l/. ■■■ 

^Ua-l 

H .! 


It follows tliat the last of the equations (8) does not contain 
y,^; substituting in it from the remaining equations, it becomes 

i.e. a relation between the ^ds wdiich does not contain any of the 
X s. 

Hence from tlie hypotheses ( 6 ) and (5) it follows that there 
exists one relation of the type (3), which is sucli that rt,, can be 
ex[)ressed in terms of the other /r/s. Tliis relation is uniqne, 
because if there were another, tlien eliminating u,^ between them 
we should get a relation between zq, . . . but this, as already 

pointed out, is incompatible with hypothesis ( 6 ). 

6 . Functional matrices. Definition of the independence of 
m functions of n variables. 

\Ye sliall now examine the more general case in which the 
number ni of the functions u is not equal to the number n of the 
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variables x. For this purpose we must consider the functional 
matrix of the given functions, i.e the following matrix of m 
rows and n columns: 


dui 

0 % 

9^q 

9^1 

dX2 

dx„ 




dxj^ 

dX2 

dx,, 


In what follows it will be denoted by M; but it must be noted 
that no numerical value is attached to the symbob and there¬ 
fore that M does not represent a quantity, but is an abbreviation 
for the arrangement of terms under consideration. 

The characteristic of a matrix is the order of the non-vanishing 
determinants of highest order which can be constructed from it; 
it can therefore obviously not be greater than the number of 
rows or the number of columns, whichever is the less. 

We now give a definition, which will be justified in the follow¬ 
ing section. 

Definition.— m/imcfeyis of any number of variables are said 
to he independent when the characteristic of their functional matrix 
is m. It follows immediately that if the number of functions is 
greater than the number of variables, the functions cannot be 
independent; while if the two numbers are equal, the definition 
coincides with that already given, since the matrix becomes a 
determinant of order m, and if its characteristic is m this is 
equivalent to saying that the determinant does not vanish. 

7. Theorem. 

Give/fi m functions u of any number of variables x, if the 
characteristic of their functional matrix is k, then there are m — k 
relations {and not more) between the u’s which do not involve 
the x\s. 

It will follow immediately as a corollary that if the functions 
are independent (the case h = m) there exists no relation between 
them. 

The theorem just stated has been proved above (§ 5) for the 
particular cases in which the number of functions is equal to the 
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number of variables .and in addition h ~ m or h ~ w — 1 . 
We proceed to prove it in general, taking various cases in turn, 
as follows: 


( 1 ) h — m (and m < n), the case of independence; 


h < m- ” 


Case (I): h ^ ni. This hypothesis is ecpiivalent to saying 
that there exists a minor of order m which is not zero; remember¬ 
ing the remark made on p. 7 , we may suppose without loss of 
generality that 



Applying the theorem of p. 6 it follows that the ^ds are not 
connected by any relation which does not involve any of the 
a;’s. 

Case { 2 a)\ k < m, k ~ n. There is therefore a minor of 
order n which is not zero. We may arrange the suffixes of the 
^ds and the iu’s so that the minor in question is tliat formed by 
the first n rows and n columns, and we shall have 



We shall now show that 74+^, can all be expressed 

in terms of the remaining u’s, without using the a:’s, so that we 
shall have ni — n (which is the same as m — k) relations between 
the u’s. For since i) 4= 0 we may change the variables. Let 
the new variables be given by the equations 

• • • ^n)= 


Solving these equations with respect to the cr^s, and substituting 
the expressions so obtained in these will be expressed 

as functions of tq, . . . hence the theorem is true for this 
case. 
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Case {2b): h < m, h < n. Tlie hypothesis is that there exists 
a deterrainant of order h whicli is not zero, and that every deter¬ 
minant of higher order vanishes. Let ns arrange the w’s and the 
x’s so that 

D = K • ' • %\ 4 . 0.(9) 

\X^ , , . XjJ 

We shall show that any function Uj, {h ~ i + 1, . . . m) 
can be expressed in terms of the first h functions w, without 
involving any of the cc’s. For this purpose, consider the deter¬ 
minant 0 formed by bordering JD with the {h + l)th column 
and Ml row of the matrix; since it is of order ^ + 1, it is 
zero by hypothesis, i.e. 

0 = \ - 0 . . . . ( 10 ) 
\X^. . . Xj, 


Now applying the theorem stated on p. 6, it follows from this 
equation and the inequality (9) that can be expressed as a 
function of ^q,. . . which does not involve ... Xj.^ be. 
since we are not yet able to say anything about the remaining 
a;’s, 

% = • • • % 1 Xk+%, ■ ■ • ■ • ( 11 ) 


The next step is to show that not in fact occur 

in this expression. If ^ + L there is no need to consider 

therefore the formula (11) represents the expres¬ 
sion we are in search of, giving in terms of -zq, . . . alone. 
If this is not so, let x-^ denote any of the variables 
and consider the determinant 0', obtained from 0 by replacing 
by Xj, so that 


0 ' - 



.X,Xj/ 


0 ' vanishing because it is a minor of order Jc + 1 taken from the 
matrix. Expanding it, substituting from equation (11), and 
making certain transformations, we can easily show that it 

involves the vanishing of whence it follows that cf) does not 

axj 

contain x. In fact, representing compactly by the letter D the 
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square matrix ol those elements of 0 which form the determinant 
D, we have 


D 


du^ 

dxj 


0 ' 


9^1 


9% ' 

dXj 

du,, 

d 9 Xj 


Using equation (11) the elements of the last row are given by 


9% ^ S 

dxi idui dx,- 


{i = 1 , 


_ d(f> ^ d(l) dui 

dXj dxj \^^Ui dxj 


Jcy, 


Multiplying the elements of each of the first h rows in turn 

by and subtracting the sum of these products from 

o«q OU;. 

the elements of the last row (whicli does not change the value 
of the determinant) the last row becomes 


0 ... 0 


3 x! 


and therefore, expanding from this rorv, we get 


;y _ 


0 


dxi 


D. 


Since by hypothesis D =1= 0, it follows that = 0, which 

dx.j 

proves the assertion. 

The theorem enunciated at the beginning of this section is 
thus completely proved. Applying it to the particular case 
m ~ n, it coincides with the theorem of p. 6, which is therefore 
now shown to hold without any restriction. 
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CliAFTEK II 

Systems of Total Differential Equations 

1. Preliminary remarks, 

The reader may first be reminded of some general considera¬ 
tions on diilerential expressions. 

Given a function . . . x„), the expression 

df = S, dx, 

1 dXi 

is cjdled the /olal differential of the function/; it is equal (except 
for infinitesimals of liiglier order) to the increment of/in jiassing 
from the point x^, x.,, . . . to the infinitely near point + dx-^, 

Xo ~{~ • • • ^'jl “h d'j'i,. 

Given n fimctioiis Xj of the .r’s, which, together with their 
first (hnivatives, we shall su])pose finite and continuous, the 
expressioji 

ijj := S,. X,- (r/q, [iL, . . . x„) dx^ ... (1) 

1 

is called a d'lfferentiaf or Pfajfum, expression. 

An expression of this forju is not always an exact differential; 
i.e. tliere does not always exist a function/(.T j,, . x,f) such 

that the given Pfallian is its total differential. The necessary 
and sufficient condition for the existence of such an/, i.e. for the 
integrability of an equation of the type 

df^^^ix^dx^, .(2) 

1 

is that the following l-n{n — I) conditions should be satisfied: 

dXf 0Z.i ... n 

' -- {i,j -- 1, 2, . . . n), . . (3) 

dxj dx,: 

If these cotiditions are satisfied in a certain field, the integral 
calculus shows how to constnud the most general function / 
which has tlu^ required property; i.e. it shows how to integrate 
the given differential expression. All the possible/'s differ from 
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one another by a constant. It‘ we follow the procedure usual in 
elementary treatises, and consider not the whole field but a suit¬ 
ably restricted region round a point x arbitrarily fixed in advance, 
then in this region each of the/’s is a uniform function (i.e. one- 
valued, like all the functions we a.ie considering) of the argu¬ 
ments .Tj, .To, . . . .'rp. 

We now proceed to discuss a more general problem tliaii this. 
Let there be m unknown functions u of n independent variables 
X, and let there be gh^en a set of relations between their difier- 
entials which define the d/ds in terms of the dec’s, in the form 

clu^ = (x I ti) dxi (a ~ 1, 2, . . . m), . (4) 

1 

where the Z’s are mn arbitrarily assigned functions (finite and 
continuous, together with their first derivatives). 

A group of relations of the type (4) is called a system of 
total differential equations^] equation (2) is obviously only a 
particular case. It may be remarked that equation (2) is itself 
equivalent to the system of n equations 

= X,{x) (i = 1, 2, . . . n), . . (2') 

OX; 


and that the equations (4) are analogously equivalent to the 
system of mn equations 


dll,, 

d Xi^ 


I M') 


/a = 1, 2 , . . . to\ 

\i = 1 , 2 , . , . / 


(40 


Both are problems of partial differential equations, and are 
soluble only under specific conditions; but if these are satisfied, 

^ In a system of tins kind tlie group of variables to be eonsidered independent 
is fixed in advance. The late Professor G. JR-icci in a recent work has considered 
instead a system of I epnations of the type 

n =0 (r = 1, 2, . . . 1), 

1 

detcrniiiiing the conditions that tlie n variahles x may be considered functions of 
any ntnnijer p (< ^^-) r)f ind(^]K.‘ndent variables, and indicating the steps necessary 
to find (he solution (of. Attl dd Rf'dh' I.d. Ven., Vol. XXXf. L022-3, })p. 179-1(S3). 

An account of the general tlieory of PfafKan systems, with recent develo])- 
ments due mainly to von Weber, Oartan, and Gour.sat, is gdven in the last-named 
author’.? Le(^'ons sur le prohUme de (Paris, Hermann, 1922). 
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we sLall see that tlie integration reduces to that of ordinary 
dilterential equations. 


Conditions necessary for integrability. Completely in- 
tegrable, or complete, systems. 

When the problem is stated in the form ( 4 '), it is obvious 
(from the symmetry of the second derivatives of the ti’s) that 
a necessary condition for the existence of solutions is that the 
following conditions shall be satisfied: 

^ \j 1, 2, B , . 7/A 

clxj dxi \i,j “ I 5 2 j . . . 7?. / 


The symbol denoting total differentiation has been used as 
a reminder that in di:fferentiating it is necessary to take into 
account that the arguments ii also depend on the x's, i.e. that 


dxi 


dxj 


1^ dxj 


dxj dti^ 


^\r 


. , ( 6 ) 


Using this result, the equations (5) take the form of — 1 ) 

relations of the type 


I = 0.(S') 


These, it will be seen, in general contain not only the x's but 
also the ?t’s (unlike the equations (3)); and we must suppose the 
w’s replaced by those unknown functions of x which satisfy the 
given system of equations. The conditions of integrability can¬ 
not therefore be given explicitly without knowing beforehand 
the solutions of tlie system. This difficulty did not arise for the 
equation ( 2 ), since the X's, and therefore their derivatives, did 
not contain the unknown function. 

But it may happen—and this is the most interesting case— 
that the equations (5) are not only satisfied for those particular 
which form a solution of the system, but are true identically, 
i.e. for any set of values whatever of the ^i’s and of the x's. In 
this case, as we shall see, these conditions are not only necessary, 
but also sufficient, for the integrability of the system, which is 
then said to be completely integrahle, or complete. 
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T The integration of a mutually consistent system can 
always be reduced to that of a complete system. 

We shall now show that whenever a system of total differential 
equations is iiitegrable (in the sense that tliere exists at least one 
set of m functions aq, . . . which satisfy the system), 

the integration reduces to that of a complete system; ^ye shall 
thus be able to cotifine our subsequent discussions to systems of 
the latter kind. 

As we have already said, there are hm(n — 1) conditions of 
iiitegrability (5'), wJiile there are ni ids. Now for n > 2, 
ni> < hnn(n — 1). In general, therefore, there cannot be m func¬ 
tions ii which satisfy these conditions, and therefore the system 
can certainly not admit of solutions. If exceptionally these con¬ 
ditions are mutually consistent it may happen either that m of 
them are independent, so that there is then one single set of 
values for the n’s which satisfies these m conditions, and it only 
remains to test whether these ids also satisfy the given system 
of equations; or that they are all satished identical! 37 - (and then 
the system is complete); or that—the most general case—they 
reduce to a number v < m of mutually consistent and indepen¬ 
dent equations. In the latter case, v of the unknowns can be found 
in Unite terms, expressed in terms of the x's and the remaining 
■m—~ V ~ fjL unknowns. Arranging the ids in a suitable order, 
we may suppose that the equations (5') give us the last v of the 
functions u, viz. the functions 

in terms of the x’s and the remaining it’s, 
iq, iq, , . . 

Tor greater clearness, we sliall denote these first fx functions 
u by (a ^ 1, 2 , . . . |Il), and the last v by 'u'^' = 

(^ — 1, 2, . . , v). Using this notation, the equations (5') can 
be put in the form resolved witli respect to the namely 

x; = f,{x\H') (^ = 1,2,... v). . ( 5 ") 

Next, suppose the system of equatious (4) divided into two 
groups; one consisting of the first /x; 

n 

A^[j; (a'I 'ii) (lx I (a ~ 1, 2, . . . /x); . (4u) 

^ (dG55) 
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n 


and the other of the rciuaining v: 

li 

du^ = [ I {x I u) dx.i (a ™ jLc “h Ij + 2, . , . m — [jl -|- v), 

1 

The latter group, putting a ~ ju, + A 'vvc shall write 
in the form: 

= Si I u) dXi (/3 = 1, 2, . . . v). . {ih) 

1 

Substituting from the equations (5") and (4a), the two sides 
of this last equation become linear expressions in the differentials 
dxi^ with coefiicients which depend solely on the a*’s and tlie ^ds. 
Since the coellicieiits on both sides must be the same (the differ¬ 
entials dx- being independent), the equations (46) reduce to 
equations in finite terms, nv in number, between the id’s and 
the a:’s. 

If all these reduce to identities, we need only consider the 
system of equations (4a), in which tlie functions id' are to be con¬ 
sidered as replaced by their values as given by the equations 
(5"), so tluit we have a total differential system, of the same 
form as the original system (4), involving only the id’s, /a in 
number, where /a == //i — v < iiL The essential result in the 
case under consideration is that the system (la) so reduced is 
necessarily complete. In fact, it consists of a part of the original 
system (4) Avith the additional relations (5") between the ids. 
Tlie condition of integrability of tlie whole system (4) (where 
a 'priori, the ?ds were treated as so many unknowns) consisted of 
the equations (5), or, we may say, of the equivalent equations 
(5"). For the system of equations (4a) the analogous conditions 
will consist of a ])art of the conditions (5") (or combinations of 
these), with the jaoviso that e\^ery it" is to be replaced by the 
corresponding expression gwen by the equations (5") themselves. 
This process obviously leads to mere identities; hence, as stated, 
the system (la) is complete. 

If on the other hand the equations (46) give rise to non¬ 
identical relations in finite terms between the ^y/’s and the ;r’s, 
we shall have to associate them with the equations (4a) and 
treat this whole system of equations in /r unknowns (including 
some total differential equations and some equations in finite 

(1> 065 ) ^ 
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terms) as we have already bi’eated the system of equations (4) 
and the conditions (5). 

Proceeding in this way, we sliall reach a stage Avhere either 
the conditions are found to be nmtually inconsistent, when we 
must conclude that the given system has no solution, or else the 
problem reduces to the integration of a complete system (with a 
number of unknowns wliich is certainly less than m). Q.E.I). 

In consequence we shall now confine oiir attention solely to 
complete systems. 

4. Bilinear covariants and the resulting form for the conditions 
of complete integrability. 

We have expressed the condition of complete integrability 
by means of the equations (5), which are supyjosed to hold for 
arbitrary values of the 'ids and of the We shall now express 
this condition in a more concise form. 

For this purpose take two different systems of inhnitesimal 
increments of the x’s, denoted by dx,- and 8xi respectively; the 
corresponding increments of a generic function ii of tire cc’s will 
then be denoted by die and respectively, and will be given 

by 

du = 2 j ,; dXl^ 

1 dx^ 

bU — ll: bX,: 

1 dx,: 

Now the dx's are arbitrary infinitesimals, on which we can 
a pnori impose any hypotheses we please; we shall consider 
them as infinitesimal functions of the iirs. With this hypothesis 
the increments of these dxs, corresponding to the increments 
Sx of the varialdes, will naturally be denoted by Mx; witli a 
similar interpretation for dSx. The increment dti will also be an 
infinitesimal function of the x's, and we shall tlius liave to con¬ 
sider 8dit] dSn will be similarly defined. We shall next obtain 
the explicit expression of these two second differentials of u, in 
order to show that a slight restriction on the arbitrariness of 
the second differentials of the independent variables will be 
sufficient to ensure the result Mu = dbu^ whatever the 
function u may be. 
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Applying the symbol of operation S to the first of the equations 

(7), we get (without any restrictive hypothesis) 

Mu = S,. S {Ipi dx, + S, Mx, 

1 \dXi! 1 axi 

n n 0 2^; n 

= S, S,. dx, hxj + S, 7' Mx, . . (8) 

1 I ox, oxj id X, 

The expression for dSu will evidently be similar, with d and 
S interchanged. Now the first part of the formula is unaltered 
by this interchange, wliile in the second Sdx, is replaced by 
dhx,. If therefore we impose on the arbitrary functions dx and 
8 x of the x's the condition 

dSx, — Mx; {i = 1, 2, . . . u), . . (9) 

which represents a very small loss of generality, the second part 
of the formula (8) will also be unaltered when d and S are inter¬ 
changed; we shall therefore have, for any function whatever 
u{x^, Xo, . . . x„), 

d 8 u — Mu . ( 10 ) 

It may be noted incidentally that in the differential calculus 
it is usual to impose a hypothesis involving considerably greater 
restrictions than the conditions (9); the usual convention is 
that the second diEerentials of the independent variables are 
zero, or that the dx'^ are not functions of the a;’s, but constants. 

We shall now consider, along with tlie increments of the 
independent variables, not a function with its differentials, 
but a generic Pfaffian 

11 

^i. dx,y 
1 

in which the Z’s are given functions of tlie x's. 

The suffix d has been inserted as a reminder that the Pfaffian 
refers to the increments dx;\ the same Pfaffian relative to the 
increments hx, will be conveniently distinguished by the analogous 
notation 

j/fg ~ ^iX, 8 xi. 

i 
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Both i/j; and will naturally bo functions of the a^’s. Cah 
culating Si/j,i we thus g(‘-t 


s.A,- 


L 1 


" " ?} X 

^.y:j:;^xix,Sxj+x,.x,.hfixr, 

1 T dxj 1 


or with tlie abridged notation wdiicli can be used wdioii several 
sninniations ))otwc(in the same limits arc applied to the same 
general term, 

[ ‘ dxj 1 


Interchanging d and S we get dijj^. Using the relation (9), 
the dillerence — difs^ reduces to 


n 



dX; . . 

- flXfbX: — 

a 


y 


S.X,; dx-^. 


But the value of a sum is plainly luialfected by the parti- 
cular letters of the alpliabet which we choose to assign to tlic 
sunixes with respect to which the summation is to be made. 
We iua,y therefore intercliange i and j in the second j>ai‘t of the 
preceding forinula, so that we can now write the erpiation in the 
form 

S-A, - = 2,.; ^ Y dx, 8xj. . (11) 

\ \d Xj 0Xi f ^ 


The expression Si/r,, — is called the bilinear covariant 
relative t(j the given Pfaffian. The use of the term bilinear 
is sulliciently justified by the expression just found, which is 
linear in tln.^ arguments dx and also in the arguments bx. The 
name “ covfiriaut ” is due to the circimistance that tlie munerical 
value ami formal structure of the two sides of equation (11) 
alwa.ys reiujiin the same when the independent variables x vary 
in any way whatever. But we shall return to this point farther 
on (ef. (hapter VI, p. 144) in connexion vvdtli the general hlea of 
invnj’iants (functions or differfmtial forms). 

Meanwhilcj it may ho noted that if the Pfaffian ijj^i is an exact 
din'erential, i.e. if the conditiojis (3) are satisfied, the right-hand 
side of equation (11) becomes zero, and we reach a result which 
has already been found (cf. formula (10)). 
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We may now return to the examination of the system of 
equations (4), and the conditions of complete integrability. Con¬ 
sider the 7)1 Pfalhans wliich constitute the right-hand sides of 
the equations (4): 

1 

and construct their bilinear covariants. We shall show that the 
two conditions: (a) that these covariants vanish identically, 
however dx and Sx are chosen; and (6) that the equations (5) 
are identically true whatever values are assigned to the w’s, 
are completely equivalent, so that the condition of complete 
integrability may be written in the form 

0 (a = 1, 2, . . . ni), . (12) 

it being understood that this equation must hold for arbitrary 
values of the increments dx and Bxd 

To prove this, take the explicit expression of these bilinear 
covariaiits, in the form given by equation (11). In differentiating 
it must be remembered that the A"’s must be considered as 
functions of the x‘’s, both directly, and also indirectly as functions 
of the vr's. Using the convention already adopted, the derivatives 
can therefore be denoted by the symbol for total differentiation; 
equation (12) thus becomes 

S, ; (" I A dX; SX: =0. . (12') 

1 ‘ \ dXj dxi / 

Now if the conditions (5) for complete integrability are satisfied, 
the coefficients of this bilinear form (i.e. the expressions in paren¬ 
theses in equation (12')) are all zero, and therefore the equation 
is satisfied however the dx'n and SaAs are chosen. Vice versa, 
suppose that tlie equation is satisfied however the dx's and Sx’s 
are chosen. Tlien all the coefficients must necessarily be zero. 
For if we take all the rZrr’s and Sads as zero, except one pair, 
e.g. Sr^j, where i, j, are two arbitrarily chosen but definite 

^ Ah a Tiiatter of faot wo have imposed the restrictions (9) on the second 
diffeniiitiaLs doxi, hut the intinitcsimal increments dxi, bxi to he a.ssig’iied to 

the ir^’s at the yeiierie point under cvmsideration are still entirely arbitrary. 
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integers of the series 1, 2, . . . n; then the sum in equation (12') 
reduces to the single term 



dX^ 

dxi 


dxi Sxp 


which cannot vanish unless 

d X I ^ _ dx ^ I j _ ^ 

dxj dx^ 


We tlierefore conclude tliat tlie conditions (5) can be written in 
the more concise form (12). 


6. Morera’s method of integrationd 

We shall now show that the conditions of complete integrability 
are sufficient for integrabilityj or more precisely that if they are 
satisfied there exists one and only one set of 'iti functions u{x) 
which satisfy tlie given system of equations and have values 
arbitrarily fixed in advance at a point also fixed in advance. 
Considering these initial values of n as arbitrary constants (as 
evidently they may be considered to be), we can say more 
shortly that the general integral depends on m arbitrary constants, 
or that there are co""' integrals. 

For the proof, we first fix a generic point Po(^i 5 
in the field of variation of the a;’s in which the X’s are defined. 
Let Pi(rr{, xl, ,.. be another arbitrary point in the field, and 
suppose it joined to by a line T which does not leave the 
field. T will be defined by parametric equations 

x,^^cl>;(l) (i - 1,2, . . . n), . . (13) 


where t is a parameter which has the value L^^ at Pq and the value 
q at P^. We shall provisionally confine our investigation to the 
points of tliis line, so that for the present any functions u of the 
a;’s are to be considered as functions of the variable t alone (via 
the ic’s and the equations (13)). Their derivatives will be 


dt 1 ^ d X,: dl 


(a 1, 2, . . . m), 


Integration dor v'oIl.stiiTuligon Did'eroiitiale ”, in Math. A7in., Vcd. 27, 
lS8(j, pp. 403-411. Of. also Sioviciu: “Sul inetodo di Mayer pi;r I’integrazioiie 
df'lk; e({uazioni lineari ai fliffurenziali totali ”, in Aiii del Ru 1st. Veneto.^ Vol. 
LXIX, 1910, pp. 419-425. 
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or, denoting differentiation witli respect to ^ by a dot, and sub¬ 
stituting from equation (4'), 

.(14) 

(it 1 

/ -I ^ \ /-f ^/\ 

or ^ a 1, 2, . . . m). . (14 

at at 

The are known functions of t given by equations (13); 
hence the equations (14') are of the type 

I ^'2’ • • • “-) (a - 1, 2, . . . m), (14") 

at 

i.e. they form a system of ordinary differential equations, in the 
normal form. Now given m arbitrary constants 2 ^, . . . 
it is known from the calculus that—subject to qualitative condi¬ 
tions of continuity and existence of derivatives, which we suppose 
satisfied—there exist m functions which satisfy the system 
(14"), and which are equal to the given constants when t — 

If, therefore, the are given any arbitrary set of values at Pq, 
they are defined at all points of the line T, and therefore also 
at P^. It may however happen—and does in general—that if 
the points P^ and P^ are joined by another line instead of P, 
different values will be found for the at P^. But we shall 
now show that if the conditions of complete integrability are 
satisfied, the values of the w’s at P^, found by the method just 
described, are independent of the line P, so that these «’s will 
be functions only of the co-ordinates of P^, that is, functions of 
position; they will satisfy the given system of equations not 
only along a line, but along all the infinite number of lines which 
can be drawn in the given field, or, in other words, in the whole 
of this field. They will therefore constitute the required solutions 
of the total differential system (4), as we shall show later on. 

We shall simplify our task by considering infinitesimal dis¬ 
placements; i.e. by showing in the first place that the values of 
the ti’s at Pi remain unaltered if the line P undergoes an infinitesi¬ 
mal deformation; it will follow that they will be the same for 
any line which can be obtained from P by a succession of infini¬ 
tesimal deformations, i.e. by a continuous deformation of P. 
If then we suppose the field such that every line joining Pq and 
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can be obtained in tliis way, we sluill have all that is required. 
Such fields (e.g. a triangle or a circle in a plane, a cube or a sphere 
in space) are called simply c.ovnecled 

Consider therefore a line T' infinitely close to T; ^ve may 
think of it a-s ol>tained by displacing each point P of 1\ of co¬ 
ordinates Xj, to a j^oint P' of co-ordinates + and the 
inlinitesinial incren;ient 8a:,; may bo taken in tlie form ey,, for 
example, wliere every y- is a linite quantity AUirying from ])oint 
to point of the curve (and therefore a function of /), and e is 
an infinitesimaf factor taken as constant, and therefore indepen¬ 
dent of L With these conditions the ])aramctric equations of 
the curve T' will be 

.^/+Sxv == r^(0+ ex,(0- • • • (15) 


Tlie functions Xi considered as arbitrary, except for 

the condition of vanishing for t = C ^ 

lines T and T' may liave the same extremities. We sliall adopt 
the natural convention of using the operator 8 to denote the incre¬ 
ment of a generic cjuantity (scalar or vector) in passing from the 
point P of T to the corresponding point P' of T' . 

Now suppose the equations (14^') integrated along T'\ v/e 
shall get functions of t, satisfying the equations 

(», + S».„) = {« = 1, 2,. . . m), 


or 


dt 


1 

dt 


m-); 


using liypothesis (12), expressing the complete integrability of 
the system, ^ve can also Avritc the equations in the form 


(ft dt 


( 10 ) 


From the tlieorem of the existence of integrals of ordinary 
ditlerential systems (already referred to in connexion with 
ecpiations (bU) ), it follows that the quantities arc uniquely 
determined by these ecpiations together with the condition of 
vanishing at Now the equations (10) are obviously satisfied 
by taking 
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(i.e. assumiiig for tlie quantities tbe expressions appropriate 
to the case where the w’s are in fact functions of the rr’s). These 
expressions vanish with the 8a;/s, i.e. at Pq (so satisfying the 
initial conditions which, together with the equations (16), deter¬ 
mine them uniquely), and also at which proves the required 
result. 

It is thus proved that in order to construct the functions 
ii whose total diflerentials are the assigned Pfaliians (satisfy¬ 
ing identically the equations (12) or the original equations (5)) 
and which liave given values ■?;'' at a given point Pq, we need 
only join Pq to any point P^ by any line P, and integrate the 
system of ordinary differential equations along T, 

To complete the proof, we must now show that the differentials 
of the functions of the co-ordinates of P^ obtained in this way 
are in fact tlie functions Consider a point Po inhnitesimally 
close to P^\ to construct the values of the vds at P.y take the 
broken line made up of T and the small segment P^Po- It is 
then obvious that integrating the equations (If) along this line 
we get, in passing from P^ to Po, the increment dii^ ~ 

G. Mote on Mayer’s method. 

The method followed in the preceding section to show the 
existence of the integrnJs of a conq^letc system of total differential 
equations, is diui to IMorera. 

There wa.s an earlier method, proposed by Mayer, by no 
means so clear, and seemingly dependent on a purely formal 
device. Morcra’s method, which is inspired by geometrical 
intuition, brings out the true reason for the success of Mayer’s 
device, and jnovides a criterion for its validity. 

Mayer’s method is to join the ])oints Pq and P^ by a segment 
of a straight line, instead of by any line T, so giving the equations 
(13) the form 

“ xl -|- (rr) — x!])t {I 1,2,... ^?); 

the proof consists eff a series of purely algebraic operations, 
instead of the proof develo])ed aljove almost without calculations. 
In addition, while Morc'ra’s method can be applied if we merely 
suppose that the field in which the given equations hold is simply 
connected, Mayer’s method, on the contrary, obviously requires 
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a- nuich more restrictive hypothesis, iiainely, that ciiiy two ])oints 
in tlic held can l)e joined by a straight lijie whicli lies wholly in 
the field. This property is expressed by saying that the field is 
coHi^ex. 


7. Application. 

Given a generic Pfaflian 

i/i I,iXi{x)dXi, 

1 

we shall investigate whether it is possible to find a relation between 
x’fi of the type 

/(.Tp a’o, . . . ™ O (G constant), . (18) 

which shall be an integral of tlie equation 

i/< = S; Xj dxi = 0, ... . (19) 

1 

in the sense that the relation produced by differentiating equation 

(18) , namely, 

df=i;^ldX,.=^0 .(18') 

1 dx^ 

is equivalent to the equation (19). 

For this it is plainly botJi necessary and sufficient that the 
derivatives of the unknown function f should be proportional 
to the given functions X;, We tliercfore need some test to apply 
to the X's tlicinselves w^liicli will show whether they are ])ro 
portional to tlie deriwitives of a single function not known in 
advance. 

This problem, which also occurs in geometrical questions (as 
we shall see in [)articular on ])p. 2f)‘3-2Grj), reduces at once to a 
particidar case of a total diffeneitial system. In fact, given that 
i/j does not vanish identically, and therefore has at least one of 
its coefficients not equal to zero, we may legitimately suppose 
that X,^ does not vanish identically. We can thus write equation 

(19) in tlie form 

// -1 

dx„ = — 2,- '■ dXi- . . 

1 


(19') 
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In order that this may be equivalent to the equation (18'), 
we must have ^ i*^ tbe latter. From this condition it follows 
that the equation in finite terms (18) defines a function 

X„ = u{x^, ^ 2 ^ • • • C), , . (18") 


which makes equation (18) an identity, and therefore also equation 
(18'), as well as the equivalent equations (19) and (19'). This 
last equation is evidently a particular case of systems of tlie 
ty[)e ( 1 ) consisting of one equation and ojie unknown function 
Xi,\ it must therefore be completely integrable, having as integral 
the function given by formula (18"), which depends on the arbi¬ 
trary constant C. Reciprocally, if (19') is completely integrable, 
then there will be a solution (18") depending on an arbitrary 
constant C; solving with respect to C\ this becomes an integral 
relation of the desired form (18). The problem therefore reduces 
to expressing the completeness of equation (19'). 

Apjjlying formula (5), the required conditions of completeness 


are 

d X; ^ d 
dxj X,^ dx, X^^ 


iij - 1 , 2 , . . . n~l; i^j). 


Expanding the derivatives, these relations are easily put in 
the following form: 



(i, j = 1, 2, ... n — 1 ; i H=i). 




( 20 ). 


Introduce for the moment tlie restriction that all the other 
functions X, a.s well as are different irom zero. We can then 
write 


1 /dX, _ dXX 

XXM^, 97r,/ 


(r, s = 1 , 2 , . . . u) ( 21 ) 


wliatevcr r and s may be, so that the conditions of integralhlity 
take the more concise form 

Pij + Pjn + Ihu = 0 (?; i == 1 , 2 , ... n - 1; i 4 =./). (22) 

The conditions ( 22 ) are i(w — 1 ) (w — 2) in number, this being 
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the luinibcr of ways of ehoosiiig two ilLstinct integers, /, j, from 
the series i, 2, They represent the conditions of 

integrability. Now tlie choice of the variable to be expressed 
as a function of tlie remaining r’s was arbitrary (subject only to 
the cotidition =|= 0); hence in general tlie relations 

+ + 2 hi - 0 ... . ip') 

must be satisfied, where i, j, h, are any three integers, no two of 
which are the same, chosen from the series 1, 2, . . . n. Such 
a triplet can be chosen in 1) {n—2) ways; this is therefore 

tlie number of relations of the form (22'). But these are of course 
not all independent, since the conditions (22) (which form only 
part of (22')) are suliiciont lor the complete integrability of the 
expression under consideration. In iact, it is easy to show directly 
that only i(/^—l)(n~2) of the equations (22'), e.g. those given 
by formula (22), are essential, the others reducing to algebraic 
deductions from them. 

This can be shown by means of the following lemma, which 
holds vvdiatever the terms may be. If {i, 1^, 1 , 2 ,... n) 

is a double skew (or antisymmetrical) system,^ and if for some 
fixed suflix a the cyclic rohition 

Vu. -V 2ha + Pai 0 

is true lor every pair of suffixes /r, then this relation is also 
true foi“ any three suffixes i, /.*, I, 

To prove this, take the corresponding relations for the pairs 
7c, I, and /, 7, 

2hi + Pu H' 0, 

+ Pu + 2lii ~~ 

Adding, and remembering the condition of skewness 
P/ra -I- ?h/r 0, &c., 

there remains 

d" P/d + Pii. Q.E.D. 

Substituting in equations (22') the values of the p’s given by 

^ r.(‘. <‘i systfMii (if tinuih(‘r.s sucli iliiil: a, osic-fo-t-HK' (*(ir)'(*sjiim(]cii(H‘, hy ;i. ,t,n\'(‘n 
law, exists lurweeii tlioin ami tlie ])air.s of iiiten'ers I, /' (“1, "d, . . , n), and such 
that ‘pii; ~ - ff-i for any pair nf indiet.'S whatever. 
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formula (21), and multiplying by XiX^Xj, so as to clear of 
fractions, we get the equations of condition 



)+^4V 




' \0 .r,,. dxj / 

' nsx; 


\dxj dx-J 

■ (23) 


a i, = 

1 , 2, . . . n). 

J 



We thus find this wliole set of equations as a necessary con¬ 
sequence of that group of them—say, the group (20)—in which 
one of the sulhxes is fixed, with the further condition that none 
of tlie J’s vanish. This last condition was applied at the pohit 
where avo divided by the product of the A"’s; it is, howeA^er, not 
essential, and can ultimately be discarded, as Ave shall now show. 
In fact, the equations (23) being necessary consequences of the 
equations (20) for any non-zero values of the X’s, hoAveA'er 
small, and being integral in the X’s and their derivatives, it 
follows that Ave may pass to the limit when any one of the X’s 
tends to zero. We therefore have, for all Aadues of the X’s, that 
the equations (23)—or a groiq) of them of the type (20)—con¬ 
stitute the necessary and sulHcient conditions for the complete 
integral)ility of the equations (19), or, in other Avords, the condi¬ 
tion that the 7^. functions X,(aq, x.y, . . . x,^) may bo proportional 
to the derivatives of a single function. 


8. Mixed systems of equations. 

In certain problems avo liave to deal Avith m/ixed systems, i.e. 
those coutaiiiing some total differential equations and some 
equations in liLiite terms: 

^ (a = 1,2, .. . m), . (4) 

I 

= 0 (/.: = l, 2, . . . r). . . (24) 


The discussion is essentially tlie same as in § 3 (p. IG). But 
wo propose to go through it again in order to obtain, in a form 
suitahle for use in concrete cases, the condition of comjdete 
integralhlity of a mixed system of the ty])e (4), (24). 

It is obvious in tlu', first jdace that a necessary condition for 
the exist(*.nce of solutions is that the equations (2i) (which Ave 
shall su])pose mutually consistent and independent) are not more 
in number than m, the number of the uiikiiOAMis u. If there Avere 


lISc Lib 

515.63 N26;2 


B4ore 


5/5 

4182 "'"' 
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exactly m of tlieiii, tliey would completely determine the w’s, 
and we should only have to examine whether the w’s satislj 
the equations (4). We shall therefore suppose 

V < m, 

and shall imagine tlie equations (24) solved with respect to v 
of t!ie vds, wliich will thus be expressed in terms of the ;i;'s and 
the remaining m — u = unknowns ii. 

As on p. 10, we shall call the two groups of tds respectively 

(/3™ 1, 2, . . . v) and (a ~ 1, 2, . . . n), so that the equations 
(24) may be written (cf. equations (5") ) in tlie form 

u;=S,{x\n') (^= 1,2, . . . v). . . (24') 

Corresponding to this division of the ^ds into two groups it 
will be convenient to divide the equations (4) into two groups 
(4a) and (4d) (a,s wa,s done on p, 10), which we repeat here for the 
reader’s convenience: 

dul = (a -= 1, 2, . . . /x), . . (4a) 

1 

rfit" = S; W+^|,‘ (a; I «) dXi (^ = 1, 2, . . . v). (46) 

1 

We now propose to sliow that the given mixed system is 
completely integralde—and it will be called complete —if the 
following conditions are satisfied: 

(a) Tlie conditions (5) for the complete integrability of the 
equations (4) are satisfied when after differentiation the values 
of id' given by equations (24') are substituted in them; they 
need not in general hold when any arbitrary functions are talcen 
for the n"’s; 

(h) When the functions ti" are replaced by their values as 
given by equations (24'), the equations (4&) must be identical 
with the equations obtained by differentiating the equations 
(24'); or more concisely, the equations (4f>) must reduce to iden¬ 
tities on substituting from equations (24'). 

We sliall show that if the mixed system is complete, in the 
sense now considered, then the equations (4a), when the ?/'’s 
in them are expressed in terms of the ids and the x’s by means 
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of equations (24'), constitute a completely integrable system of 
fi total ditlerential equations in /x unknowns; the ^^'’s can there¬ 
fore be obtained from them, and hence, by equations (24'), the 
by hypothesis (6) above, the equations (46) will thus be 
satisfied. Hence the problem will be solved and its general integral 
(p. 22) will contain ii—m—v arbitrary constants. 

To simplify the formulae, we shall agree that if 

O {x I u/, u/') 

is any function whatever of the .x’s and the then 

[<D] {x I n') 


will denote the same function when the 'Zt"’s are replaced by the 
expressions (24'). We shall obviously have 



Witli this convention, we can write hypotheses (a) and (6) 
respectively in the forms 



We have therefore to examine the conditions of complete 
integrability of equations (4a), which will be 

(a = 1, 2, . . . fi), (29) 

dX.; dX; 


and we have to show that they are satisfied identically. 
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Let us transfoim the left-haud side of (29) by first writing out 
in full the result of a,])])lying the operator to a function of 


the rr’s and the n/'s. Wo sliail get 


fZr/j; 


-U V r X 1 

aa;; ^ 


or, using rornnila) (25) and (20), 



Renieinbering that tlie ni arguments u consist of tlie two 
grou[)s v/ and ii'\ it will at once be seen that this is merely the 
lelt-liand si<le of (27). Interchanging i and the right-hand side 
of (29) similarly is seen to be identical with the right-liand sich* 
of (27); equations (27) being 8upp()se{l to hold, it follows that th(‘, 
equations (29) are satisfied identically. 

It follows that the hUefjratwn of a coveplete nvixed av/.sYc/// of 
the Ijjpe ( 1 ), ( 21 ), redvees to (hoi of a complete {(md therefore hife- 
(fndde) total differerftHil p/stem hi, p ankaoivm. The. general wlegral 
thenfore eo-ntara^ ft -- m — p arbitrary coast an Is, 

li the mLx(^d system is jiot complete, i.e. if tiui conditions 
{cf) and {h) are not satisfied \vithout further restrictions, then 
discussion on tlie lines of § 3 (p. 10) obviously shows tluat we must 
add to the equations (21) so many of the conditions {a) and (b) 
as do not reduce to identitif's in virtue of equations (21), since 
tlie equations (12) must hohl whenever a set of rn integrals ^n 
exists. Repeating ihe same pT'oceduro, w{‘ reach (Ither an incon- 
sisbmey, showing that equations (1), (21), can have no solutions. 
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or else a complete system with less than /x unknowns. In the 
latter case the number of constants in the general integral is also 
less than /x. 

A i3articular result of the foregoing discussion is that if v 
independent equations in finite terms are associated with a system 
of total (litrerential equations in vt functions tlie difTerential 
system being itself complete, then in the most favourable case 
(i.e. when the combined system is also coin])]ete) the munher of 
constants in the integral is lowered by e units, from '/// to ni — p. 

In general (i.e. when the mixed system is not comj)]ete) the 
integrals, if they exist, certainly contain less than m — p com 
staiits. 


CFIAPTER III 

Linear Partial Djfferential Equations 
C oMi’LETE Systems 


1. Linear operators. 

In this chapter we shall frequently use N to denote the number 
of independent variables, which will themselves be denoted by 
the letters z-^, . . . 

Let/( 2 :j, . . . z,^.) be any function whatever, subject only to the 
condition of being differentiable to any required onhu. The 
term linear opemlor relative to/ will be used to denote the opera¬ 
tion by means of which an expression of tlie type 


is obtained from/, the a,/s being any functions whatever of the 
:ds. An expression of this kind will sometimes be (hniotcd by a 
formula of the type Af, in wliich it is hardly necessary to point 
out that A is not a quantity, ljut the symbol of oj)eration just 
defined. 


We have therefore 


A -= 



9 


It can at once lie verified that the linear operator symbol 
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behaves in exactly the sani(3 way as the dilTercaitiation syraDol 
when/is a sum, a jjrodiict, or a compositi' fuiic.tion (a. function 
of one or more functions); i.e. for two ^enerhi functions/j,/g, 
we have identically 

- • ‘ ■ • (n 

AW -JAL-\ LW • • . 

with obvious extejisions to any ininiher of t(‘rms. Kiirtluu', if 
f is given as a function of 'a a.rgimi(‘nts vy /v, . . . which arci 
themselves functions of 2 :, w(5 obviously luivt*. 


Now consider the result of a,pj)iying succeissi vely t-hc two liuea,r 


operators 


A 


X 


rl 

dz,: 


B 



the Uh, like the rt’s, detiotinif ruiictioiis ofwliic'li jire dilTcrcntiable 
to any ref|iiit'(al oeder. 

The secoiid-onler operiifors 

Aun fKAj) 


are thus comf)letely d(‘fin(;d; tlu'v may written without danger 
of ambiguity in the form 

ABJ, BAJ, 


stages 


ABJ 


tlie 

First of 

t}i(‘S(‘ in 

full, ■ 

Wf 

K'5t. by 

.V 

V 

^1 

dBf 
„ (i',. 

.V 

— ^ 

r^i, 

N' 

( 


1 


r 

1 



\ 




/ + 




?..y 

1 

' dz^. 


1 

y >' i‘ 

'f) 

z.Xz,. 

X 

= N 

Aai> 

.\‘ 


h " 

V 


1 

“dz,, " 

1 iY» 

1 



, 

"'t* 
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Similarly, iiiterclianging A and B, and therefore a and h, 
we get rs« j)f 

BAf= S 

I 1 oz„dz^ 

It appears from tliis that tlic two operators ABf and BAf 
are not ecpial; the second-order terms are however the same, 
as will be seen on interchanging the indices v and p in one of the 
two double sums. It follows that the diflei-ence of the two ojjera- 
tors in question is a linear operator of the first order; it is called 
the alternate function or Poisson's parenthesis relative to the two 
operators A and B, and is denoted by the symbol of operation 
( A, B), so that 

{A, B)f = ABf- BAf = I:,.(AK - Ba„)f. . (4) 

1 oz,. 

It follows from the definition of the symbol that 

{A, B)f = - {B, A)f. .... (5) 

We shall now establish a formal property of linear operators, 
which we shall use farther on. 

Let there be n linear operators 

A,f= {lc= 1,2, ...M), 

1 oz^, 

and let any two linear combinations of these (which will also be 
linear operators), 

Bf= T.,X,AJ, 

1 

Cf = 

1 

be constructed, the A’s and the g’s being any differentiable func> 
tions wliatever of the independent variables 2 ;. 

We propose to show that the alternate function {B, C)f is 
a linear combination of the operators A and of their afternatc 
functions. For the proof, it is sufficient to write out {B, 0)f 
in full; this gives 

{B, C)/= BCf-CBf= i,X,A,{Cf)-i„,.„A„{Bf) 

' 1 1 

II 

= S/r/i {p/i f) ph (K ^/r /)] 

1 
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Applying tlie rule for the ditferentiation of a product, the last 
expression becomes 

1 1 
SO that finally 

(B, C)f ~ S;, k [(A;- /I; /X/J A}^ J - \) Aj. / -j- A/, {Aj.^ Af, ) /]. 

Q.E.I). 

2. Integrals of an ordinary differential system and the partial 
differential eauation which determines them. 

Consulei' a system of n ordinary diflercntial equations of the 
first order, in yi unknowns Xj, Denoting the independent variable 
by C and supposing the equations solved for the derivatives of 
the unknown functions, we get the equations in what is called 
the noriHul form: 

(i = 1,2, . . . n). . (G) 

Any set of n fiuictiuns i\(l) which satisfies the given equations 
is called a solution of the system. 

The term integral of the system, on the other hand, is used 
to denote any function/(:/; |/) wliieh reduces to a constant when 
the xs> arc replaced l)y any solution of th(‘ e({u<itions (b), AVe 
can therefore say that /is a,n integrai if the result 

f{x I t) - ~ consta-iit 

is a necessary consequence (d the dilhuxuitia-l (jqnations (b). 

We shall now show tliat all the functions/ with this propcu'ty 
(and no other functions) satisfy a, homog(m(^oiis linccir pa.rtial 
differential equation of tlie first order; it folhjws, a.s wc^ sliall 
see farther on, that the integi’ation of an equiitioii of this form 
can always be reduced to that of a system of tlu^ ty[)(; (fJ). 

Let/(;/; 1 1) bean integral of the equations (b); them by (hdinition, 
when the x'a rejnesent functions f)f t which satisfy equations (b), 
we have 


f{x\t) ™ constant, 
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and therefore, differentiating with respect to t, 


4- T = 0 

idXi dt 


or, since the functions Xi{t) satisfy equations (6), 


3 / , V ^/v 

0p T's.>r' 


0 . 


( 7 ) 


This is the partial dilTerential equation referred to. Introducing 
for sliortness the linear operator 


4- S Z- ^ 
di ^ i' ' a®/ 


(7') 


we can write it concisely in the form 

Af= 0, 


Now ])y liypotliGsis equation (7), like the equation / = con¬ 
stant, from which it is derived by differentiation, becomes an 
identity when the xs in it are replaced by any solutions whatever 
of the systc'in ((5); from this it is easy to deduce that (7) is an 
identify, that is, that it holds for any values whatever (in a 
suitabh^ (i(hl) whicli may be assigned to the arguments x, t, 
of which / is a, function. In fact, given 7i -J- 1 numbers 

bc'lojiging to a Held witliiii which the general existence theorem 
iK)lds for tlici system (0), we know that there always exists a 
soliifion X; of the system (H), which takes the values ,?//, . . . 
whon f ^ q,. Now equation (7) must hold (whatever i may be) 
wIk'U tins particular solution .y-(/) is substituted for the a;’s. 
In particida-r, putting t the (equation is satislied for the 

values q,, arlhtrarily chosen in advaincc. Q.E.D. 

It is further (wid(‘nt that a,ny function/(rr | /) which satisfies 
equation (7), when tin? r/:’s and the /As in it are treated as indepen¬ 
dent variahh?s, {‘onstitutes an integral of the system (6). In 
fact';, since ecjnation (7) holds however the aAs are chosen, it will 
b(‘. satisfied in partieadaj; when we take a solution of the system 
(H) for th(i ;/:’s; but when this is done the left-hand side of equation 

(7) becom(‘s identical with , The function/is therefore such 

Ct h 
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df 

that when the x's axe soliitioiLs of the system (G), - = 0, or 

/ constant. 

To sum up, we can state that the necessary and sufficient 
condition that a Junction f(x | t) nmf he an integral of the system 
(G) is that it should satisfy the 'partial differential equation (7), in 
tvhich the xs ami t are n + 1 independent variables. 


3. Principal integrals. 


Amonii; the in.te^^raJs / of the system (G) (which, as we have 
seen in the jncceding section, can also be called integrals of 
ecpiation (7)), there are, for each value of t, n of special impor¬ 
tance wliich we now proceed to specify. 

AVe ta,ke as our starting-point the most general solution cjf 
the equations (G), wlTich is known to be a set of n functions of 
containing n aibitrary constants xj . . . 

a:,; = 1 #) {i = I, .n). . . . (8) 


The constants are tlie values of the a;’s for a given value 

.(9) 


of t, so that 


AA^e slndl show first that the ecjuations (8) are soliible with 
respect to the ;r^’S in a region round the point t^. AVrite them in 


and consider the functional determinant of the left-hand side 
with respect to tlie which is 


D 


^2 *^'2 * * ” 




or, since the are contained only in the ffs, and not in the 


X s. 


D 


Ml (/>o . . . 4>,\ 

\x^l x\] . . . ffl 


Now calculate the value of this determinant for t = 
Since the (leterriiinaut itself contains no derivatives with respect 
to we shall obtain th(‘ same result if we differentiate the functions 
(f{t I Qih) with respect to the .t^’s, form their determinant, and 
finally make t as if we first make ^ === in the r/»’s, and 
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then form the determinant of their derivatives. Following the 
second alternative and remembering the formulae (9) we see at 
once that the determinant becomes 




x\; 

x^-> 


4\ ^ 
vll 


1 =1= 0. 


Now if Z), which is a continuous function of i, does not vanish 
for t — (q, it will have these same properties in some region 
round and there lore within this region the equations (8) will 
be soluble with res])ect to the ir^’s. 

Solving the equations, we shall get 

x^! ~ IV^ {x 1 1) (i = 1,2,.., n), . . (10) 


and the w’h on the right-hand side constitute n integrals of the 
system (G). In fact, if we replace the a;’s in them by any solution 
of the system (G), (i.e. by a set of n functions obtained from the 
equations (8) by assigning particular arbitrary values to the 
constants then each w necessarily becomes equal to the 
corresponding xP, i.e. to a constant. 

The integrals of equation (7) obtained in this way are called 
princijml integrals relative to t = From the definition it follows 
that 

Wi{x°\Q = 4 


Writing x instead of we see that a characteristic property 
of the principaf integrals relative to t ^ is that each of the 
functions | /) reduces to the corresponding variable x when 

t = /;,• 

Without imdertaidng a did^ailed study of the '//. principal 
integrals, wo may at hiast show that none of them can be expressed 
as a function of the others only; i.e. that considered as n functions 
of the n + 1 variables x and /, they are independent. For this 
it is necessary and suflieient that tlui functional matrix (with 
n rows and n -f- 1 columns) of the 7^/s with respect to the 7*’s 
and t shall have for its characteristic; i.e. that the matrix shall 
contain a determinant of order n which is not zero. Now if we 
take the determinant 



W.y . , 

. . w, 


r/q . . 

. X, 


( 11 ) 



s' • 
.. “ ll 
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and apply to it the same coiisidcratiuos as we have already used 
for D, we find that it ^ 1 for / — Iq (since then w,- — Xi) and 
therefore there is a region round in which it is not zero; hence 
tlie cliaractcristic of the matrix is n and the principal integrals 
are independent. 


4. Independent integrals. General integral. 

More generally, n integrals iu, . . . of equation (7) are 
said to be independent if the functions | t) {i ~ 1, 2, ... n) 
are independent. Of course every function 

, .V) .(12) 

of the '?)’s only is also an integral, as follows immediately fj’ura 
formula (3), remembering that for every with tlie operator 
A as defined by (7'), we have 

Av- ™ 0. 


But the reciprocal thoorcjn is also true, and every integral 
of equation (7) cjin b(‘ put in the form (12), whicli therefore mpre- 
sents the (jeneral integral of erjnation (7), 

To prove this, let / be an integral of eqmition (7); then the 
n + 1 equations 


AV; ■ 


9/ 

d/. 

dv, 

dl 


I X. -= 0 

1 a X -, 


V 9'V 

r ax,' 


0 {i - 1 , 2 , 


. n. 


linear and homogeneous in the n -|- 1 r(uantiti(is 1, . . . A"„, 

whidi do imt all vanish, will Ijc satisfh'd. The determinant of 
their coefficients must therefoir*. \amish, i.o. 

A ,0. 

\t . . . X^J 


This means that/, Vj, Vo, . . . are iiot independent. As the 
are independent, one of tluj determinants of order v. of the 
functional matiix relative to is c,erta,in]y not zero. 

But this is the case considered in Cha])ter i, j)p. 5-8; hence we 
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conclude that /can be expressed in terms of the v's only, without 
involving i or the rr’s. 


5. Direct study of the most general linear homogeneous partial 
differential eauation. 

As a consequence of the relations which we have shown to 
hold l)etw(aui linear’ homogeneous partial diherential equations 
of the first ordi'r, iind systems of ordinary differential equations 
of tlie lir’sf urd(‘r, we can in every case reduce the integration of 
an equation of the former Icind to the integration of a system of 
th(,'. latter. Jj) fact, equation (7) differs from the most general 
])()ssi))lo e(juatiou only in having one of its coefficients equal to 
1; ])ut it Avill l)e at once obvious that every linear homogeneous 
eqiiatioji of the first order can be reduced to this form—an 
elennmta-ry rcanark Avdiich we shall examine in more detail. 

Consider the equation 

= 0 .... (1.3) 

1 d¬ 


in N indepentient variahles 

At lea.st one of tJie a’s, say a^y, will be different from zero. 
A¥e may therefore divide the equation by As a result of this 
step, Tiiy is in wliat we may call a privileged position (the co¬ 
efficient of being reduced to unity); it is therefore natural 


to denote it by a special symbol. Calling it t, and introducing the 
symmetrical notation x^, .To,. . . {n = N — 1) for the remain¬ 
ing variables 2 :, equation (13) becomes 


dt \ adXi 


which will coincide term for term with equation (7) if we put 


Z,. {i == 1, 2, . . . n). 

ff y 

The corresponding system of equations (6) will thus be 
dx; _ a,; 
dl a If 


{i = 1, 2. . . . V). . . . (14) 
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Integrating these n equations, in which t is considered as the 
independent variable, we get the functions {t \ x^'^), which reduce 
to i?;- wlien t ~ solving for each of the the residting 
expressions 

Wi{x I t) =- io^{z) 

will be tbe n principal integrals of equation (13) relative to t - ■ 
and we may take 

. . . w„) 

as tlie form of the general integral, where the symbol F denotes 
an arbitrary function. 

It will frequently be quicker not to find tlie principal integrals 
w, but to obtain n independent integrals v^, of the equa¬ 

tions (14) in any way whatever. Tlie general integral is tlien at 
once expressible as an arbitrary function of the -r’s only, in the 
form 

F{vi, V.,, . . . v„). 


AVe have seen that we may choose as inch*,pendent varialjle 
(for the system of equations (14)) any one of the variables 5 ; 

which contributes an actual term to equation (13) (the Cfirre- 

dz 

spending coefficient a not being zero). The choice may ])e deter¬ 
mined by reasons of convenience for the particular case concerned. 
In order to avoid prejudging the case before the necessary rea,sons 
for our choice appear, we may write the equations (14) in the 
form 


dxf dt 

cii, a^y 


{i 1, 2, . . . n), 


or, returning to the original notation, 

dz^ _ dz2 _ ___ dz^r 

^2 


(15) 


It will be seen that these can be at once written down from 
the given partial differential equation; it should be notinl that 
if any of tin*, rds is zero, tbe differential of the corresponding 
variable must also be equated to zero. 
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Eu’iUHjdcs: 


tions is 


lation in tl 

liree variables 

df , df 


- 0 . . 

dx ''dy 

dz 


ng system 

of two 

oi'dinary 1 

dx 


dz 

X 

y 

j 

fZ log. 7 ; = 

d logyy 

d \0gZ, 

the form 



d logy — 

d lugr/; 

-- 0 , 

d logrj 

d ]og;r 



which is the same as 


d\o^'’ =rr: Q, 

X 


d ~ 0 , 

X 

we get 

y = Cj, ^ ^ Co (64, Co constants). 
X a? “ “ 

Hence two independent integrals are 

y - 

'! ■ 5 

X X 


and therefore the general integral will be 



Tills is merely the most general homogeneous function of 
degree zero. In fact, if </;(;/’, ?/, z) denotes the latter, then by 
definition we must have, for any value of A whatever, 

Xij, Xz) ^ cj^ix, 7/, z); 
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at id there fore, putting A 

X 

4 y, s); 

2/ 2J 

cf) is therefore m eftect an arbitrary tuaction F of 

a X 


We hiive thus found fur a jiarticular case (wliicli can obviously 
lie g(nieridiz('d) Euler’s well-known theorem on homogeneous 
full cations. 

('i) Take the equation 


9/ 

dx dy 

X if 


V 

dz 


= 0 , 


a h c 


where r/, b, o are constants which are not all zero. Putting 


U 3 1 

1 , 


12 x\ 


^ y 

y - 


, z = 

h cl 


C (t 


a b 


the ecpiation may lie written in ihe form 

xf -h + -M = 

()x dy az 


0, 


iind the corresponding systeiu of ordinary differential equations 


IS 


(lx _ dy _ dz 
X Y Z‘ 


(17) 


Taking x jis iiu 
the two efjnations 


lepeiuhiiit variable, we shall have to integrate 

dy Y dz Z 

dx W’ dx X 


But we can find two indejiendent integrals more easily by 
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another method. In fact, from the form of the equations defining 
X, Y, Z, we see that the equations 

a;Z -f- y Y + zZ ^ 01 

aX hY -y cZ = Q \ ■ ■ ■ ■ ^ ’ 

are satisfied, since tlie given determinant vanishes if the elements 
of the first row are replaced by x, y, z, or by a, h, c; expanding, 
we find that the equations (18) are identically true. 

Now if dx, dy, dz satisfy equations (17), i.e. are proportional 
to Z, Y, Z, we can substitute them for Z, Y, Z in equations 
(18), so getting 

xdx -j- ydy zdz = 0, 
adx + hdy + ('dz — 0. 

The left-hand side of each of these equations is an exact 
differential; hence, integrating, we get as a necessary consequence 
of equations (17) 

^2 ^2 + ^2 _ 

ax + hy -|- ez = Cg. 


These are two particular integrals of the system, which are 
certainly independent, since at least one of the coefficients a, 6, c, 
is not zero. The general integral is thus 

F{x‘^ + ?/“ + 


Geometrical interpretation there are three (or two) 
variables, the foregoing discussion can be given a geometrical 
interpretation in ordinary space (or in a plane). For this purpose, 
let any integral/(.r, y, z) of an equation 


(n.) 


x^ly-YV' 

dx dy 



= 0 


be considered as the parameter of a family of surfaces f = con¬ 
stant, By a suitable choice of the constant on tlie right-hand 
side of this equation, we can make one surface of the family 
pass through a point P arbitrarily chosen in advance; it is plainly 
only necessary to five this constant the value of/at the cliosen 
point P. The equation (a) which f must satisfy expresses the 
geometrical fact that at any point P the normal to that surface 
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of the family wliich passes througli P is normal also to the direc¬ 
tion of the vector (X, Y, Z), given as a function of position. 
The system ol ecpiations associated with equation {a), namely 

, 7 , (lx (hf (h 

{h) - == y = 


which expresses tlie relatioji of two of the variables to the third, 
represents on the other hand a property of certain curves. AVe 
know from the existence theorem that we can find (ajid in only 
one way) two fimcbioiis x — x{z), y ~ y{z) which satisfy the 
system of equations (/;), and which take values rr^, y^^, arbitrarily 
fixed in advance, when c: lias the value which is also arbitrary; 
hence we can state that, given a,ny jjoint P, there passes through 
it one and only one curve which has the property expressed by 
the equations {h), i.e. tluit of being at every point in the direction 
of the vector (Z, Y, Z). An aggregate of curves such that one 
and only one of tlunn [iasses through every point of a given field 
is called a confjruxncc. 

There is a very simple relation l^etween the family of surfaces 
which represent the integrals of equation (ci) and the congruence 
of curves whicli represent the solutions of the system of equations 
(h), namely, that emh c.nxdc of the congruence lies wholly on a surface 
of the fauhily. In fact, consider a point P(.t, v /, 2 ;), and let L be 
the curve of the congruence, and /S* the surface of the family 
considered, which pa,ss respectivedy through P. We shall show 
that a point whi{di umhugoes an infinitely small displacement 
along P, from P to a poirit P\ does not leave the surface, or in 
other words that if the ef[uation of the surface S,f{x, ?/, z) == C, 
is satisfied l)y the co-ordinates x, y, z of P, it is also satisficfl hy 
the co-ordinates x + dx, y -(- dy, z -|- dz, of P', The result is 
obvious, since for the co-ordinates of P\f becomes 

/(■'•. i7. 2 ) + ¥ (O. + <hj + f dz, 

(IX ay az 


and as dx, dy, dz, are by (equations [h] proportional to X, Y. Z, 
the increment of / is ])roportional to 


fA-+?/V + 

(Jx ay 


ar’ 


which vanishes by equation (a). 


LINEAR PARTIAL DIFFERENTIAL EQUATIONS /1.7 


The surhices cojisidered are tlierefore formed by curves of 
the congruence; these curves are called their cllaraciaristies. 

We caza of course avoid the use of inlinitesimal displacements 
in 2 ^roving tlie property that every curve of the congruence lies 
wholly on a surface f ~ constant. The argument, which is 
essentially the same as before, will be as follows. Let the vari¬ 
ables X, y, z, in the exj^ression f{x, y, z) be considered as the co¬ 
ordinates of points of a curve L of the congruence, and let A 
be any parameter, e.g. the arc of the curve, which fixes definitely 
the position of a point on i; x, y, z, are thus considered as definite 
functions of A. Substituting these functions of A for x, y, z in 
the expression/(a’, y, z), we shall see that the result is independent 
(If 


of A, or that 


ciA 


0. A¥e have in fact 


-I- 

dX dx dX dy dX dz dX' 


djX dll dz 

but by equations (6), ' , , along i, are proportional to 

dX dX dX 

X, T, Z, and / satisfies equation (a); hence - =■ 0. The fact 

dX 

that / remains constant along L is the algebraical ecpiivalent of 
the geometrical property that the curve L belongs to a surface 
f 7=1 constant. 


6 . Integrals of a total differential system, and the associated 
system of partial differential equations which determines them. 

Starting from a system of ordinary differential equations, 
wo have succeeded in integrating the most general linear homo¬ 
geneous partial differential equati(jn of the first order. By an 
analogous procedure, starting from a system of total differential 
equations, we shall succeed in integrating the most general 
system of linear homogeneous partial differential equations of the 
first order. 

Consider the system of equations 

dii^ = Y^iX^yidxi (a = 1, 2, . . . 7 n), . (19) 

1 

We shall apply the term integral of this system to every 
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iHiuctioii/(ri’ I ■//) which Ls .such Miut it rcduc.cs to ;i coastu,nt wlioii 
the -ii's are rep];ice(l l)y any HoIndtiH. of th(‘- (‘(jnations (19). 
Diiicreiitiatiiig / we get 


df 




y i] " du^ 

1 dX: J OK' 


and, if the are solutions of tlie equations (19), 


<if = 





Tlie necessary and sulJicieiit condition for the vanishing of 
this ditleTential, whatever the rfa;’s may be, is evidently that tlie 
n equations 


dX; 


4-^ 


== 0 


(i 1, 2, . . . n) 


( 20 ) 


sliall be Siitislied. Tluiy itmst bo siitisli(',(l Jiot only wlieii the 
u’a are solutions of the equations (19), as is clear from what lias 
already been said, but also identically, which can be seen in the 
same way ns for the correspoudiriir result in § 2 (p. 30). 

Introducing the linear operators 


B,- 




0j;; 


O; 


(i 


1 , 2 ,. 




( 21 ) 

( 22 ) 


the equations (20) may be written in the form 

B;f 0 (/: 1 , 2 ,... n). . . (20') 

The system of equations (20) or (20') is said to be assooKdod 
witli the system of equations (19); the necessary and sidlicie.nt 
condition that/may bo an integral of the system of equations 
(19) is that it sliould satisfy the a.ssocia.ted system of jiarliul 
dihercntial equations (20), or, in otlier words, that it should be 
an integral of the associated system. 


7. Principal integrals, as typical cases of independent integrals. 

Suppose tliat the system of erpuitions (19) is conqdebdy 
mtegrable, and let us assign fixed arbitrary values to tlic con- 
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sLints and vA in the fic^ld in which the X'h are regular; then 
we know that tlua'e exist 'tn functions, 

(a - 1 , 2 , . . . m), 

regular in the region round the values x^, v.A, which satisfy the 
equations (19), and which become respectively equal to the 
assigned constants when = a;-. Tlie equations so written 
are soluble with respect to the quantities in a region round 
the point x^\ as can be shown by means of the same arguments 
as those of § 3 (p. 38). Suppose them solved; we can then express 
the 7A'S in terms of the a/s and the /ds, and we shall write 

wj:i:\u) = 

The w/s are evidently integrals of the system of total differential 
equations (19), and are therefore also integrals of the system of 
partial differential equations (20); we shall now show that they 
are independent. 

Consider the functional matrix of the ^r’s with respect to the 
aj’s and the vds; we sliall liave to show that its characteristic is 
or, wliicli comes to the same thing (since it contains no deter¬ 
minants of order > vi), that it contains a determinant of order 
m wlucli IS not zero. Now the determinant 

\% Uo . . . uj 

becomes — 1 when “ ad, and tlierefore is different from 
zero in a region round tliat point; licnce the required result 
follows. 

Tlie m inde[)endent integrals w are called frincifdl integrals 
of the total dilhuvuthd system (19), or of the ])artial differential 
system (20), coiTesj)ondiug to the values rd/ of the independent 
varia-bles x. W(* havt^ thus shown tliat, with the hy[)othesis that 
the system of (equations (19) is com])]etely integL’able, tlie system 
of equations (20) (or (2()') ) admits of 7 //- indepen(l(mt integrals, 
which can be d(‘termiiied in an infinite number of ways; namely, 
the ])rincij)al integj'als just considered, which in general vary 
with the clioicc of the initial values 

Tdere too, a.s on ]). -JO, Ave shall say more generally that the 
m int(igrals rq, v.q, . . . of the system (20) are independent 

(unu-,) 3 
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if tlic functions v{x \ ii) of tlie n + nb variables x ajul u are 
independent. 

8 . The general integral. 

By a property already noted of linear operators, if we con¬ 
struct any function whatever of the v's, 

F{v,^ V,, . . . .... (23) 

we get a new integral of the system of partial differential equations 
(20). In addition, for the system of equations (20), as before for 
the single equation (7), the most general function which satisfies 
the system is included in the expression (23); or this expression, 
when F is considered as an arbitrary function, constitutes the 
general integral of the system. 

To prove this, let f{x | u) denote any integral of the system 
(20), and consider the functional matrix of the •//^ -)- 1 functions 
{of 'm + variables) % . , . f: 


dvi 

dv^ 

dv^ 

dv-^ 

dXy^ 



du,„ 






dx„ 

diCi 


3 / 

3 / 

9 / 

9/' 



9vq 

9 »(,„ 


If we can show that tlie cliariicteristic of this matrix is 
it will follow that there exists {tn -|- 1) — ni, or 1, relation })etween 
the m + 1 functions which does not involve the x’s or the 
(cf. § 7, pp. 9-12). This relation must necessarily contain/ex¬ 
plicitly, since there can be no relation connecting the t’’s alone. 
We can therefore solve it for /, which Vvhll have the form (23), 
so giving the required result. 

We shall first make a slight change in the form of th(i matrix 
M, by making it contain only derivatives with respect to the 
^ds. This is easily done, for since 

A = 0, B J = 0 , 
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we get from formula (22) 


0 X; 




U = 

dXi^ 


The matrix thus becomes 


O 






~ • • • — 

~Qxf • ■ • - 




d}\ 

dV-y 

d 

du,„ 



dii^ 

du„ 

V 

i/ 

9% 



To prove that the characteristic is ni, we have to prove: 

(1) That every determinant of order m + 1 (the highest 
order possible) vanishes; 

(2) That at least one determinant of order ni does not vanish. 
A generic determinant of order 7n -(- 1 will be formed by 

taking all the 7ii + 1 rows, and 'm + 1 columns chosen arbitrarily 
from the m n oi the matrix. These ‘m + 7i columns are of two 
types: the first n contain the operators the remaining ‘m the 
0 

operators - -; let r columns be taken of the first type, and s of 
ou 

the second, with of course r + s — m + 1. Now in order to 
write down in a perfectly general form a row of this determinant, 
which will contain either the ?;’s or (if it is the last row)/, we shall 
use the symbol / to denote either one of the -y’s or/; we can then 
write the row as follows: 




00 0 / 

’ dll,,' 


0 / 

dll,,' 


where the suffixes Ag? • • • constitute any arrangement of 
f numbers, chosen from 1 to n, and the suffixes /I’o, . . . 
arrangement of s numbers, chosen from 1 to in. Remembering 
the definition of Q given in (21), we see that each of the first r 
elements of the general row is a linear combination of the other 
elements; or, as we usually say, that the first r columns of the 
determinant are linear combinations of the other columns. The 
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(letorniina.Jit can thus broken up into a linear combination of 
detcrniina.nts of order -|~ 1 in whicJi all the columns are of the 

second tyjx^ (i.e. are com])osed of terms But there are in 

\ au/ 

all only ai cohujins of the second type; it is therefore impossible 
to ch()os(‘, VI H- 1 of them Avitliout repeating ah least one. It 
follows tha.t in ear*h of these partial deteriuinants there are at 
least two eoliuuus erjiad, and therefore these determinants all 
vanish. TIkj gimeral (hherininant of order ih- + 1, wdiich is a 
linear combination of them, must therefore also vanish. This 
ju'ovcs tli<‘. first of tlie required propositions. 

TIk; existence of a non-vanishing determinant of order m 
is a (lir(‘L‘t conserpience of the hypothesis that the integrals v 
arc ind(‘pen(hmt. 

We ha,ve therefore proved completely that the characteristic 
of 71/ is ill, and therefore that / can be expressed in terms of the 
independent integrals?;, i.e. that/has the form given in (23). 


9. Direct study of the most general system of linear homo¬ 
geneous partial differential eauations of the first order. Complete 
systems. Jacobian systems. 

Jjet us consider a generic system of n linear homogeneous 
pai-tial dilTei‘(‘utiai eqnat-ions of tlie first order, in N variables, 
and with only one unknown function: 

A,f :■= - 0 (Ic - 1, 2, . . . n). . (24) 

J oz,, 


\V(‘- shall supp()S(3 tlnit tliese n equations are independent, 
and W(i cu.n tlierefore assume n < iV. In fact, if ii >> N, the 
crpintions, which we. liave suf>posed irulepcndent, considered as 

aJgehraic (apuitions in th(‘. N rjuantities , would be mutually 

df 

inconsistimt; njid if - TV, this would imply that ^ 0, 


or / cof^sdint. Furtln'r, it. is eleaj* tlnit (‘very / which satisfies 
equations (2-1) must ii{_‘C(‘.ssarily also satisfy tiui following 1) 

erpmtioiis (ohiained l)y constructing all j)(jssiblc Pcjisson’s pareii- 
tluises witli th(i givcm operators): 


{A„ A,)f ■---= 0 {h, k. .= I, 2, . . . n). . (25) 
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These are differential consequences of the given system. Since 
derivatives of the second order disappear from equations (25), 
it may happen that these equations, or some of them, are also 
algebraic consequences of the system, i.e. tlicit tJiey can be obtained 
algebraically by taking a linear combination of the }i given 
equations. 

If all the equations (25) are algebraic consequences of the 
system of ecj^uations (24), this system is called conijjletc. 

In the opposite case, consider the system formed by adding 
to (24) those of (25) which, together with (24), are linearlv inde¬ 
pendent. The new system will be equivalent to the original one. 
and will contain one or more additional equations. Pvejmating 
the same procedure for the new system, and so on, we shall reach 
either a complete system or else a system in which the number 
of equations is equal to or greater than N — the case of mutual 
inconsistency, as already noted at the beginning of tliis section. 

We need therefore only consider complete systems. The 
condition of completeness can be written in the following form: 

(^h> ^k)f ~ 'Phid^ifo • • • ( 20 ) 

1 

where the coefficients denote functions {a 2 n'iori of any form 
whatever) of the indepjcndent variables From the definition, 
and applying identity (5), it follows that the coefficients jj satisfy 
the relations 

'P/iid ~ 'Pidd (^0 h^l — 1, 2, . . . n). 

A particular case —■ of special importance — of a complete 
system is that in which all Poisson’s parentheses are identically 
zero (i.e. all the coefficients are zero); when this is so the system 
is called Jacobian. 

10. Eauivalence of every complete system to a Jacobian system 
with the same number of equations. Note on Cramer’s rule. 

We propose to show that a complete system can always be 
replaced by a Jacobian system with the same number of equations; 
thus the consideration of any complete system can be reduced 
to that of a Jacobian system. 

Starting from the system of equations (24), we shall suppose 
that it is co)irplele; i.e. that the equations (20) are satisfied. We 
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siiall adopt tlie lollowiiig procedure: we shall construct n distinct 
linear combinations of the n given equations, 

BJ = =0, ... (27) 

1 

with the condition 

I Gik I + 0 [i = 1, 2, . . . n), 

and we shall choose the coefficients c in siicli a way tJiat tlie 
system (27), which is equivalent to the given system, may be 
Jacobian. 

Before doing this, however, we shall write tlie given equations 
in a slightly different form. We know that the matrix of the 
u’s has its characteristic equal to n (since the equations are inde¬ 
pendent); let us arrange the variables in such an order that the 
determinant a formed by taking the first n columns of the matrix 
may be that which does not vanish (or one of those which do 




^12 . . 




«21 

^22 • . 

* 

4= 0. 



^n2 • • 

• ^nn 



We shall next divide the variables into two groups: we shall 
call the first n of them and the remaining N — n 

= 'm> we shall call iq, 'iq, . . . With tliis notation, the given 
system can be written in the form 

k CK, + V,f =0 {h=l,2,.. . n), 

where Uj. denotes an operator involving only derivatives 
with respect to the ?t’s, the explicit expression of which does 
not for tlie moment concern us. Now solve ^ these n equa- 

^ Oriiiner’s ■\vcll-]Ginwii i-uk* niay lju i)ut in tlie following' form, which wo shall 
fretjuontly usic, here and elsewhere. 

Let there be given n linear e([uation.s 

•11 

'^v^vk 2, . . . ?fc),.(a) 

such that the determinant a of their coefHcients is not zero. 

We .shall denote l>y the reciprocal element of the generic element of the 
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7 ) f 

tions with respect to the terms --U. Putting them in the form 

multiply each equation by the corresponding (the reciprocal 
element of a,-/, in the determinant of the a’s) and sum with respect 
to h from 1 to n, AYe thus get n linear combinations: 

^ {i = 1 , 2 , . . . 71), 

0 Xi 1 

which are independent, since by a well-known result the deter¬ 
minant of the coefficients is equal to and therefore is not 

a 

zero. These equations can be written in the more concise form 

+ ^i/ — 0 (i =: Ij 2, . . . . (24') 

OXf 

where the O/s represent linear operators containing, like the Z 7 ’s, 


determinant a\ i.e, the algebraic complement (or minor) of Uy^ divided by u, 
Tlieii, applying two ordinary theorems on determinants, and indicating by oj cither 
zero or unity, according as r ^ a or r = s, we get 

= 5^, .(i3) 

1 ^ 


1 


J^-J = . 


(f^') 


Applying these properties, the ecjuations (a) can be solved by constructing 
suitable linear combinations of them. For instance, to find multiply the /cth 
expiation by ; then giving h all values from 1 to n, and summing, we get 




The left-hand side of this equation can be transformed as follows: 




hence the solution is given by the formula : 
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only (lerivativoH with resj)oct to the u's, and therefore of the 
form 


Q. 



3 


Tlie system of equatiojis (21') is equivalent to tlio original 
system (21). The only formal simpiihcation is the sj>ecijilly 


simple way in which the terms in 


3 

occur. 

dx 


But Avc sliall show 


that the systiun (24') has the advantage of being both complete 
and Ja,cobian; it tlierefore constitutes jnecisely the system we 
are in search of, containing linear combijiations which we 
have deJiofed in equations (27) l)y the operators B;] the co- 
ellicieiits c,/, of (27) will 1)(‘, identical with the coefficients 

We shall first show that the system (24-') is complete. We can 
write it shortly in the form 


wliere 


£;/ - 0,.(24") 

Pi P P 

B,: - ~ + 4: - , - H- ^ . . (28) 

dx, OX; 1 ou,. 


Since the operators B are linear combinations of the yRs, it 
follows from a theorem ])roved above on p. 35 that Poisson’s 
parentheses {B;, B)f are linear’ combinations of the expressions 

A,)J\ 


Now since the sysbun (24) is complete, it follows that the 
expressions (Aj^, A;^.)f are in th(*ir turn linear combina,tions of 
the expressions yij\ so that tlui oj)erator’s {B;, Bj) are s<ien to be 
linear combinations of the yl’s a,lone. But the yRs are lincjaj’ 
combinations of th<? B'h (since the i)*’s are inde])endent com¬ 
binations of the yTs); hmix. ultimately the operators {B;, Bj) 
are linear combinations of the /Ts. In otJier words, the system 
(24") also is itself com])]et(e 
We can tlierefore write 

(B,., i.qr.BJ, .... (29) 

1 


wIhu’c tlu'- coefficients r/ are anaJogous to tlui p’s of formula (2G). 
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To show that the system (24") is Jacobian, we must prove 
that all the coefficients q vanish. We note that both sides of 

equation (29) are linear in the terms and the identity cannot 

ox ^« 

hold unless the coefficients of the same derivative, e.g. , are 

the same on both sides. We proceed to find these coefficients. 
The left-hand side of (29) can be written in the form 






9/ 

d X; 


+ 


We saw on ]). 35 that the result contains no second-order 
derivatives; it is therefore unnecessary to apply the operator B 
to the derivatives of /, so that the exj)ression in question reduces 
to 


B.Lljf-Bjaj: 


1 


B:X 




du„ 


BjX^ 


9/ 

du„ 


(30) 


As this contains no terms in —, it follows that the coefficient 
^ . dx 

of every ' is zero. On tlie right-hand side the coefficient of the 

dx,, 

corresponding term is (remembering the definition of B)\ 
hence eveiy q ^ 0, and in consequence 

{B, Bj]f = 0, 


or the system (24') is Jacobian. 

A further remarIv which will shortly be useful is that from 
the vanishing identically of each side of equation (29) and from 

0 

equation (30) it follows that the coefficients of the terms in ~~ 
also vanish, or from (30), 

= 0 .(31) 


11. Integration by means of the associated system. 

Gathering up the foregoing results, we now see that, given a 
system of linear homogeneous partial differential ecjuations of 
the first order, we can find its general integral—if one exists— 
by means of the integration of a complete system of total differ¬ 
ential equations. 

(hUjo) 
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Wc have seen how to trjuisforni the sysii^iu into com¬ 

plete system (if it is not so aJready, JUid provided it contains no 
inconsistency). We now note tluit tlu^ Jacol>ia,n system (13T) 
whicli we reached as a result of transforming^ tlu^ complete 

system (24) for other purposes, is identiciil with tlu^. system (20), 
wliich originally arose as the system assoeiahed with a gcmn-ic 
system of total dilTerential ecjuations. T1 h‘, important point Ikm'i* 
is that if with the coeHicieiits X belonging to tln^ system) (21') 
we construct the system of total diilerenthd e((ua,tions (10), this 
system is completely Integrable. 

Ill fact, tlic condition for this is that 


or 


= I, 2, ...a J, 2, . . . m), 

dXj dXi 

- 3Z„,, 

--- - ^ I '^li 


dxj 


dn„ 


dX; 


rive, 


and remembering the definition (2(^) of tlui of)(‘rators 74, iJiese 
can be written shortly in the form 

The equations (‘11) show that; iJic. X’s obtaimul from the 
system (24) satisfy these conditions. 

Having traaisformed the giv(ai system intn thii form (2 0'), 
we need therefore only constiaict th(‘, a-ssoctiatnd sysbmi (10) 
and integrate by the method given in the. prc.iaiding (hnipt.c'r; 
the most general solution will b(‘ obtaiiKMl in tlui form 

?4 "" 1 (a - 1,2,.., m). 


Solving these m equations with n^spect to tln^ v/i’-s, we. g(t 
m = N — n jirincipal integrals, a,nd eonstriicfing a,ny fnneiion 
whatever of these integrals we hav(,‘ tli(5 general iiiingraJ of tln^ 
given system. 

This systematic nietluKl of integration is in theory (jiiiii*. 
general and covers all jiossible ca,s(‘s, it is sonu'wha.t- hiborions 
to apply. In practice it is oft<ai s!iort(‘r to iidvgra.tc tin^ e(|ua.lions 
separately, and then to look fcjr lli(‘. /// common inP^grals whiili 
certainly exist, when we have a.sf;(U’!-a,iiH‘d b(4’or{4iand that wc 
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are dealing with a complete system. The following may be given 
as an example. 

Consider the system 


Af = 

Bf-^ 


^ ^ _L ^ V J_ . 3/ 




+ ^2 -“1^ ^3 ^- + ^4 o - 




dx^ 


dx. 


X^y 


V + 3 . V _ .. J- .• 


Sx‘i 


■ 3 .x'o 


SlTo 


+ *377 

3 3^’/! 


0. 


(32) 


AVe shall first show that it is not only complete, but also 
Jacobian. To show this as shortly as possible, we put 


A 3 3 5,3 

= a-i ^- + ajg , Sj = — a:^— + a;, , 

0 :i j_ 0X2 dXi d X2 


A ^ I ^ 

^2 = '* 37 - + , 

O iJy-j C/ 


R _ 3 , 9 

iSa — 2^4 A— + 

uX.^ O X^ 


SO that A = A I -|- A 2, B ~ -{~ Bo, and then construct 

the alternate function of the two given operators. We get by 
successive transformations 


{A, B)f ABf- BAf 

~ ^2^1./ 4 ~ ^1^2/ + ^2^2/ 

- B,AJ~~ B.Aof- BoAJ- B2A2f 
— (U^, B^)j -|- {Ao, B^) f -j- {A^, ^2)/+ (^25 -^2)/* 


Now it can be shown directly that 


(A, B,)f = 0 , iA2, B,)f ^ 0 , 


and interchanging x^, X 2 , and x^, x^, it follows that 

{A 2 , 4)/ ^ 0, {A„ £,)/ 0. 

Hence 

{A, B)f 0 , 


which means that the system is Jaco])ian. It will therefore have 
4 — 2 2 in(lef)endent integrals, or rather (cf. p. 40) an infinite 

num])er of pairs of sucli integrals. 

To find one such [)air, nottj tliat tlie first equation (which is 
of tlie type considered in the example on j). 43) has as its general 
integral any homogeneous function of degree zero in the variables 
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'h^ (Tg, X 2 , We need therefore only find tAvo independent 
integrals of the second equation Avliicli are homogeneous of 
degree zero. 

Now the system of ordinary differential cquatioTis associated 
with the second t)f the equations (32) is 

__ __ ^^'^4 

Xo i/q 

The equation foriued of tlic first two of these terras can be 
integrated immediately, and gives 

+ r/v .(33a) 

similarly the other twm terms give 

.(33i) 

where a anrl h denote constants. 

Equating the first and third terms, after substituting in them 
for iDg and the expressiojis given by equations (33a) and (33b), 
we get 

dxi _ fbr.^ 

s/ ctr — sj Ir — Xg- 

and therefore integrating 

sin ^ - — sm ‘ ™ c, 

a h 


where c is a third constant. 

This last integral can be put in the form 


sin 




sm 






c. 


(33c) 


We also get from (33a) and (33b) 


■%”* d"” XiX a“ 
+ ^ 4 “ 


(33r?) 


Of the four integrals thus found, the last two, (33c) and 
(33d), are homogeneous of degree zero, and are therefore also 
integrals of the first equation; and it would be easy to verify 
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tLat they are independent. Hence the general integral of the 
system of equations (32) is 



\/X2^~‘ ~j~ ^2*^ 


Sin 


V x/ + a.'/’ 


^ 3 - + a'4-/’ 


where / is the symbol of an arbitrary function. 


CHAPTER IV 

Algebraic Foundations op the Absolute 
Dipperential Calculus 

1. Effect on some analytical entities of a change of variables. 

This chapter is devoted to tlie study of the effect on some 
analytical entities of a change of variables. In this first section 
we propose to give some examples .showing tlie nature of the 
general considerations wliich will be subsequently established. 

Consider n independent variables aq, aq, . . . aq, which we shall 
as usual denote collectively by x, and suppose a transformation 
applied to them which leads to another set of n independent 
variables x; it is understood that the transformation used is 


reversible, i.e. that the transformation formulae 

Xi = Xi{x) {i — I, 2, ... n) . . . (I) 

can be solved for the xs in the field considered, so that we have 
simultaneously the equivalent equations 

Xi ~ x-[x) .(1 ) 


The geometrical name for this operation is of course change 
of co-ordinates] to fix the ideas, we may take n = 3, so that we 
are passing from Cartesian orthogonal co-ordinates y, z to 
three generic independent combinations of them (curvilinear co¬ 
ordinates) q^y q-;>. 

Now suppose that in dealing with a physical, geometrical, 
or other question we find that we have to consider not only the 
variables x, but a certain aggregate of entities connected with 
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them. For instance, in a ccrhiin region of pliysicnJ space referred 
to Cartesian co-ordiimtes x, vy, 2 ^, let the tempera,tore T be defined 
at every point; then it is a determinate function of vy, 2 :. Or 
we may suppose that a held of force exists in the given region, 
and we shall then have to consider at every j)oint a vector, and 
hence its components, i.e. three functions X, T, Z of ;/•, yy, 2 . 
Now change the variables. Wc liavc to find some wa,y of expia^ssing 
the same quantity or pliysical [)lienomcnon (bunperahnre, force, 
&c.); for this purpose wc find that we Inive to introdiuie certain 
parameters wind] in tlie new system of referoice will with a,dva,m 
tage take the place of those wliich were morc^ suitaJ)]e wlien we 
were using Cartesian co-ordinates. These new paranuden’s ar(i 
naturally called transforms of the original ones; they a,re olitaimal 
from them by a law which cannot be assigned a priori, l)ut (h'.pends 
on the nature of the ])robIeni, and in part on suita])le conventions. 
For instance, in the new system the temperature T wall l)e a 
function of (p, <7;$, f^nch that the same temperature belongs 

to the same point of space, whether the cadculations are made 
with the original or with the new variables; luuice T a,s a, function 
of tlier/’s will be obtained by substituting for x, yy, 2 in T{x, yy, rj) 
their values in terms of ry-j, (p,, q... This kind of behaviom*, whicli 
is the simplest wc shall have to consider, is called tramforoKdion 
by uhvariance; all functions of position which luive a value inde¬ 
pendent of the system of co-ordinates chosen are transforme.d in 
this way. 

With the componcjits cd' a vector, in the other example cibui, 
this does not happen. If in fact, as we may su{)])()s(g the vca*.tor 
has a magnitude and a direction wliich are iude])en(h*nt of the 
system of co-ordinates chosen (we shall think of it as ficing 
defined physically as a force), its comjionents, on th(‘. cont^rjiry, 
even when the point consuhn-ed remains unchanged, change tlu'ir 
values when the frame of reference is cluiuged. This is obvious 
in the case of a rotation of Cartesian axes. IF, lunveviu', the triuis- 
formation considered is not of this particular kind, we do not 
know a priori what to substitute for the projections A", Y, Z 
of tlie vector on the axes of the old system in ordm* to specify 
the vector in the new vsystem;^ i.e. we liave to determine the law 

^ We shall see in various i)arts of (.'ha]tter V liow the inlrodtietion of iu;W 
variables ryi, rj,,, gives rise geonietrieally to correspoiuliii'^ co-onlltin.fr .Hin'/nrrti 
f/i = constant, = constant, — constant, and co-ordinalc Una; vvliieh are tlieir 
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of transformation which, will meet the needs of the case in ques¬ 
tion. The most suitable criterion to take as a guide in making 
our choice is found by introducing, alongside the given vector, a 
scalar quantity with a physical significance which is transformed 
by invariance. In this case we take two infinitely near points 
whose co-ordinates differ by dx, dy, dz; then the work of the 
force whose components are X, Z, in passing from one of 
these points to the other, will be 

dW -- Xdx Ydij + Zdz\ ... (2) 


this scalar quantity has a physical significance which is invariant, 
and it can therefore be concretely determined. From the matlie- 
inatical point of view it is an important fact that with any system 
of orthogonal axes Oxyz the Cartesian components of the force 
are identical with the coefficients of dx, dy, dz in this expression. 
Changing to the curvilinear co-ordinates q^, we can find 

the resulting values of dx, dy, dz by means of the differentials 
of the new variables, using the formuloo 

dx = dq;, &c. 

1 cqi 


The work dW will take the form 


dW 


3 

S/ 

1 


/dx 


X + 




whicli is analogous to formula (2). 

In fact, putting 

dx _^3yY + kz = Q; {i = 1 . 2 ,3), . (3) 

dqi dq, dq, 
we get dW ~ Qidq\~\~ Qz “1“ 

intersections, nearing this in mind, if we proposed to use gecunetrieal criteria 
taken from our co-f)rciinate system in order to specify the elements which deter¬ 
mine a vector, we should Hud ourselves faced hy four possibihtie>, all equally 
acceptable, and with one or another preferable according to circumstances. At 
every point, in fact, the tangents to the co-ordinate lines and the mmimils to the 
co-ordinate surfaces form tw.i sum.lcmentary trihodra, which are in general 
oblique-angled, and therefore distinct; and a vector may he defined either la 
its orthogonal projections on, or by its comp.meiits along, either of these tw*. 
trihedra. 
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Tbe quantities O 2 , (^3 here hold tlie same position as did 
X, Y, Z ill Cartesian co-ordinates; it therefore seems suitable 
to Ccxll them tlie components of the force in the new system of 
reference, so that Ave may say that formula (3) represents the 
law of transformation of the components of a vector. Tliis law 
is called covariance. 

We can also reach this law from a different point of vmw, 

which, hoAvever,Ave shall show in a moment to be really a particular 

case of the preceding argument. Consider an invariant function 

v.{x, y, z); we shall try to find the most convenient law of tra,ns- 

... dn d a dn . . , . , 

formation of its three derivatives - , . , . , winch arc evidently 

dx ay az 

functions of y, z. A natural course is to consider the three 

derivatives ^ as lieing the expjressions wliich corresfiond 

dq^ dq., dq., 

to them in the new system of reference; these are of course given 
by the ordinary formula) 


du d}{. dx dff- dy dn dz 
dq- dx dqi dy dry- dz dq;^ 


{■i - h (4) 


If instead we were to assume transformation by invariance, 
the three quantities we are considering woiihl represent deri¬ 
vatives of a function only in the original Cartesian system of 
reference, while in any other they would in general lose this 
special property. 

The formuhc (I) are evidently a. particular case of the formula) 
(3), in which tin; derivatives of a single function n have l)een 
substituted for tlie components of tlie generic vector. Tlie real 
reason for this is found in the fact that the law of [lersistence 
of the derivatives can also be included a-s a sfiecial ca.HO of the 
invariance of a linear fliherential form. As a jiarticular cn.se, we 
need merely replace dW (which is not in goneral an exact diffe.r- 
ential) by the total differential du, wliicli may bo expressed in 
either of the two forms 


and 


d a 
dx 

du 


(lx 




du 

dy 

du 


dy 


du 

dz 


dz 
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The foregoing remarks will suggest what it is we propose 
to do, though naturally this will become clearer as we 
proceed. 

Given in a certain system of reference (which may be of any 
kind whatever) a set of quantities having a certain significance, 
physical, geometrical, or otlmr, v^e assign a law of transforma¬ 
tion by means of which a set of quantities having the same 
significance is associated with any other system of reference, 
and we are thus led to introduce a set of parameters, collectively 
independent of the system of reference, whether Cartesian or not. 
This is the basis of the conce])tual importance and the fertility 
of the considerations which we propose to develo]). 

!2. VM-fold systems. Forms of degree m and y>^-ply linear 
forms. 

We shall first define a system of order in or m-fold system. 
We a];)ply the term to a system of numbers 


which are such that a one-to-one correspondence with a specific 
hiw exists between them and tlie set of ni, integers q, L, . . . 
whei'c each of the Fs can take all integral values from 1 to n. 
The number of elements of an '///.-fold system is thus '/?/", this 
being tin* number of permutations (with repetitions) of //. numbers 
taken ///. at a time. It is not necessary that tliese 7h'" elements 
should be all different, 

A system composed of a single number (which may lie repre¬ 
sented by a hitter without a suffix) may be considered as a system 
of order zero. A simple (one-fold) system will lie the aggregate 
of n elements which can be represented by the notation 

A,, {i == 1, 2, . . . n); 

e.g. the set of three components of a vector, for which m — 1, 
n 3. 

A double (2-fold) system will be of the type 
A;j (■/, i 2 , . . . nf 

and will consist of //.“ elements; and so on. 

A system of order greater than 1 is called symmetrical if all 
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tlie elements in it whicli clifier only as to the order of their suffixes 
have the same value; e.g. for the case vi. 2, if A;^. 

A system is called anlifiynviHefriatl {A\cw) if vlien two suffixes 
are interchanged the clement changes its sign l)ut not its value; 
again for the case m ~ 2, if A;j — — Aj^, The 7i coefficients 
u of a generic linear foraid 

ii 

(j> --- i],' Hi X,- 

I 

constitute a si]nf)le system, wliich is in fact the most gemiral of 
its kind, since, given '}h quantities vq-, it is evidently always jjossibie 
to consider them a,s being the coeflicients of a linear form cj). 

Consider next a quadratic fonn, which we ma,y writer as 

II 

(j) = S,.; A;j Xi Xj ; 

1 

as the sum includes all permutations of the siiifixes two at a time, 
the product of X; and will occur twice, once a-s x/Xj a.nd once 
as XjX;, so that the coeflicient of the product is -|- Aj. This 
is unchanged if i and ^ are inkuclianged; hence we see, that the 
coefficients of a, quadratic form constitute a symmetrical doulde 
system, which is the most genera] ])ossil)le. But if we wish to 
determine a gemeric (non-syjiimctrical) dou})le system by means 
of the coefficients of a form, a quadric in. tlie iiulepemhmt vaal- 
ables X is no longer sufiicient. We sliaJI now require two diflerent 
n-fold systems of independent variahh'S, e.g. tlu* co-onlinates 
X and x' of two ])oints between which no a priori r-dation exists, 
and we must construct the expression {bilinear form) 


which is linear in ])otli tlie ;r’s and the .'//’s; the coefficients of this 
form are the required arbitrary q lumtities yl 

More generally, it is easy to .S(30 that a generic m-UM sysk‘m 
is determined by a multilinear form of m groups of variables, 
while the coefficients of a form of degree ni constitute the most 
general symmetrical '///,-fold system, 

^ The torm/f>?‘w wifcli renpeet U> given arguinGnt.s (e.g. Uie iiKh'peTifleiit varia])lc‘.s 
. . . .r,„) nie.aiiH a polynomiul lietiiogeneons in tliose iirgiuii(!iit-s, 
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P>. Invariance, covariance, and contravariance oi a simple 
system with respect to linear transformations. Dual variables. 

We now proceed to examine the laws of transformation of 
systems. We si tall at first limit our investigation to a linear 
change of variables and a simple system 'a.y, . . . 

We shall suppose that Ave can pass from the variables 
X to the new variables and vice versa, by means of the 
for mu he 

n 

Xi -= 2,, C/I, ('*■ = 1, 2, . . . n), . . (5) 

J 

X, =--- (-C- 1, 2, • ■ (U 

1 

where tlie coeflicients c are arbitrary constants whose determinant 
is not zero; the second formula follows from the first by applying 
Cramer’s ruhi, so that C*'' is the reciprocal element of Cjj (cf. 
]). 5i, footnote). 

The most obvious hypothesis to make is that the ?ds are 
functions of position which arc transformed by invariance 
(cf. § 1). 

We g(3t a slightly less simple, but remarkable, case if Ave sup- 
j)ose that the uh are transformed by the same laAV as the co- 
oi’flimites, in Avhich case the u'h will be called coniravarianls. In 
particular, the co-ordinates themselves form a contravariant 
simple system. 

Next suppose that the 7i’s are the coefficients of a linear 
form 

•n. 

Cj) ~ Yi,-U;Xi, 

1 

and that (j) is transformed by invariance, i.c. by substituting for 
tlu.^ .'/;’s the expressions (5), so that cj} is also a linear form of the 
new variaJjles x. We shall take the coefficients of this ncAV form 
as the translorms ii of the vi’s; we shall then say that the us 
form a covariant system. 

Writing out the expressions in full, Ave have 

)i n »■ » » 

(f) = U; N . C//. Xf. = Uf Xj. “ N/. Xj, N/ c,/. Ui. 

1' 1 1 11 
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The new coefficients are therefore 

}i. 

Uj, — 2 ^;% 

1 

Interchanging i and h, so as to get the formulae in the same 
shape as (5'), we get 

n. 

(;i = 1, 2, . , . 

which gives the law of covariance. 

Here, too, we naturally add the equivalent forinula:), which 
are obtained by solving for the original elements u, ajid are given 
by the usual formula (Cramer’s rule). Writing them first, so 
that we get them in the order corresponding to that of (5) a,nd 
( 5 '), we have Hnally the Jaw of covariance expressed by the. two 
groups of equivalent forninloi 

U; = i,/, 't\, .(G) 

i 

■n, 

■i<i = Sj.ChM,, (i = 1, 2, . . . n). . (O') 

1 

We shall frequently consider, together with the variabh^s .t 
( which arc also called point variables), a system of covarhint 
variables n (called dual variables); the behaviour of both sets 
of variatdes when a linear change of variables is made is sliown 
by formulae (5) and ( 6 ). 

To find a geometrical interpretation of dual variables, we may 
fix our attention on the case n = 4, in wliich x^, r/q can 

be cousider(id as homogeneous Cartesian co-ordinates of the 
points of space. A plane has an equation of the type 

Ui 'h + ^4 ■= 0, . . (7) 

where with the usual terminology, the coefficients u.y, 
are Pliicker’s co-ordinates of the plane. Now, given the geometrical 
significance of equation ( 7 ), its left-hand side must be invariant 
(except for a non-essential factor, the co-ordinates being homo¬ 
geneous), and hence the Pliickcr’s co-ordinates u must be trans¬ 
formable by covariance. From the well-known law of duality of 
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projective geometry tlie w’s have been given the name of dual 
variables. Analogous results bold for any value of n. 

1. Invariance, covariance, and contravariance of an m-fold 
system with respect to linear transformations. Mixed systems or 
tensors. Vanishing of a tensor an invariant property. 

AVe shall now extend the discussion of the preceding section 
to systems of any order, but still limiting it to the case of linear 
transl’ormations of the type (5), (5'). AVe thus define mixed 
systems, ol; wliicii covariant and contravariant systems are 
particular cases. 

Consider ni sets of n point variables (i.e. m points). Denoting 
by an u[)per index the ordinal number of each point, we get the 
set of arguments 

♦^13 ‘^2) • • • *^713 

o o o 

xi, . . . .t;; 


d l , .Xvo , . . . . 

Consider also a certain number fx of sets of n dual variables 


u\, 

ui, . 

• . 

0 

2 

2 


ui, . 

• . <; 

zdjh 

. 



Construct a multilinear form F in all these variables, each 
term of F containing as factor an element taken from every set 
of the m ;r’s and the /a ?i’s. The coeilicients ol these terms, which 
ar’e a 'priori completely arbitrary, will constitute a generic system 
of order ni, + p. Writing the indices corresponding to the a-’s 
below and those corres])on(ling to the vi/s above, we shall have 


F 


'1 • 


>niJi • 


xF . ( 8 ) 

^ m ■> I JiL 


Now transforming the r’s by the law of contravariance and 
the ^ds by the law of covariance, and substituting the expressions 
so obtained in (8) (i.e. transforming F by invariance), we shall 




70 


INTRODUCTORY THEORIES 


get a multilinear form of tlie new variables :r, u; we shall take 
the coelfa'icuts A of tliis new form as Ixhng tlic traaisfojuns of 
the coefUchMits A. AVe sliall tlieii say that tlie A's constituh^ 
a teyisor or mixed syslciH., covavidnl witli respect to tJie lower 
indices, con(r{ivari(mt with respect to the aj>per. lt.i particiila.r, 
or /X may be zero, leading to the a])sencc from F of the point 
or dual variables respectively; then the system of cocflicieiits is 
purely contra variant if tlie variables in F are all covarhmt, and 
vice versa. 

The case of the simple system comes at onct^ under this 
definition. In fa,ct, F in this case liecomes the (/> of the jneceding 
section; if we consider it as linear in the aj’s, we hnd tliat tlui 
coeiheients according to tlie definition just given, must l)e 
called covariants; while if it is consitlered as li^iear in tiie vds, 
we conclude that the .r’s form a contravaxriant system, wliich 
agrees with the dedinitions already assigned. 

A covariaait, contravariant, or mixed temsor, having m + 
indices in all, is said to l>e of mnJi’m /a; a. simple system, either 
covariant or contravariant (i.e. a tensor of rank J) is also called 
a vector, ami its elements are caJhal resj^ectively covariant or 
contravariant com])onents of the vector. 

Following a similar method to that used in the jmeccMling 
section to find the formulic (b) and (O'), v/e could find the gemu’aJ 
transformatioji fornmhe f(jr mixed systems, and hence, in fjarti- 
cular, th.e formulfo fur contravariant and covariant systems. 
We shall not need these formula), as in wliat follows we sludl 
always go back directly to the definition just- given. As a,n 
example, however, we propose to fiml them and give them in 
full for the sim[)lest case of the mixed systeiii, i.e. tlie system 
with a single index each of covariance and of contravariance. 
Consider therefore the bilinear form 


F = S/; A[ X,: 'iij, 

I ' • 

and transform it by invariance. Using formula) (5) and (b), we 
F — L/J A:^. 'hj. Cj/. X}. li/, — '^ijhk ^llc 


get 


S;,/. Xk Uj, A{ Cu, 
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Tlie coefficients of tins new form arc 


At 


S/,-4c,v,C' 


J/l 


( 9 ) 


which gives the law of transformation for mixed systems with 
two indices. We should get similarly, for the most general 
mixed system, 


a!‘ 


• -V 

• hu 


■II 




. h 
. /r 


'Avi • 




. . . cV‘V. (10) 


As a menioria ieclinica, we may add that the transformation 
formute for the x's and tlie u'h give an easy way of remembering 
those for a tensor of any kind. The latter are always linear, and 
the coefficients are composed of the c’s in a similar way to tliose 
of (5) and (6): to each index of covariance corresponds a c with 
the indices below, to each index of contra variance a c with the 
indices above. The opposite holds in the inverse formulae. 

We may sum up the discussion so far in the following defini¬ 
tions. 

An m-FOLD COVARTANT is cvn m-fold syslein which is transformed 
in the sa}ne way as the coefficients of a maltilinear form h/ ‘point 
variables] an iii-fold contravariant is one ivhich is hrDisfornieci 
in the same ivay as the coefficients of a multilinear form in dual 
variables] more (jencrcdly, a mixej) system or tensor is one which 
is transformed in the same way as the coefficients of a )nuUilinear 
form in both point and ducd variables {including also as particular 
cases both purely covariant and purely coyitravariant systems). 

Tlie indices of contra variance are generally written above, 
those of covariance below; an exception is however made for 
the variables x, which are as usual denoted by a\, Xo, . . . a:,,, 
with the indices below, even if, as in the p)rcsent case, we are 
dealing with a contravariant system and linear transformations. 

We shall close tliis section witli a remark whicli is as obvious 
as it is fundamental whenever the notion of a tensor occurs. 
This is the fact that if all the elements of a tensor, with reference 
to a certain system of variables, vanish, this necessarily also 
happens for tlie transformed elements wdiicli correspond to any 
linear change of variables whatever. This is an immediate con¬ 
sequence of the fact that the hypothesis makes the invariant 
form F vanish identically. 
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5. Symmetrical double systems. 

Since we shall ]itwo occasion la,ter on to deal with a- r«‘ina,r]vable 

symmetrical covariaait double system, we propose to ^i»’ive lu'.re 

some properties of systems of this kind. Jjet tlie elements of sncli 

a system be , 

(hi', .(-11) 

their covariance will he expressed by the fact tliat tlie ])ilinear 
form ,, 

F{x\x) X,- xl . . . (12) 

I 

is invai'iant in any linear transformation whicli changes the rr’s 
a.nd tlie rr/’s into othea’ sets of variables a, 7'. 

We shall first show that such a change of variables leaves 
the symmetry of the system unchanged; i.e. tliat 

djf. ~~ d/_,-. ( 13 ) 


In fact, if wm interchange the variables a;, x' in tlie bilinear 

form (12), we get ,, 

F(x' I x) '£ii.a;,,Xi,Xi 

1 

and since the right-liand side of this expiation dilTers from that of 
equation (12) only by tln^ non-essential interchange of the letters 
i and it follows that 

F{x!\x) F[x\ xf) .(ir) 


Vice versa, if this relation hohls, we conclude, by r*eversing 
the steps of the argunumt, that (11) is also true. 

Hence the condition of symmetry (11) is com])h‘tely equivalent 
to the condition (1 T). From this standfioint it is easily seen to 
be invariant. In fact, changing the variables, and denoting for 
sliorfniiss 


F 


by 


! I J 

F{:x I ;/T), 


equation (IV) changes to the equality 

J(,C I ,?) - F{x I :?') 

which, as we have just seen, is ixpiivaJent to (1‘1). 
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We could sLow in the same way that if a contravariant double 
system is symmetrical with respect to one system of co-ordinates, 
it IS still symmetrical after any linear change of variables; a 
mixed system aj, however, has not this property. For an anti- 
^y'n'i'}netTical double system, either covariant or contravariant, 
we could also show similarly tliat antisymmetry is an invariant 
property. 

We can now use the property just illustrated to establish 
the covariance of the coefficients of an invariant quadratic form. 
Let the quadratic form be 

II 

4>i^) = .(14) 

1 

Changing the variables, evidently becomes a quadratic 
form in the rr’s, which we shall wuite 

_ II 

= S/A.a,7, .(14') 

1 

We shall show that the coefficients d;f, are the transforms by 
covariance of the coefficients a;,., or in other words are the same 
as would be obtained by changing the variables in F{x\x'). 
In fact, we get ^{x) from F{x | x) by first putting F equal to x, 
or 

<f>{x) = F{x\ x), 

and from this, with the usual change of variables, we then get 
^(:r), which is thus derived from F {x\x') by applying successively 
the two operations 

^ .(a) 

X,: ~ X;{x) . (b) 

But the same result will obviously be obtained if these two 
operations are applied in inverse order, i.e. if we pass first from 
F{x I x') to F(x I x') (the coefficients of which are by definition 
the transforms by covariance of the coefficients a,;,), and then, 
by the operation (a), which implies x' = x and on account of 
symmetry does not change the coefficients, to ^{x)\ the co¬ 
efficients of this last expression are therefore the transforms by 
covariance of the coefficients a if.. 
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6. Sets o! n covariant and contravariant simple systems. 
Theorem on reciprocal sets. 

We now propose to ])rove a lemma in which we shall have to 
consider, not a single simple system, but a set of ii covarhint 
simple systems. We must therefore distinguish, the eleimaits in 
question by two indices, one shoAving the ordinal number of the 
system from Avhich an clement is taken, the other (which will 
be an index of covariance or of contra variance) showing the 
ordinal number of the element in that system. Consider, tliere- 
fore, the set of n covariant simple systems 

A,|,- (a, i = 1, 2, . . . h), . . . (]5) 

where a represents the ordinal number of the system and is 
therefore not an index of either covariance or contravariiince; 
and su])pose further that the determinant of the A’s doc^s not 
vanish, or in other words that the n systems are inde])endent. 
With this hypothesis, to every element will corresp<)n(l a 
reciprocal eleinent (its algebraic complement or minor divided 
by the value of the determinant), which Ave shall denote by 

a; (a, ^ - 1, 2, . . . ^^). . . . (ir/) 

In a linear change of variables the terms A,,|/ will be transformed 
by the hxAv of covariance, and the transforms will he denoted ])y 
Ave shall take the reciprocal elements \ of the terjns 
as representing the transforms of the reciprocal elements AJ’. 

We shall noAv show that this laAV is identical Avith contra,- 
variance, i.c. that giving a the values 1,2,... n, the terms A^ 
constitute contravariant simple systems; or sliortly, that the 
reciprocal set of n covariant systems is a set of n contravariant 
systems. This is the reason for placing the index i above. 

The hypothesis of covariance of the set of n systems (15) 
means that the n linear forms 

ii, 

(“ = 1, 2, ... w) 

1 

are invariant. Wliat wc have to prove is that the w linear forms 

>A. = (a = 

1 


1, 2, . . . n), 
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are also invariant, i.e. tTat 

— 'A. = 2; a;, m,; — S; m,: = 0 (tt = 1, 2, . . . w), (16) 

1 1 

whatever the 'u's may be. Now these last expressions are linear 
in the v's (since the ^7’s are merely linear combinations of the 
^//s), so that each of them is of the type 

ken, 

1 

To show that this vanishes identically (i.e. that all the ^’s are 
zero) we need only show that it vanishes when we give the w’s 
n distinct sets of numerical values, as we shall then have n homo¬ 
geneous linear equations in the f’s, whose determinant does not 
vanish (this condition being implied by the use just now of the 
adjective distinct). We shall give the u/s the values 

(^5 ' Ij 2, . . . n), 

and hence, from the covariance of these quantities, we shall have 
to give the u's the values A^j Using a property of determinants 
(given as formula (^) in the footnote on p. 55), and substituting 
in equation (16), we get 

= 8f, - -= 0 (a, /3 = 1, 2. . . . n), 

which proves the result required. 

7. Addition of tensors. 

Take two tensors (in general mixed) of the same kind, i.e. 
having the same number of indices of covariance and the same 
number of indices of contra variance (in particular, two covariant, 
or two contra variant, systems of tlm same order): 

/-I . . . t,n <1 . . . ()„ 

Summing corres]:)onding elements (tliose with the same indices) 
we get a new system whose general term is 

'i • • • hn . . . tilt. 

depending on the same number of indices. We shall show that 
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this new system is also a tensor, co variant and contra variant 
respectively with respect to the indices of covariance and contra,- 
variance of the given systems, so tliat with the notation previously 
adopted the general term can be written 

Q-iy ■ • • Jfx 
n • . • < in. 

To simplify the formulfe we shall prov(.'! the result for the 
case of a single index eaoli of covaria,nc(; and of contravaria,nce; 
the reasoning is identical in the general case. Our hypothesis 
then is that the forms 



will therefore also be an invariant, which is as much as to say 
that the system 

- A-l + Bi 

i. i ' t 


is covariaiit witli respect to the lower index, and coiitruvariant 
with respect to the iijjper. 

The tensor C is called the sw./a of the two tensors A and Jl 


8. Multiplication of tensors. 

We shall now define the producl of two tensors. These may he 
of any kind, in general mixed; we shall supijose. that (Jiie ha.s w 
indices of covariance and /r of contravaiiarux^. and the other m' 
and fx,' respectively, so that they are rei)reseutc(l by 

C • • • V/i ’ ... I 

Construct the system whose general term is the ] 3 roduct of 
any element A by any element B; the element so formed will 
contain m -f- p- + wd d- fA indices, so that the lutdv of the 
product system wdll be the sum of the ranks of the given sysbims. 
We shall show that it is a tcusoi' which has the tn -j” indices of 




ALGEBRAIC FOUNDATIONS 


77 


covariance of tlie given system as indices of covariance, and the 
/X -|- /x' indices of contra variance as indices of contra variance. 
To simplify the formulse we shall as before consider the case of 
only two indices. 

Let the two forms which by hypothesis are invariant be 
F = 

1 

Their product Avill also be an invariant, and is 

F<b = s,. A’l SI Xi x'j Hi, u[ , 

1 

or, putting 

Aim = (Ji, 

x;xjui,u',,. 

1 

The invariance of this form means that the indices i and j 
attached to the letter C are indices of covariance, and h and h 
are indices of contra variance, which proves the statement just 
made. The argument is the same in the general case. 

9. Contraction of tensors. 

We shall now define the operation of contraction, by which 
we pass from any mixed system to another system having one 
index of covariance and one of contra variance less than the 
first. 

For convenience of printing, we shall give explicitly only 
one of the indices of covariance and one of contravariance, 
replacing the others by points, so that we shall put 

x;;;: 

to represent the general term. 

Now construct the system 



which will contain all the indices, except the two shown on the 
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right; we say tJicii that tlie fcei:]sor hn.s been contracted with 
respect to these two indices. We sliall sliow that the system 
so obtained is also a tensor, having the s.nmc indices of covariance 
and of contra variance—except of course tlie pair used in con¬ 
tracting—as the given tensor. To simplify the fornudiu, we shall 
as usual consider a particular case, but one not differing essentially 
from the general case. Suppose, therefore, that the form 


F - 






is invariant whatever may be the vai'ialdes x, x\ u, u', the only 
restriction being that x, xf are point variables and u, u' dual 
variables. Tlieir values being arbitrary, we may replace the 
variables u'. l)y n distinct systems of covariant cpiantities, AAdiich 
we shall denote by using the notation (15) of § 5; we can 
then re])lace the variables x/ by the quantities whicli are 
the reciprocal elements of the former group, and therefore con- 
travariant (§6). We shall thus have the n linear forms 

(o = 1,2,... 

1 


all invariant. Their sum G will therefore also be invariant. 
Writing out this sum, and making some sliglit transformations, 
we get (remembering the fundamental property of reciprocal 
elements) 


i i i 


'^ihrs "^ir 
1 


Now we know that S" = 0 if r s and ^ 1 if r .s*; lienee 
all the terms in the sum for which r ** will disapj)ear, and tliere 
remains 

G = X/U/, = s,.,, a;,; = S;;, 

1 111 


The invariance of this form sliows, as was required, that the 
system 

= S, A^[!: 

1 


is a tensor covariant with respect to tlie ^’s and contra variant 
with respect to the /ds. 
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The operation of conteiction can evidently be repeated several 
times, contracting successively with respect to various pairs of 
indices, so that, for example, from the system 

A hka 
ijr 

WG can pass, by using two pairs of indices, to the tensor 

B’l = 

If the process is a implied to tlie only pair of indices of a mixed 
double system, the result is an invariant: 

A = 

I 

10, Composition of tensors. 

If we combine the operation of mM^Mcalion of two tensors 
witli that of conlracUon, we get the operation called convposition 
(or inner of two tensors. AVe shall write the two 

tensors in the abridged form 

where Ave show only a single index of covariance for one and of 
contraAUiriance for the other. 

The tensor 

c;;: - B\;' 

is said to be cotnponnded of the first two or is called tlieir inner 
product] its indices of covariance a,re those of A, except r, and 
all those of B, and its indices of contravariaiice are all those of 
A, and those of B, except s. 

It can at once be seen tliat the system 0 is a tensor, observing 
tliat it is obtained by contraction with res])ect to the indices 
r and s from the system 

r ;;;' - a['[, b '\ 

which is itself o))tained ])y taking the product of the given 
systems. Thus, for instance, compounding the systems 
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! r 
)' 

, !; 


f '' 


•' I'i 



with, respect to the indices r and s, we got 



\ 


11. Change ol varialbles in general. v/?--fold systems w 
elements are functions of position. Pirst general definition 
tensor. Typical tensors of rank 1. 

Up to tins point we luive considered only linear c]iang( 
variables, and we have delined, with reiereiice to them, co' 
ance, contravariance, and the luiidaniciital operations on syst 
We shall now extend these definitions to any change what 
of the variables. 

Suppose, therefore, that the forinuhe of transformation, ins 
of equations (5), arc 

^1. = fii'h’ * 3 = • • • (■'’ = • n), (1 

where the //s denote arbitrary functions, except for the q 
tative restrictions as to din'erentiability, &c., which wil 
tacitly imposed whenever Jiecessary, and the condition that 
transformation is reversible, i.c. that the (‘.rjinitions (17) 
soluble for the i’s and can therefore also be giv(‘n in the cquivi 
form 

X,, . . . . . . (li 

The general transfonmition (17) involves a linear tram 
mation of tlie dilfereiitials. In fact, putting 


we get, differentiating (17) and (17'), 


, '■ dx, ' 

d dx‘ % - 

d e d 

1 I 


L/. //./y, . . (1 

1 

(^-^ 1,:^, ...n). {[< 


The second of these groups of fornmlio must Int identical 
the group which would result froni solving the first; llie. qiuinl 
must therefore be the reci])rocal elements of the quant 
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which justifies the choice of these symbols to represent the 
derivatives A 

From the analogy of formulae (19), (19') to (5), (S'), we can 
at once extend tlie earlier arguments to m-fold systems whose 
elements are any functions of position (i.e. of the independent 
variables Xo, . . . x„), AVe shall say that an ^/u-fold system 
whose elements are functions of position constitutes a tensor, 
covariaiit, contravariant, or mixed, with respect to a generic 
transformation (17), when it is a tensor of the specified kind 
(at every point of the field considered) with respect to the linear 
transformation (19), (19') between the differentials of the old and 
tlie new variables. 

In consequence the clifferentiah of the independent variables 
provide us tvilh the typical contravariant simple system. AA^e 
shall next consider what is the typical covariant simple 
system. 

In § 3 we introduced the dual variables Avliich were formally 
defined as the coefficients of a linear form in the variables x. 
These latter are now to be replaced by their difl'erentials dx, so 
that we start from a generic Pfaffian 

n 

ijj z=:z S,- til dXf^ 

1 

and consid(u it as invariant for any change lohatever of the vari¬ 
ables X. 'The coefficients -a are considered as functions of position, 
and hence initially of the x’s. AVhen the transformation (17) 
is made, the dependence on the point co-ordinates is expressed 
insteiid in terms of the new variables x. Substituting in f for 
dj'i from (19), we see in the first place that we still have a Pfaffian 

can als(f be shown clirectlly, liy provinj^ that tlie terms and c/^ have 
tile fuiiflaiuental projierty of reeijiroeal elements, lii fact, if in e((uatioii.s (17) 
Wit i‘ej»]a(!o the by the expressions ^iveii by eijuatJons (17')i tliey reduce to 
identities, j)i{rereiitiate one of these with re.spect to X/;, using tlie rule for a 
eoin[)oinid function. We sliall have 

dxi ^ dxk^ 

d''dxk 9.n. 

Now the left-liaiid side is 0 or 1 according a.s / ={= h ov i — /r; on the right-hand 
side we can introduce the notation (18), so getting 

which proves the reipiired result. 

( V (isn) ^ 
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in i.lie new vurinTle.sthis is obvious, sinc<‘ the o/‘i^ina,l expression 
is linear in dx. Writing out the result, we get 


^ _ dXj. 


' dxi. 


dx. 


” " dr- 

1 L OXj, 


The coeJficieiits of tlio nexv differentials dxi-., i,e. the elenauits 
Uj. of tlie system which is the transform of the coefficients vp,., 
are therefore 

4 = (Jc = \,'2, . . . n). 

1 d x^. 


]nt(‘rcliangit]g i and h and adopting the notatioti (18), w(i get 
the law of transformation for the coefficients of a Pfallian ex[)i‘essed 
by the foruuiho ,, 

“i = S;, C,,; U,„ 

I 

wliicli are identical witli the formiilse (O'). Adding the irjvfu'so 
formula.' and replacing the coefhcients 6*/-;, by tluur va,hi(‘S a,s 
given ];y (18), we get tlie the corj/icir/ils 

of a PJdJflau {au, hirarianf) which consf/ilulc I he lypical simple 
covariaut system, in the ex[>]icit form 


'll; 


Ui = 


V 




a.;/ 

d Xf. 
d X: 


. 

{i ™ I, 2, . . . n). . (20') 


Suf>|)oso in f)articular that the (invaria?it) Pfafllitn is tln^ (^xa.ct 
cliheroiitial of a function u of position; })eing invariant, d. is sindt 
tliat its expression in terms of the .f’s is ofdained fro?n its (‘X[H’es- 
sion in terms of the ;/hs l>y substituting /• (x) hir Xj, a-nd vi(i(*. 
versa, so that the formula 

u{x) -- u{x) 


is an identity when we substitut<*. in it the cx|)ressior^s giv^ui by 
(17) (or (17') ) for the rPs (or the h’s). 


The coefficients 'U;, of the; Pfallian arc rcsjx^ctively 

d * 

according as dv, is considered as expressed in terms of the 
d.f • 

or of the i;’s. 


or 

;r’s 
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It follows tliat the derivatwes of an invariant are transformed 
hy covariance, the law being given by formulce (20), (20'). 

Vice versa, to obtain the formiila3 of covariance (20) or (20') 
relative to a simple system, without having to go through all 
the steps from the beginning or to remember them by heart, 
the easiest memoria technica is to consider the elements of the 
generic system in question as being for the moment the deri¬ 
vatives of a single function, and to apply the rule for differentiating 
a function of one or more functions. We then automatically get 
formulae (20) or (20') according as we start from ari original or 
a transformed element. 

The direct transformation of the differentials further, as we 
have seen, gives formulae (19) and (19'), which we can use as 
the transformation formulae for a generic contravariant simple 
system, by substituthig the original elements for the differentials 
dx; and the transformed elements for the differentials dxf.. 

To sum u]j, the differentials of tlie independent variables and 
the derivatives of a single function give what we may call the 
pattern of the transformation formula) for simple contravariant 
and covariant systems respectively. 

12. Second general definition of tensors v^rhose elements are 
functions of position. Examples. 

Take a multilinear form in any number of sets of contravari¬ 
ant variables (i.e. having the same law of transformation as the 
dxf) and in any number of sets of covariant variables (i.e. having 

the same law of transformation a,s the u,- — V Let the co- 

dxj 

efficients be considered as functions of position, and the given 
form as invaaiajit at each separate point. From the definition 
given in the preceding section it is clear that the coefficients 
form a mixed tensor, whose indices of covariance are those relative 
to the contravariant varialdes, and vice versa. Feciprocally, 
every tensor, in the sense of the first definition, can be identified 
with tiie coefficients of a multilinear form of the kind just 
described. 'The two definitions are therefore completely cqui- 
vahuit. 

From this point everything is analogous to what was said in 
§ 4, and we may therefore dispense with further details, except 
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to repeat once more explicitly tTe remark made at the end of 
§ 4 as to the vanishing of a tensor (i.e. of all its elements) ])eing 
an invariant pro])erty. The ])ro})cri.y holds in general for .any 
change of variables of any kind. In other words, if all the elements 
of a generic tensor 

e e - ■ • »,n 


referred to a particidar system of variables, are zero, we may 
be sure that the ecpiations 


A". 


. . /i„ 


0 (?,, I.,, . . . i,„] //j, . . . h = 1, 2, 


conthuie to hold however the variables may be changed. 

We shall close this section with two examples of tensors 
which occur fairly often. 

Consider first a linear opei'ator A, Avdiere 

] 0 Q'- 


whose coefficients are s])ecified functions of position. Let ns 
treat the o])erator as an invanavL Tlien since tln^ t(wms 

() U'j 

are covariant, it follows that the yT’s .ar(i by definition c.ontra," 
variant, and must ther(‘fore Imve their law of transforma,tion 
given by the equations (19'), so tliat \ve get for the transformed 
coefficients the expr(^ssions 



,3;: 


0 ,'/;,’ 


as could easily be verified directly. 

Consider next a did’en'iitial quadratic form 


1 

which is to be invariant; the coefficients (i;,. (in general to be con¬ 
sidered as functions of position) will tlnm ])e cova,ria-nt, and hence 
their transformation formula! will [)e 


y ^ r)./V dx^ 

^ l',S l"ti ^ ■ 5 

i 0 a Xj. 


(2J) 
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or (solving for the transformed elements) 


^ dx.. dx. 

ctij. = 

1 CXi O Xj. 


(21') 


13. More complex laws of transformation. Scope of the 
Absolute Differential Calculus. 


In a generic change of variables a system, as we have said, 
is transformed in a way which depends on its definition. The 
cases so far examined have been the simplest, but others of 
considerably greater complexity may also occur; we shall now 
give an example of these. 

We have seen that the sim]de system composed of the first 
derivatives of an invariant function 'll is covariant; we now 
]')roceed to examine the double system of the first derivatives 


of a covariant simple system As a particular case, if the 
. dn 

n/s are the derivatives — of a single function ti, we cover the 

0 X; 


case of the transformation of the second derivatives of an in¬ 
variant function. 

To find the transformation formula3 for this system, i.e. the 

0 ? 0 if 

relation l)etween the terms ^ ' and the terms we start from 

0 Xj a Xj 

the transformation formula for the t^/’s: 


n 


u,: = 2, 


1 



Difierentiating it with respect to Xj, and considering the %’s 
on the right as functions of the x's and therefore of the x's, we 


get 


dU{ _ y dx,. 0 .% 0 %_| 2 

dXj """ T''dx, dlTf dx,, i dXidxj 


( 22 ) 


If the hist sum were absent, the law of transformation would 
be that of covariance. But in fact the presence of the second 
derivatives of the x’s with respect to the :r's shows that the 
system we are examining is neither invariant, nor co variant, nor 
contra variant, nor mixed, and therefore is not a tensor, its law 
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of tmnjsfonnation is more coiii[)]icatecl tluin ajiy we liave yet 
examined. A similar' result is true more generally for the system 
composed oi’ the derivatives of any tensor. 

It is often necessary to consider the derivatives wit’Ji respect 
to the independent variables of the elements of a tensor, covar'iant, 
contr'avariant, or mixerl. In order to avoid tlie coinpJicnhion 
jiLst observed, it is therObi'C convenient to rejdace tliese deriva¬ 
tives by linear combinations of them with the elements of the 
tensor, so chosen that those terms which lea.fl to tlic af()r(\sai(l 
complication disappe^ar in the transformation fonmilm. This is 
the problem which the Absolute DifTerential C-alcidus ]>roposes 
to solve; it does so, as we sliall see farther on, by introducin’^; 
an auxiliary elenuait, namely, a,ii invariant dilTerential quadratic 
form. A'Ve shaJI therofoT'e devote the next chajder to tlie study 
of tliis imj)urtant element. 


CT-IAPT;h]R V 

Geometrical iN'raoDUcTfoN' ^ro the Tui^oky of 

DfEEERENTIAL (^ilJA DHA'i'K! UoRMS 

(a) The Line Ehnnent on a Snrfoce 

T Parametric equations of a surface. 

The niea,nin^ of the Pu’in panumdric equations of a sur¬ 
face’’ is known from a,na,lyti(iaJ ^aiometry. propf)Se, howevea', 
hero to cxainine tlie. idea frf>m iiie bfi^inniii’i;, in order to (iiid th(‘> 
fonnuhe in the shapi; which is la^st suitfal to (.)ur purpose. 

We sliall use tin', letters y.,, y.,^ throu^.,di()iit this chapter 
to represent tii<‘. (h,rtesian co-ordinates of tin* points of space 
relei'red to three ortho,((oiia.I axes. Now (lonslder a surface, fir 
mon; geiua'aJly a picee^ eil a surfaces <j, t(j which a,lone, the followint^ 
renuirks a,r<i undia'stooel tvo apf>ly, a,nd suppose tliat th(;re has 
been estai)lish(‘d, in any way wha.tever, a. one-to-one correspon¬ 
dence between tlui [mints o( rr and the jiairs of values which c.an 
be assigned to two [lararneters within a c<Tta,in field (! 

of a [)lane rojirewaif.ative of Hut aj'^nimeuts aq, (cf. the ^^vaw.vuI 
remarks in (lhapter J, § 1). 
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This implies that the points of a and witli them their Cartesian 
co-ordinates y^, are definite (and finite) functions of X 2 in the 
field G. We shall accordingly write 

Vv = y,Xxi, (j/=l, 2 , 3),. . . (1) 

where for subsequent purposes the three functions y,, must have 
derivatives, to any order which we may have occasion to consider, 
which are continuous in the field 0. 

But this beliaviour of the functions is not in itself sufficient 
to ensure that the equations (1) do effectively define a surface, 
i.e. that the supposed one-to-one correspondence does in fact 
exist between C and the points of a portion of a two-dimensional 
manifold. 

It miglit for instance happen that only the sum aq + x.y 
appeared in tlie equations (1), in which case the dependence on 
two parameters would be only apparent, only one of them being 
essential. In this case the equations (1) would define a piece 
of a curve. To exclude the possibility of anything of this Ivind 
we shall suppose that two of the equations (1) are soluble (witliin 
G) for x-y, x^, so that by solving them, and substituting the 
values so found in the remaining equation, we can get one (and 
only one) relation between tjy, y-^, i.e. tlie equation of a surface. 

This is equivalent to imposing the condition that the char¬ 
acteristic of the functional matrix ^ of the equations (1) is 2. 
Then the equations (1) will actually represent the parametric 
equations of a piece of a surface cr; and it could be shown that 
—with the restriction, if necessary, of the field G to a convenient 
portion F of itself (around an arbitrarily chosen point)—the 
portion of surface so defined is such that to any point on it tliere 
corresponds one and only one set of values of the parameters 
in the field F. Accordingly, with this c(ualitative restriction as 
to the field—which we shall always consider as being of the 
typ(j F—in wliich the ])arameters aq, are made to vary, we 
are quite justified in calling x.y curvilinear co-ordinates on 
the surface a defined by equations (1). 

Giving Xy a constant value, aiid making vary, we get all 
the points of a line, which we shall call (Jie line x^ ~ constant, 
or the line ao, or more shortly, the Ime 2 (since only x.y varies along 


' S.-e G, 7, pp. 8 
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it); in tlie same way we can deline the lines a'o = constant, or 
the lines or merely the lines I, as those along wliicli only 
varies. We can tims thinlc ol our surface (or poi'tion of siirfa.ce) 
cr as covei’ed by a double network of lines {co-onlinate lines) 
such that two and only two—one line Xj and one line pass 
through every point of it. 

2. Expression lot ds^. 

We shall now lix two infinitely near points, P, F', on a; 
let their curvilinear co-ordinn.tes be 

X,, Xi + (Ix/ (i — 1, 2), 
and, subject to the equations (1), let 

y,;y,. + <hr (v=i,2,3) 


be their Cartesian co-ordinates. 

Note that in order to specify a [joint P on a, we may take 
arbitmrily (within F) the two co-ordinates xx, and so also, 
in order to reach P\ the two increinents dx-^, d;n>. 

The are defined by tlie equations (1), so tliat theii' dilTer- 
entials are connected with tluj d:r’s by the equations 




V 


I rj:r. 


{v - I, 2, 3), 


( 2 ) 


which are obtained by differentiating the equations (1). 

We shall calculate the distance PP' rfc, or rafinw, as 
being more direct, its square 


Substituting the expn^ssiiuis (2) for the r//y’s, we shall }ia.v(‘, 




S, i,. dx, . = dx, dx, i. I;!'' 

I 1 (iXi OXu I i aX; 


bx,' 


a.,I, 


I 9?/„ 

I'Ta:,- dXf. 



from which, putting 
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(by which we define a very important symmetrical double system 
of regular functions of the a*’s), we get 

f]s- = ^;}.a;,.dxidxj^ .(4) 

1 

This quadratic form, which, as we shall see, is fundamental 
for the study of tlie metrical properties of our surface, is an 
obvious generalization of the expression 

ds^ — d.c- -f- dy^ 

which in C'artesian co-ordinates gives the distance between two 
infinitely near poiiits of a plane. 

We sliall now show that the form (4) is definite and positive 
i.e. that it never becomes eitlicr zero or negative, whatever 
values (real and not zero) are assigned to the d.r’s. Tlint it 
cannot be negative is at once seen from tlie fact that it is 
the sum of the squares of the d/y\s, whicli are always real if 
the d;?:’s are real. It could therefore vanish only if all the dy'ti 
vanished, and we shall show that this is impossible for any 
actual displacement (one in which d:i\ and d./v ^'i-re not both 
zero). 

In fact, let us try to suppose that we can have 
dy^ = dy., = dys = U. 

Using equations (2), these become three linear homogeneous 
equations in djv. In order that any two of these may be 
satisfied by non-zero values of these variables, the corresponding 
determinant must vanish; since we may choose arbitrarily the 
pair of equations to be satisfied, we conclude that all three 
of the functional determinants (of the second order) of the 
y'a with res})ect to the .r’s must vanish, which conU’adicts 
the liypothesis that the characteristic of the functional matrix 
is 2. 

The general theorem relating to simultaneous linear liomo- 
geneous equations could also be applied directly; namely, that 
the number of independent solutions is the difference between 
the number of the unknowns and the cliaracteristic of the matrix 
of the coeliicients—in our case 2 — 2, or 0. 

From the proof that the quadratic form under discussion is 
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definite, it Pellows, by <i known theorem ‘ on ([uadi'atie toruLS, 
that the (lebn'ininant 



com[)osed of the coefficients of (called the (lisorimi^uvnl of 
the form) is not zero; in particular, wlien, as in the present case, 
tlie form h'jmilive as well as definite, we have specifically a > 0. 

The fundamental form (i) calls For one last remark, almost 
olwious hut important. This is that tin*, system of the coeflicicmts 
(iij. is eovdriani wilh resjyec! to any transforaialions 'ivhaiever of the 
variables ay, (wliich justifies our having placed the indices 
i, k below). This covariance follows directly (applying a remjirk 
made at tlie foot of p. 84) from the invariance of the quadratic 
form (Is-. 

3. Determination of the directions drawn from a generic 
point. 

In the space y-^, yo, y<i, a direction drawn from a geiieric point 
P may be considered as determined by an infinitesiimd segment 

' tliuonjin reforml to i,s as follnus. Ijot 

It 

(f, = aucxixk 

1 

bo a defttdtii ((uaclraiiu form in n variables; wo shall show that its discrimiiiaiit it 
oaimot lio 

Ill fact, ])utLino- 

yi = :^icaikXf: (/ = 1, 2, . . . n), 

i 

wo O'ot 0 = 

1 

Now if a ~ 0, wo (joiild make 0 -- 0 without all thu cc’s heinv Koro (contrary 
tf) tho hy[joth(!sis tliat the form is <]ofinito) ; wo should only havo to make all th() 
v/’s zisro, I'jy solving tho n. liiK'ar homogonenus oipiations 

71 

^kdiic Xk — 0 (/ = 1 , 2 , . . . 

1 

which would bosolublo, giving values for ilu^ :r’s whicli aro not all Kcro, provided 
a = 0 . 

For dolinito ])ositivo Ibnus a is ihisrcforfi also no(;ossarily ])osil.iv(!. Ono way of 
sooing this is to apply ono of tins itiflruto nurnbor of (riial) liiioar substitutions 
wliich reduce 0 to the cainmicsd form (see o.g. niANcill: fjczionl <11 (jeoi/iHria 
analUixa, Appendix, ])p. fiTl-rd)*.:!; Pisa, Spoorri, liriO). It is obvious that a 
jHisitivo form which contains only squares of tlie variahh'S lias its disc.rimiiiaiit 
a 0. But tho original a and a, an; coTnioctod hy tho relation << = rf A”, whore 
A denotes tho dotormiuaut of the linear substitution. (See j». lo?.) We 
therefore necessarily also havo a > 0. Q.K.U. 
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having one end at P, or if preferred by another point P' infinitely 
near P, or, which comes to the same thing, by an infinitesimal 
displacement of P. 

Now suppose that P belongs to a, and consider the directions 
drawn from P which are tangent to the surface. To determine 
them we have to take points P', infinitely near P and belonging 
to cr. If therefore we call the surface co-ordinates of P and 

we can determine P' by the surface co-ordinates x-^ -|- 
X ’2 d"" dx2» 

Thus to each pair of infvnitesiniah dx^, dxo, there corresponds 
one and only one tangential direction drawn from P, To one direc¬ 
tion, on the other hand, there correspond an infinite number 
of pairs of differentials which differ from each other by a (positive) 
factor, since the length ds of the segment PP' chosen to deter¬ 
mine the direction is a priori arbitrary, the only condition being 
that it is infinitesimal. 

In order to make the correspondence one-to-one, Ave shall, 
in order to determine a direction, replace the differentials by the 
proportional quantities 

.. . d/ X-t -v rt d Xn 

Al = A2 = —2. 

ds ds 

these are unchanged if we multiply dx^ and dx^ by a positive 
factor since it follows from equation (4) that then ds is also 
multiplied by k. 

These quantities are called parameters of the direction and 
obviously reduce to direction cosines when the surface a is a 
plane and x^ represent orthogonal Cartesian co-ordinates. 
The parameters are not independent but arc connected by the 
relation 

1 , .... ( 5 ) 

1 

which is obtained by dividing equation (4) by ds^ and which 
corresponds to the well-known identity for the Euclidean plane 
that the sum of the squares of the cosines “ 1. Since ds is an 
invariant and the r/rr’s are contra variants, the ])aramcters are 
also conlravarianls, which justifies our having placed the indices 
above. 
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Instead {)t‘ tlie j)arjuneter.s two linea-r combinations of them 
are sometimes used; these are 

A, (/ - 1,2),. . . {()) 

1 

which are ealJed vioninifs. jSitice the coeflicionts o-u. lorm a, eo- 
variant donhh^ sysf(‘m (of. § 2), and the. pa.ramid.ers, as w(‘ hav(‘ 
just shown, form a contra.va,riant ,sinij)le system, it follows iliat 
/Ac i}ionH^)i(s (d'v vovdnauL':^.^ 

VVe sliowed in § 2 that; tli(‘ det.erininant a is not Z(*ro; tlu‘. equa.- 
tions (h) vnu Idierefore l>e solved, giving the formnho 

.(O') 

1 

which give the parameters in terms of tln^ monumts. Tln^ pa,ra- 
mctei's a.nd monieiits are coimected. by a. paad icnhuly simph'. a.nd 
renuirkabl(‘. hiliiu'ar rehition, whicli follows immediately from 
(b) a.nd (0). In fa(‘f, niidtiplying the (*(juation (0) for the generic 
ind(^x i by A', a.nd slimming for / I iind i -* 2, we git Irom (o) 

A, A' - ^ I.(r/) 

I 

It follows directly thal. tlie moments also are con mated by a. 
quadratic rehitiom We. need only snhsi itute in (5') lor A'th{‘. (*x- 
]>r(issioJi given by formula. (O'), which gi\a^s a,t once 

iwd^'A.A, - 1.(5") 

I 

1. Angle between two directions. Contravariance of the 
coefficients 

Eonsifler t\vo dirwdions on a. surface drawn from a. singh^ 
])oint I\ \\h‘. shall denote (.hem by A and p., winu'i' these two 
symbols nu^a.n more precisely (lie (wo nni(. vec(;ors wdiich de.(.(‘r- 
miiu^ th(^ giv(‘n directions. 1'he. paraanelm's aaid tlu‘. momeip.s 
of X will l)(i (huiol(‘d by A', A;, and (hose, of p by/ l'./ t,, n‘S[)ee(-ivahy. 
W(^ [)i‘o[M)S(^ (.o (ind (Ji(‘ angle ',) l)e(ween (Inr (-wo directions as a, 
function it' (lie paranie(,<*rs »>i' of (he mommils. 

IJenotiiig the increments of (In* e.o-or‘dinn,tes by d/y,,, 

‘ ('f. ?; HI, ].. 7a. 
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(Ix; respectively, tlie direction cosines of X, for a disj)lacemeut 
ds along X, will be 

ds 1 dxi_ ds 1 oXf 

Similarly, denotiiig by the symbol 8 the increments of tlie co¬ 
ordinates for a displacement S.s‘ along p., wc have for the direction 
cosines of this direction 


S?/,. V _ V ^;'A. 

OS 1 OXf. OS I OX/. 


X) 


FTence, from the usual fonnube of analytical geometry, we 
get 

cos‘j ^ = V V 3?y„ a/y„ ., _ a?/,, ay,, 

Cose - - A fX —n ' n ’ 

I ds os 11 OX/ OX/. 1 1 ox, oxj. 


and therefore finally 


:)Si}' 


^bv.' • 


( 8 ) 


Riibstitiiting for ijJ'\ or A', or both, their expressions in terms 
of the moments, we get for cosl> the following ecpiivalent ex])res- 
si(ms: 


cos O' 

X,. AV,., . . . 

1 

■ ■ (S') 

cos 0- 

.--V,A,/x', . . . 

1 

• • (8") 

cosh 

y.f/" A,yi,.. . . 

• . (8"') 


The last of these formid;.o emi.bles us to see that the notation 
(d’' is in agreement not only with the convention adopted for 
reeiprocaf ehnnents, but also with that of writing the indicias of 
contravaihince above. For j)utting 

U; --- X,ds, V/. - ji/hs (L k 1 , 1^), 


where wo not(i that tlie vds aaid the are rndepcridoul variables 



94 


INTRODUCTORY THIiOR[liS 


(not coinioctcul by any relation as a.re tlic A s ajul the /x .s), we caai 
write eqiniiion (8^'^) in tli(‘> foi'tn 

f/.s*S.s'cosh- 


since the ieiVliand side is invariant, and the rinlit-lia-nd side con¬ 
sists of a. bilineaa form in two s(Ts of a,ri)itra,ry eova.rijuit va,riaJ)les, 
it follows tha,t tli(‘. coefficTints a'’'' are co!itra,vaiTint. 

To find siid)’, we can form the, product by rows of the. iavo 
determinants 

A" I Aj^ A.) 

X ! 

! /T Ih : 

Applyinyr formuho (r/), (S'), a,nd (8"), this Ix'.comos 


1 cosT 
C( )S'i)' I 


J cos^h' “ sin4{>. 


We therefore have 
sinT 


/|A> Ap 

.. a; 

A," 

/ i 1 

X ^ 


/ /J- /^" 

, /H 

IH 


(0) 


wlierc the radical must liav<‘. tln^ sign d-, sinc(^ by d<4inition tin*, 
angle T ])etween two directions always 77 , a,nd tluundon^ sin!) 

,>'o. 

The {expression (9) (;an be put in a.notlier foi’in. It is ea.sy to 
vcjriiy that 



X, 

«ij I 

A' 

1 

*•> 

i 

a , 

1 1 

A- 

Ih 

lh\ 

r/oi 

c 


!/x‘ 

//- 


and tlicreforc 


sin I 


V (I 



1 |Ai AX 

or also sinT ,- \ , 

Va /X, }L, 


(<J') 


(9") 


where in each case it is understood that, tlu^ radical n /a is to hav(^ 
its arithmetical value. 
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5. Associated, and in particular reciprocal, tensors. The 
typical example of the parameters and moments of a single direc¬ 
tion. 

Take a generic tensor (with reference to the variables x^, j,) 

h., . .. 

h (-2 • • • hii 


of rank w/. + {jl; if we compound it with the coefficients a^. 
of our expression ds-, we can transfer any one of tlie indices h, 
say from above to below, so getting 


... /i^ 

/'I '2 • • • >ni 


Akh... . 
k ^h^k . . . 


which is a terisor of the same rank, ])ut with an index of covari¬ 
ance more and an index of contra variance less, namely h^. Simi¬ 
larly, compounding with the contravariant double system com¬ 
posed of the reciprocal elements (cf. § 4), we can transfer 
any one of the indices of covariance, say from below to above. 
We need only put 


<2 ■ ■ ■ ha 


S;. 4' - 

1 


. . b 


1^ 


in which the system C is also a tensor of the same rank. 

These operations ca,n obviously he re])cated, so as to transfer 
not one but several or even all of the indices of the given tensor. 
All the tensors so obtained arc called asmeiated tensors of the 
tensor so that association is a relation which is 

dependent on a given ds^. In particular the tensor 


rjh '•* • • • 

'-‘ih /o... bx 


. . -im A', /r... . . ' 


,>2j2 


'hn Jni 


G’ji u A 

JvJz 




in which the indices of covariance are the same as the indices of 
contravaria-nce in A, and vice versa, is said to he rccljyrocal to 
A, the use of the term being justified by the consideration that 
the relation is reversible, A being the reciprocal of Z in the same 
sensci as Z is of A, This can be shown explicitly if we su 2 :)pose 
the above formula; defining the system Z solved for the A's. 

Ec|nations (h) and (6') show that the parameters and moments 
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of a single direction form a piirticiila.rly simple a.iul striking 
example of a ])air of rt'eiprocal systems. 

liemarl' 1. --The detmition of Rie t-eiisors nssoeiaR'd witli a 
generic tensor ^1 involves (‘ssenthdly a specific whose co- 
eflicients a,-/, arid their ivciprocals foirii juirf of dehnifion. 
When it is necessary to enijiliasize this fact, \v(\ can do so by 
spea.king of tlie. tensor or tensors a,s a,sso(aated Hu'/h irsprcl /o (hr. 
ds^ Til (jHesUoH. 

Rrmark 7/.—For the synimetri(*al covariant^ double sysimn 
a;;, and the contraanviTint system coni posts I of the recifirocal 
elements fi*om which tht' associattsi tensors are constriK'ted 
by composition, we could plainily tala* the coeUlcn'nts of any 
other invariant (paidratio 0 instcaid of those of d.v- (providtsl 
only that c/) is irreiliieilihv so that the reeijirocal does in lint', 
exist). AVe should then have associated systcnis ivi(h, resprd 
(r, the (patdfir cj}. 

Rrmark 111 .— \VT may point out at this stage that tlio 
idea ol associated systems holds good as it stands for any 
number of varialiles ay, . . . y,. Wd* neisl only suppose that 
the indices take the values 1,2,... 7 /., and tin‘it the. anxilia.ry 
element is represented liy an irindiieihle dilh'.n'iiii:d (puidrafic 

form cj) :“-r H., (lxf (lx/. in 7 /, instead ol in Iwo varuibles. 

1 

G. Surface vectors. 

Lot R be a non-zero vauba’ drawn from a point P of tin*, surliice 
(j, tangentially to tin* surface; we shall call it n, .surfdcr or /dth 
(jeiitidivertor, and w(‘. can (hitermiiu^ if. hy its (Cartesian (-(.nnpotK'nts 
T,, [v 1, 2, o) or, in (dos(*r agre(‘nii*iit with its intimati^ nkdion- 
ship to tli(‘ surface, by its magnitude It and its <lir(U‘tion, tln^ 
latter Ixung (hda'rmined by its jiaranu^tcrs A' or its mom(‘nts 
A;. Tliese thre(‘. {puiiitith^s an* not iridepe.ndenf, sinc.e, the pa,ra- 
mettu's (or monumls) nxr eonnecte.d hy the usual identity; the. 
vector is therelore determined hy livo essentia.l (pia,ntiti(;s. It 
will accordingly be convenient to nyresi^nt it by the two iiuh*- 
pendent cpiaiitities 

IP r.. /W {i 1,2), . . . (10) 

or alternatively by the pair 

IP\; 


(I - 1 , 2 ), . . . ( 10 ') 
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which are called respectively the contravariant and cavariant 
co'inponenls of the vector. 

These obviously form a pair of reciprocal systems, since by 
tlie preceding section the parameters and moments are reciprocal, 
and equations ( 10 ) and ( 10 ') sIioav that R and ditler from the 
parameters and moments only by a common factor R, 

R can be calculated from them by means of tlie identities 

^ R\ ... (11) 

IV, . . . ( 11 ') 

1 

%n;Tt' = 2^2 . 

L 

(which are merely (5), (O'), and (5"), each multiplied by Rr), 
and then A' and X- follow from equations ( 10 ) and ( 10 '); thus 
we see that the vector is completely determined loy its contra¬ 
variant (or by its covariant) conq^onents. 

To find the relation ])etween the contravariant components 
and the components T,, with respect to Cartesian axes 7 / 3 , 
y/ 3 , note that the direction cosines of tlie direction whose para¬ 
meters are the A's are given by equation (7), and hence the 
components (wliich are equal to these cosines each multiplied 
by R.) are given by the equation 

\\ = .( 12 ) 

1 OX; 

It is now obvious that the covariant components can be 
()])tainefl friiin the contravariant components, and vice versa, 
by means of Idrmuhe completely analogous to ( 6 ) anei ((]'), and 
ol)tained from these by multiplying them by R. 

If we have to deal with zero vectors, i.e. having their length 
R. zero and their direction indeterminate, we lind that in order 
to satisfy equations ( 10 ) and ( 10 ') in this limiting case we have 
to take R! 0 , R; ^ 0 . With these values all the other 
equations (( 11 ), (I C)? satisfied, as can at once 

be seen from the fact that both sides of each equation vanish 
se{)arately. 

By an analogous procedure we can find simple expressions 
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for the sco-lar ]Koduct R X V of two .surface vector.s R, V, rc- 
memberiDg that if f)’ is tlie angle between tlie vectors we Iiave 

RX V == liV cosD-.(13) 

In fact, considering fir.st tlie general case of two vectors neitlicr 
of which is ^:ero and who.se versors are X and ja. respectively, and 
multiplying equation (S') by RV, we get 

2 

R X V--.... ( 11 ) 

1 

while the equations ( 8 ), ( 8 "), and ( 8 '") would give analogous 
forniiilie. 

The ex])re.ssion ( 11 ) for the scalar product also liolds, like 
formula (13), when one or both vectors are iJcro, the scalar pro¬ 
duct (by dehnition) and the rightdiand side being then zero in 
both formulae. 


7. Parameters and moments of the co-ordinate lines. Element 
of area. 

We shall next obtain tlie direction parameters of a co-ordinatf*. 
line, e.g. the line .r, (i.e. .r^ -- coii.stant), considered in tlui 
direction of x increasing. For an infiuite.simal displacement in 
this direction, we have 

dx^ “ 0, ^ + 2a^odx^dxo-\- a^dx^ dx^\ 

Since ds is essentially po.sitive, and dx-^ is positive l)y hy[)o- 
thesis, we have, extracting the srpiare root of the last of these 
formula}, 

ds — sj aji dx^, 


where the radical is taken j)ositive]y. It follows tluit 




dx^ 


}? = 0 . 


(15) 


vXi 

Similarly, the parameters of the line 2, in the direction of 


increasing, will be 


Ij} = 0 , 


IX- 


I 

doo 


(ir/) 
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Substitiitiiig tliese expressioris in the equations (8) and (9'), 
we can get the angle D between the two co-ordinate directions. 
The resulting formul&e are 


cosH = 

^12 

v/ a.,o 

• • ( 16 ) 

siiiO = 

V a 

n/ CAoo 

• • ( 16 ') 


Equation (10) shows that the necessary and sufficient condi¬ 
tion tliat tlie co-ordinates aq, Xo may be orthogonal is = 0. 

If we take an infinitesimal element of surface, obtained by 
drawing two infinitesimal segments ds, from a point P along 
the co-ordinate lines, and comjdeting the parallelogram, the 
area of tliis element will be 


do dsSs sinQ 


— V dx-y . sj ^22 dx.j ,. 


s/ (X 




(Xi-\ -I 


— s/adx^dx.^^. ( 17 ) 


8. Fundamental observation (Gauss’s) on the intrinsic geo¬ 
metry of a surface. 

We are now in a position to make an observation which will 
show fully the importance of the quadratic form (4) in the study 
of the surface. For this purpose we shall first make use of certain 
intuitive considerations in order to fix the idea of the intrinsic 
geometry of a surface. 

Let us give the concept of a surface a material form by think¬ 
ing of a flexible and in extensible sheet of matter on which figures 
can be drawn, and such that it can be deformed, bent, and folded 
in an infinite number of ways, but not torn or stretched. When 
a surface of this kind is deformed the figures drawn on it will 
take different spatial configurations, but some of their properties 
will be invariant. For instance, if two lines intersect, they retain 
this property however the sheet is deformed; the length of a 
segment of a line remains the same, and hence the distance 
])etween two points, mmsured along the surface (i.e, along the 
shortest line joining them which lies wholly on the surface), 
is unchanged; the angle between two lines which meet at a point 
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ift iinchanged; and so on. In short, all tliose properties winch 
involve no elenieiit alien to tlie surface (or, as it is usually ex¬ 
pressed, wliieh can be investigated without leaving the surface) 
are independent of the deformatioiis of the surface, and con¬ 
stitute its intrinsic (jconietry. 

Even in elemejitaiy geometry we have examples of this 
kind. Plane geometry can be, and most of it is, constructed 
without using ])oints outside the plane, and is tlnu’cfore. intrinsic 
as regards its plane; it still holds—at least for suitably n^stricted 
regions—if the plane is folded, or wrapped round a cone or a 
cylinder. 

Now consider the fact that the finukiinental elements for the 
study of the metrical propeuddes of a figure are: {a) the. distance 
between two infinitely mur points, ami {h) the angle between 
two directions. In fant, tlu*^ length of any line whatever is found 
by integration from the hmgth of its infinitesimal (dements, the 
area of a figure can be cadcnlated by breaking it up into (demen- 
tary jjarallelograms, and so on. Now the fortniike (d) and (8) 
(or (8'), &c.) provide us witk precisely tluise two fundamental 
elements for the study of the intrinsic gciometry of a surface, 
whenevei’ the coefficients of a,r(i known as functiotis of the 
these coefficients therefore (hitermhu', tlie metrical (intrinsic) 
])roperties of the surface, and are invariant for any deformation 
whatever of the surface winch does not involvii stretching. Hence 
the pa,rticular interest of [ill those tluioroms which can Ijo cxpresscnl 
analytically in terms ojdy of the surface co-ordinak^s x [ind the 
cjocflicients of tlie fundamental form; namely, tlie fa.ct that 
tiny express propmties ])cdonging to the intrinsic g(H)m(ffiry of 
tlie surface. Tlie introduction into matlieinatics of this id(‘ii, and 
the fundamental oliseuvation relating to it, are due to Kiirl 
Friedrich Gauss, 

9, Note on developable surfaces. 

A devdopahlx surface is one whicli is flexible, and inextonsilile 
and can be nuide to coimdde with a nigion of a plane, without 
tearing or overl[ip[)ing. ’Ex[un[)h‘s iirci tli(‘, cylindcjr and the cone, 
and any surface formed of si‘V(*ral portions of a jilane. TIk^ in¬ 
trinsic geometry of siirface.s (jf this Icind, as we li;ive s(‘.(m in the 
preceding siiction, is identical wdth tiuit of ihc phimu and thcbir 
line element can take the same forms as that of the jilamg e.g. 
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we can choose a system of surface co-ordinates such that 

ds^ =■ dx^" -\- dx.x. 

ConsidrT a. simple infinity of planes, which we may think of 
as represented by a linear equation in the Cartesian co-ordinates 
?/i’ y/ 2 ’ //:j’ coe(lici(uits are continuous functions of a parameter 

V: The criorlopc of this fa,mily of planes is a developable surface 
to which tluy are tanyent planes. This proposition is rendered 
intuitive by the following argument based on infinitesimals. 

Let T?io, TU;;, ... be ])lanes of the family corresponding to 
successive infinitesimal increments of the parameter u; and let 

be the inters(‘ntion of and tUo, 
g.y the intersection of W 2 and - 073 , 
and so on. By definition, the 
geometrical locus of all these lines 
is the envelo'pe surhice. The lines 
g^, r/o, . . . are called its char a c- 
teridics or generators] each of tlie 
planes w contains twn of them, 
forming an infinitesimal angle (cf. 
fig. 1 ), and the envelope may be 
considered as marie up of an in¬ 
finite number of these inlinitesimal 
])lane regions. It is thus clear 
that the envelope surface can be 
develo])ed into a plane by successive rotations about the 
generators g^, g^ ... . 

We shall shortly have occasion to consider the envelope of 
a particular family of planes (depending on a single parameter), 
namely, the tangent planes to any surface whatever ct, at ail 
points of a specified line T lying on the surface. The envelope 
of these planes is a developable surface ct^,, which is called the 
developable eircnniscrihed to g along T; since the tangent planes to 
(j at points on T arc also tangent planes to g,^., it follows that the 
circumscribed developal)le touches g along the line T. 

(h) Parallelism with respect to a Surface 

10. Geometrical definition. 

In Euclidean plane geometry, when two points P, P^, are 
fixed, then to every direction drawn from P there corresponds 



Fig. 1 
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one and only one direction drawn from and paralld to tlie 
first. We TiOAV ja’opose to extend this idee, h'om tlu^ intrinsic 
geometry of the ])]ane to that of any surface a whatever. 

For tliis jjurpose consider a point P of a, the corresfuinding 
tangent ])lane w, and a generic direction dra.wn from P tn,ng(niti- 
ally to a and therefore lying in to. We sliall consider the direction 
as determined by the corresponding versor (unit V(‘nt:or) u, and 
shall accordingly refer merely to the direction u instead o! the- 
direction whose versor is u. Let Pj be any other |)oint on cr, 
and toj the tangent })lane at P^. 

If the surface cr is developable, Ave can obviously cstaJ)lish a 
correspondence, which Ave shall call parallelis^n, hetwiaai th(‘. 
directions drawn tangentially from P and those from P-j. T(n‘. 
direction % which becomes parallel to u in tbc or(lina,ry s(‘ns(‘- 
when or is developed upon a plane will be called parallel io u wilh 
respect to the surface. 

This criterion fails in the case of a non-developablc snrfa.c(i 
cr (even of the most elementary type, such as a sphere), and it 
is natural to look for an adecpiate generalization of it. The most 
direct solution is obtained by adding to the elements of position 
already considered (wbicli are sufficient A\^itboiit further definition 
for developable surfaces) a connecting laAv, a priori arbitrjiry 
according to wlucli P^ is to be considered as reached from P by 
moving along a specified- curve T lying on cr (the curve of dis¬ 
placement). 

We can noAV, witli reference to this curve T, (lefino pjiralhd 
displacement from P to as follows. Consider the (ievelopaf)le 
circumscribed to a along P; tliis surface, which we. slinll call 
cr.j, is, as we know, tangential to cr along the given ciir\u‘.. n,nd in 
])articiilar at P and P^. Hence the directions tang(‘.ntial to cr 
at these two points are also tangential to a.,.. AVe ca-n now taJv<‘. 
for our definition of surface parallelism on a along T the ])araJ- 
lelisin which we have associated Avith the developal)lo g.,,, a,iid 
Ave sluill agree to say tliat the parallel at P^ along tlu^ line T 
to a generic direction (in the surface) u at P is the dirciction 
(in the surface) Avhich, on the developable cr,,., is parafkl to 
u in the s(uise just defined.'* 

YV simple and s(t to speak iiuLomatin \\';iy of constructiiio' piirallol dirc'cf ions is 
to roll tile surface <7 alone- a plane. C!f. Uicimu’o: Rcaliz-zazione {lincrnatica del 
parallel ism f> Hn])erfieia.lo ”, in liend, deUa R. Acc. del Lincel, Vol. XXX (2nd 
half-year, 1923 ), pp. 127-3 28, 
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n. First consequences. Equipollence of vectors with respect 
to a surface. 

A iiecey.saiy consecjuciicc of tlie foregoing delinition is that 
—contrary to what lia,f>pens for clovelopables—the direction 
which is j)arnll(‘l with respect to the surface to the direction 
u at P, is ‘itoL nnirpiely ({eRunnined by P, u, P^, alone, but in 
general dcpoids also oti^ the. curve of displacement. From tins 
])()int ot view the geuiuetricaJ concej)t of parallelism can be 
corn pi i red with the [diysical concept of work, which involves 
the int(^g]‘id of an ex[)r(\ssion of the form X-^da\ + X.>dxo (wliere 

. 7 ;.^ are co-ordiniit(‘s^ of any kind, of the points of cr). Tliis 
integnil in gerujral depends on the line T of integration; only 
in the [)<irticular ciise when X^dj\ -|- Xodx.y is a jjerfect differ- 
entijil is there no such dependence. 

Returning to pimillelisrn iihuig 1\ we must first point out that 
anjjles are loicJutnped- hy parallel displaceineo it . That is to say, 
if a, b iire two generic directions (in the surface) at P, their parallels 
at 1\ with resp(‘ct to the surhice, a^, bj, contain the same angle. 
This is obvious if we notice that we have parallelism in the 
ordimiry scaise in the [dune upon which is developed, and that 
further th(‘. ofxu'ation of developraent does not change angles. 

Up to this point of the discussion we have referred solely to 
directions, with their corr(^sponding versors. It is clear that the 
sa-im^ construction a,s that used to pass from u to Uj^ can ])e a])plied 
to a, taaigenUad vec.tor E of any (non-unit) lengtli R. If u is the 
curn‘.sponding v(u*sor, we have E Ru, from which we get a 
vector R, - Puj, i.e. a vector localized at having the same 
hmgth a,s R a-nd the sanui direction as the versor u^ which is 
pa,rall(}l to u with ri^speet to the surface. We shall naturally 
say that tint v(ictors R and Rj aun e(peipollent with resp)ect to 
the surfa-ce., with refenauu^ to the [)atli T. In substance this 
coyic(pt of e.(piif)ollence with res[>ect to a surface reduces at once 
to f)a,rallelisni, two tang(intia,] v(^ctors Ix-iing ecjuipollent when 
they anj [)ara]l(‘J atai havu'. th(‘ same length. 

Th(i casti wher’e the curve of dis[)hicement T is a geodesic^ 

‘ u’itli tin; usiiii] dcliiiit i(in, jiriy ]in(i on cr Hucli lliiU. at every ])oiTit its 
osoul:LtiTiL,f |)l:ui(‘ is ])(jriK!ii<li(!ular t(j the tJLii! 4 ’{!nL planii to cr. The linos which 
the shortest |)a,th ]yin,n' on tin; siii’fjie-e h(jtwe(;n two oiven ]>oints jilways liave this 
]M‘<>jierty. FurtliiO', tin; reeiiirncii,! th('oreni is nlso tru<t (niulei* (‘(‘rtiiin restrictions); 
lienee to define Mcodesies we <^;in use souit',times one mid sometiuies tlie other 
(U'iterion. We slnill ret,urn to the (juestioii further on (cf. p. 1130). 
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on cr culls for a, !S]>cciiLl note in ivlcition to jjarallclisin. T is then 
also a geodesic on In order to see that tins is so, not(‘ that 

or and cr,/, ha-ve the same tangent [)]anes a.t ah points of T\ hence, 

if the var'ioiis osculating j)la,nes of T are normal to onc^ of the 
surfac(is, tluy ar(‘. afso norrnai to ilu', other. When is developed 
on a phuie, tlu^ geodesic T hecojiies a, sti^aight line (an iminediat(3 
conseqiuaicc of its chara,ct(a*istic pi'operty of giving the shortest 
path between any two points on it), mid the dir(‘(tions u aiul u^, 
which l)ecomc [lara-lh'l in the plane a,s a result of the devel()|)ment, 
will make e(|ual angles with this line,. (Since development does 

not change angles, we de.duce that jHinflh’l on a at 

'pohUs of ((. (jeodcsio inaL'r equal (Uif/les tvilh. /Ins r/cnr/e.S'v'rd- In 
pa-rticula,r, if u coincides with tlu‘ direc-fion of T at I\ then 
Uj will coincid<‘, with the <liT(*.ction of T at or in other words, 
the dir{^ctions of a, geodesic at its vaj’ioiis points are^, all paralh^l 
(along the geod(;sic its(h’); mc)r(‘ shortly, ihe (/eodesles are au(o- 
'jxn'allel curves. ft follows from tluise arguments that anto- 
parah(‘hsm is a elnu’acteiistic p]*operty of geodesics and can be 
used to (lehiie them." 

32. Infinitesimal displacement. Infinitesimal form of the law 
of parallelism. 

Siif)])(>s(‘ in [)a,Tticu]a.r that I\ is infinitely near to T\ so that 
t!u; jiath T is reduced to the (‘l(auenta,r.y arc wliic'h is imi(ju(‘ly 
(hte.rmine.d (excM'pt for* infinid'.simats of (U’der higher tlntii the 
first) by its e,xtr(‘.mities. For the- devidopment in this ca,s(‘. we 
n(i(Ml f)nly giv<‘- tln^ phine ttji a,n elcmentany rotation rouml the 
stra-ight line- r in whie-h it intcjrsc^cts m. Incidentally \v(‘- may 
not(‘- thaf, the direetlon of this line is said to be eoHjufja/e to the 
dire.etion J^I\. a,I- C or a,t I\ (both points giving the sa,me residt, 
(‘.xc('f)t for infinit(^sima.ls). We shah (hnote by — to the infiub 
bisimal vector, [)arall(‘.I to r, which in nnignitnde, direction, and 

tlii.s ]>r<i|i(*i‘(-y tiH (Icfijiiiit;' ]ja,r;il](ilisiii \vit,h rcsijcaa. Ui a w'v. can 

(lr(]tu'(! from it- for lliti .sphere an eleoiiiU o{‘Oiiiel,i'i(;((-lvineniat.ic!i,l e(ui“-ariicrion from 
w'hicii Various ol,her proi)ertie.s follow easily. (If. (1, (..'oiunna.iai : ‘‘Crunosi 

ciinjinaliea intrin.Heea, del jiaralhdi.snio <11 I i('vi-(yivit.a ”, in liend. do/ht Ji. Acc. dri 
Litirti, Vol. .\XXII (hsl, li;df-y((iir, pp. 7‘d TCo 

"'Phis stateluent will lu^ rt;eooni/e<l as an ol)vi(»u,s c.xtension to siuTma-s of any 
kind whatever of lh<* priinary Inl.nit.ion of t-he niitur(;of tlif; str.aioht line, o.vpressed 
by lOmdld ill tier words tiVlfta y/Ktiifct) CGTit\ yjrtv c’^ itroe rnis a/)' iai>T?js crrjfxeioLs 
KcircLi (a, straight line is that whieli lies ecpially with re.speet to all its points). 
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Hense ivprc.sonts tlie eleiiientary rotation by means of wliicli 
is hroui’iit into coincidence with to. Then co will be the elementary 
rotation wliicIi will bring l)ack from the plane of development 
to to its original [)osition as tangent plane at P^. Let R be a generic 
tfuigenihd vector drawn from P; in order to thid the equipollent 
vector Rj at P^, we draw from P^, when in the plane of develop^ 
ment, the vector equipollent in the ordinary sense to R, and tlien 
bring the plane l)ack to its original position, carrying with it 
the vector so constructed. Thus the vector Rj^ is merely R, 
alter having undergone a displacement (of no interest if we 
consider the vector independently of its point of application) 
and also the rotation co. From the elementary principles of 
rigid dynamics we find that the difference between the vectors 
Rj and R, i.c. the vectorial increment dR of the vector R during 
the parallel displacement from P to P^, is given by 

dR — to A R, 

i,e. the vector product toR. 

As both CO and R are vectors in the plane w it follows that the 
increment fZR is perpendicular to this ]dane, or, in particular, 
is zexod 

AVe shall now show that this condition, combined with the 
condition that R^ is a tangential vector (i.e. belongs to to^), 
completely determines the vector R^^, so that we may take as 
the dilferential definition of parallelism with respect to a surface 
the following geometrical relations, in which n denotes the normal 
to xn: 

eZR II n,.(18) 

Ri 11 Wi. 

To prove this, note that the equation 
R -- R^ ~ dR 

must be satisfied; i.e. that it must be possible to resolve the 
vector R into one component R^ parallel to a given plane and 

^ The liist-nieiitionefl cii.st" will occur if R has the direction of Ct?, i.e. the coUt 
jugate of PPi ; in this, ami only in this case, the parallel Ri with resjiect t(» thtj 
siu’face coincides with tlie Euclidean parallel. This remark is due to Euofks.sou E. 
BomiUANI, who has imide u.se of it to generalize the thet>ry of sy.-teiu.s conjugate tu 
surfaces helougiug to lioii-Euclideaii spaces; cf, Atd del ll. hi. Vetielo. Vol. LXXN, 
1921, j). 1120^ 
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iinothor, — dR, pai'aJlel to a is^iveAi direction not contained in 
tile pla.ne; it is known tliat tliis can be done in only one wayd 

13. The intrinsic character of parallelism. 

Returning to the (juestion of parallel displacement along an 
arc T of finite length, we see at once that il; T is a segment of 
a geodesic, f)a,rallelisni dejiends solely on the intrinsic ])r()perties 
of the surfa.ce a; i.e. it depends on the nature of the linear element 
ds, and not on the configuration of tlie surface in space, as might 
a 'priori have hron sujiposed from the geometrical constructiou 
(which us(‘,s the surrounding space) or tlie ecpiivalent forniidn 
(1(S) and Rj || 

In fa.(‘t, \V(‘. need only recall the two general ])roperties of the 
conservaf ion of aiigles and the autoparallelisiu of geodesics. 
The pai’ah(‘l at Lo a generic direction u drawn from P 
is dt‘.f(‘rmin(‘(l hy the conditions of (a) bidonging to the surface 
0 -, aaid (/;) of making the same angle at with the geodesic of 
(lisphicenumt a,s u does at P. It will be seen that we arc dealing 
with a,nguhir j)r()p(M'ties which de])ciid solely on the metric of a, 

11 1 is a,rgiim(uit for a geodesic T can easily be extended to 
th(‘. g{ui(*.ral ciis(.‘., if w(‘. sup])Ose T divided up into elementary 
displiiccumuits, from a gericric point P to a very near point 
In a, displ}ic(unenfc of tliis kind tlie elementary change in the 
dii’ection u is determined, as we liave seen, by the extremities 
P/y, the na,tur(^ of the line joining these extremities has no 
edect, a,nd W(‘, may tluu’d'ore think {)f it as a displacement along 
an iidinibrlmaJ segment of a geodesic. But a displacement of 
this kind <1 (‘-pen(Is otdy on the intrinsic properties of the surface; 
h(‘nc(i wc s(U‘. that in gcmeral this is true also for the change in 
u, a,n(] th(‘r(‘-IV)re for paralhdism, whatever may be tlie line of 
disphic(‘in(.‘ufc. 

11 i(‘- saane r<^sult holds good for equipollencc, i.e. for the 
displafuuruuit of vmetors of any (non-unit) length wluitever. 
in fant (§ II), this length by definition remains unchanged. 


' SdiiK; int-rfcst,iii^' L’‘(icnn(;tri(“Ll jiicinteF;, (.“spLiCially fni’ the case ruled 

luivi* Ix'cii puiid.cd on(: liy A. jMvijjcii in simie iiotijs in Cofn/tfcs 
t:l'. Vnl. 17-1 pp. 1)97 hlis ; Vol. 175 j.p. <)3t)-a41 ; Vol. 170 

{Kr2:»), pp. -is:', ISf). (If. also a niCfijit n(»U; l)y (). XlAYlcit; “Une interpretation 
l^erniititriipie de In. sefnindii forme ((uadratiipie foiidain('nta.l(! rVune surface en 
mdatioii :i-ve<; la llieorie dii parallelisnie ”, ibid., Vol. 17S (19‘24), pp, SK5-1-956. 
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I T The symbolic equation of parallelism. 

The condition (18) can be put in a more expressive form if 
we note that it is equivalent to saying that the vector is 
per])endicular to every dh’cetion which is tangential to a at P, 
or ill other words, if we think of such a direction as being deter- 
niiiKHl by an infinitesimal displacement of the point P along 
the snriace, that dU is perpendicular to all these displacements. 
In symbols, if SP denotes the infinitesimal vector representing 
the displacement, we shall liave 

(ZR X SP 0.(19) 

for any SP whatever which is tangential to cr—an equation similar 
in form to the equation of virtual work. If dY,. (v 1, 2, 3) 
denotes the components of dR, and (p = 1, 2, 3) the com¬ 
ponents of SP (in both cases referred to the orthogonal Cartesian 
co-ordinates y^, y^, y,^), we have identically 

dR X SP - . . . (20) 

1 

and the vectorial relation (19) is thus transformed into the scalar 
relation 

i,dYM>-=0; .... (19') 

1 

this, or the original equation (19), may be called the symbolic 
equation of parallelmn. 

15. Intrinsic equations of parallelism. 

As the symbolic equation involves geometrical elements which 
do not belong to the surface, it does not show directly that paral¬ 
lelism is a concept depending only on the intrinsic properties 
of the surface. But we can deduce from it without much diffi¬ 
culty otlier equations which have this important characteristic. 

In order to do so, we shall naturally try to find the values in 
terms of intrinsic elements of the quantities r/Y,. and 8y,. which 
occ\ir in equation (19'). Take first the displacements Svy,.. The 
only condition imposed on them—other than that of being 
infinitesimal—is that they represent a displacement along the 
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ol a; tlu'y tlicretore be ex])ressecL in terms of the 
eorrespondiiio- (jiibitrary) va.r bit ions 8;rj, Sx^ of tlie surface co¬ 
ol’d ina,t(3S, by ddlnnaitia-ting the e(|uatioiis (1). AVe iiccordiiigiy 
luiV(‘ 

I a x,. 

A.s tlu‘. vector R is tangentud, W(^ can define it inti'insically 
by means of its contra variant ooui])onents, aaid substitute for 
tlie dVs the expressions (R^). 

Putting 



for tlK‘, saJv(‘ of shortness, the itlentity (20) can therefore tinaliy 
be written in the form 

rfR X oP ---■ , . . (20') 


since S./’,, hx., ani completely a,rbitrary, it follows that the symbolic 
(apnition of paa’aJlelism is (apiivahait to the two following equa¬ 
tions: 

r, . ■ 0 (/: 1,2). ... (22) 

Thes(‘, a.r(‘. itu^ two (a'piations which define the increments 
ilRK (IR.^ tf) b(‘. a-ssigiH’d to tlie compommts of a generic vector 
R whim it iind(.n’go(\s a. pa,rahel disphicement along tlie eleirientar’y 
fiatli r/;rp dxx, that. th(‘y are rea.lly intrinsic equations will ])e 
clear when the expressions tj. are written out in full, as will now 
b<^ dome 

DiffiTeiifhiting the, produet on the right-hand side of the 
(iipiations (21), a,nd using the ex[)ression fo]‘ the coofricicuts a^. 
givim in fornuila, (‘>), the (‘Xfii’e.ssion for Tj. Iiecomes 


r • 11 dx,^ dXjdXi^ 

r. i, dfv + i, JV dx, %. . (21') 

r r I dx,. dxjdxi 


We, have now to show tliat 1he result of the summation with 
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reR])ect to can be expressed in terms of intrinsic elements; 
jnorc ])recisely, tliat it is a linear combination of tbe derivatives 
of tJie coefficients Consider its general term, and note that 
we can write 

___ 3 ihh 

dxjdxi dx^ \ 0 % dxj dXjdX}^ dxi 


or analogously 

dx/. dx^dxi dxi \dXj. dXjJ dxidx;. dxj 


In order to maintain symmetry in the indices ;/ and /, we shall 
take half the sum of the expressions on the right of tliese equations 
to represent the value of the term in question. Noting that the 
sum of the two terms preceded by the minus sign is exactly the 


0 ij 0 y,, 

derivative with respect to x^. of the product \ we get 

9?/. _ r r 5 ^2/0 4- ^ 

dx„dxfixt '^\dx\dx,dxj dxi\dx,,dxjf dx^dx^dxj ^ 


Now sum with respect to v. Eemembering the values of the 
coefficients »//., we get 


2 9;y,, ?"/ /,, _ 

1 0 X^. 0 Xj 0 li / 


9''w I 9oy/f _ 
dXj dxi SavJ 


Hence this sum has been put in the required form. The 
right-hand side of this equation is represented shortly by the 
symbol 

[jl 


{ChrisloffeVs symbol of the first I-ind): which is easy to remember, 
the arrangement of the indices corresponding to that of the 
neo-ative term of the linear combination above, while the two 
positive terms have the same indices Imt differently arranged. 
We shall irvvestigate presently some properties of these symbols; 
for the moment we need only remark that they represent certain 
functions of the surface co-ordinates which depend on y 

on the fundamental quadratic form. 
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Eetiiriiiiig to tlio expression (2T) for the quantities r,.., we 
can now Avrite it in the form 

T, ^ {h ^ 1, 2). (21-) 

■i ■ ■ I 

Before continuing tlie argument, it is important to note tlnit 
the quantities r-, which (as shown by equation (21')) (lc[)( n(l 
on two vectors (R and tlie displacement (Ij\, (Ixo) 
tlic coefficients ol; ds^ and their first derivatives, are covariant. 

Tins follows from the invariance of the linear form 
which is itself shown by the identity (20'). ^ 

The system which is the reciprocal of the t//s, namely, 

t'- = i:,, (i = 1, 2), 

1 

is accordingly conlmvarimil', using equation (21"), it can be put 
in the form 

-J 2 

r' dR* + Tiji R^ dxiYi}. [j7, i], 
i‘ ^ 1 

2 

or, putting S;, «''■ [j/,/-•] •= {^ 

1 

{GliriaLojJtd"s symbol of the second hind)^ in the form 

= dW + ( jl, i [ W dx^, . . (21'") 

]■ 

The equations of 'parallelism (22), as is a j^Tiori to be expected 
from their geometi’ical sigiiificajice, are invammt whatever system 
of curvilinear co-ordinates x^, is chosen. This is evident from 
the fact that they express the vanishing of the covariant system 
T/. (cf. remarks on pp. 71, 84). Tlie equations of parallelism can 
of course also be put in the equivalent form 

t'- - 0 (i-1,2), . . . (22') 

which also sho\vs that they are invariant. 

Solving them for the differentials dR., we get 

dR' = — i)RUxi {'I = 1 , 2 ). 

1 


(23) 
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This is tlic Iina-1 foriu oF the {!i(Iei‘(‘.ntia,l cqiuitions of paral¬ 
lelism. -it gives the itieremeiits of the eoutravariaiit components 
of a surface vector in an equipollent dis})lacement along the 
elementary path exjn;esse(l in terms of the eZrr/s, the com¬ 
ponents of the vector, and certain functions of position (to be 
considered as given) dcjjcnding only on the coefficients of ds^ 
and therefore on the intrinsic nature of the surface. 

IG. Christoffel’s symbols. 

We have introduced the symbols 



which can also be formally extendtHl to fjuadratic forms in n 
variables; wc now juopose to examine their more elementary 
properties. 

First, it is obvious that both symbols ai'c symmetrical with 
respect to the coupled indices, i.e. that 

C^onscapicntly for a form in n variables there are n of each 
kind con-os[)onding to (aich pair of indices. Fbmce ther*e are 
in all d- 1) of each kind (the number of iirst derivatives 

of th(‘. co(‘lIici<‘,nts 

It is (‘a,sy to <‘X[)r(‘-ss the derivative's of the U///s in terms of 
Christollers syi)d)ois. Writing dovvm tapiation (i21) and the 
corn'sponding (‘(pnition o])i;aine.(l by int(u*ciia,nglng / a.nd /*, a,nd 
a,dding them, we. ge.t. tlu^ following formula,, which frequently 
occurs: 

r;y/,/1 -1- |j/r,/,l. . . . (‘M') 

():r 

.1 

From ('(plat ion (lib), aj)p!ying ('ra,t]U‘.r’s ride*, in th(‘ usmd 
way, W(‘. (‘a.n g(‘t; the symbols of the. Iirst kind in teuans of tlmse^ 
of the, si'.ciond kdiid. Multiplying hy a,n(l summing with |■(‘sp^‘.e,t 
to i, we g(^t in fa,e,t 

. 0r>') 

1 
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Liinstly, we sliJill ])i‘ovt^ a foniuilix which i.s frequently used 
and ;uiv(‘s Mie (h'rivati\'e.s of the (leterrniiuxnt a (or more precisely 
of its lo^airitlnii) in terms of Cliristoifors symbols. 

Applying the usual rule for differejxtiating a, flctorminant of 
order we see tliat tlie derivative of a with respect to any one 
of the . 7 ;’s (say X;) is tlie sum. of >/ dedTininants, any one of wliicli 
(say the /tli) is obtained from a by replacing tlie elements of 
tlie /I'th row ly tlieir derivatives. A determinant of this kind, 
expajided from the A'tli row, can be written in the form 


y, d (Jjjf,. 

P dx 


a 


(the co-factor of being inulti})lied by a); hence 

d(i 
dX; 


Ay 

1 ' OX: 


or dividing ])y a, and using Ibnnula (24') 
d log a 


o X- 1 • 


Finally, by formula, (25), wc get 


d loga 
rJ X; 


V I x: 1 V f 7.,; /. \ 

I 2 b ./ / 1 I ( * 


The two sums in this formula differ only in the letter cliosen 
to denote the imhev of summation; hence we lniv(3 


?j loga 
07 y 


I/A /•[. 

i 


This formula, is more fr(.V|nently written in tln^ form oblai.ned 
by dividing by 2, i.e. 


?J log fi 


Ox, 


1/v, h 


{I - 1, 


vO. . 


17. Equations ol parallelism in terms of covariant components. 

It is easy to find (equations a,na,logr)ns to (2‘>) for th(oli(Te,r(‘ntia,ls 
of tlie covarifint c.ompommts of tlui vector R. Tln*se com[)onents 
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in fact are obtained from tlie contravariant componeiits by means 
of the relations (cf. §§ 3, 6, pp. 90, 96) 

R, = 

i 

hence, clifierentiating and changing j into h in the second sum, 

dRi = iji dxi RJ + ±1^ aa. dR!\ 

1 * OXi ' 

Now substitute for the expression given for it by formula 
(23), and we shall have 

dRi = Sj; '^P dxi R^ — tjii, an, \jl, h)W dx^. 

1 0 1 

In the first sum, we can express the derivatives of the co¬ 
efficients a,ij in terms of the symbols of the first kind, so getting 

Mbh i] + \ihj])dx,R-^‘ 

1 

in the second, we can sum with respect to h (cf. formula (25' ) , 
so getting o 

— i]Rhlxi. 

1 

We thus have 

dRi = t;, [il, j] dXi RK 

1 

In order to make the contravariant components disappear 
altogether, we substitute for W from the formula 

Rj - tp^^^Rp 

1 

summing with respect to j (which, l)y formula (25), changes the 
symbol of the first kind to ojie of the second kind), we get 

dR, = 

1 

Finally, changing k into j in or-der to show more clearly the 
analogy with the equations (23), we have tiie equations 

dRi = i.jt{il,j}Rjdxt (Z L 2), . (27) 

1 


(I) GG5) 


5 
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whicli are equivalent te They a.re in fa.ct the resrill/ of coin- 

billing certain formula; and identities with the equations ('^3); 
and recijn’ocally, starting from (27), an analogous jirocess will 
give (23), as can easily be verified. 

18. Some analytical verifications. 

We are now in a position to give an analytical proof of sonu; 
properties of pa,ra,l]elisni wldcli. have already l)een obtaituid a,s 
immediate consequences of the geometrical definition. 

Consider first the parallel dis[)la,cement of a vc'ctor R along a. 
segment T of a curve, from P to F^. Let the ciirvt; lx; 
defined by the parametric equations 

== 2 ;,:(s).(28) 

where s represents any parameter (which may, if we wish, l)e 
the length of the arc measured from an arbitrary origin /\,). 
The quantities R! are to be consulered as functions of .s* with 
arbitrarily assigned values at P. The equations (23), divi(h;(l 
by (h, become 

2 

E'' = — I jl, i) R' Xi {i = 1, 2), 

L‘ 

where the dot indicates (lifferentiation with respect to .s‘, and 
the quantities X/ are of course obtained liy differentiating (‘('illa¬ 
tions (28), and are therefore to be consider(;d a,s giv(;n functions. 
These are two linear dilferential efjuations of the first ord(*r, 
in the normal form with res])ect to the dinivatives of the two 
unknown functions R}, /P; lu;nce, as is known from tin*, (adcaihis, 
they unicjimly determine these two functions wlum the (arhitra,ry) 
initial values are given. Wi; have thus a confirmation of tin; 
geometrically o})vious fact of the j)nssil)llif-y of disyUtdiuj an 
arbitrarily assigned surface vector, and of the unyftfGUGss of flio 
result. 

Using tlie differential equations alr(.;a.dy found, W(; shall now 
prove that the lenytJi of d ve.cior and the <tn(jle behvedi lioo vectors 
are unchaufjed by a ]jaralle] displacement. Th(‘S(; two results 
can be proved simultamionsly, a.s follows. Li^t R, V, lx; two 
vectors. Give tliem a parallel disjilacement along an iidinitiisimaJ 
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path, and calculate the change in their scalar product due to 
this displacement. We shall have (cf. formula (14)) 

d(R X V) - (IV,+ 

i 1 

substituting for (IR! and dV., from (23) and (27), this becomes 

f/(R X V) == i,, {U,j\V,dx, - i)Rjdxi. 

1 ■ ‘ 1 ‘ 

Interchanging i and j in one of the two sums, we see that the 
sums are equal, and therefore 

rZ(R X V) -- 0 ; 

i.e. tlie scaloT product is unclianged by an infinitesimal (and there¬ 
fore also by a finite) displacement. Now let V coincide with 
R, so that R X V — R'*^, and we at once obtain the result 
that tlie kmgth of a vector is unclianged by a parallel displace¬ 
ment. Combining this result with equation (13), we see that 
as the scalar jiroduct of two vectors and their respective lengths 
are all unclninged, the angle between them (provided neither 
vector is of zero length) must also remain the same. 

19. Per mutability. 

While a tangential vector is intrinsically defined by two 
numliers, the geometrical notion corresponding to it, as we have 
already said, is a, segment of a tangent line at a point P of the 
surfac(^or - an (uitity which does not behing wholly to a, at least 
in gcmeral. If, how(‘Anu*, we are dealing with an 'Ivjlnilesinicd 
vector, the element of the ta,ngent plaiKi in which it lies coincides 
with the (dement of tlie surhice cr a,round P, and we may say that 
we are using only [loints lying in a. Hence, for a generic intini- 
tcsimal tang(-uitiad vector we can use the ordinary notion of a 
displacement from the origin F to the final point P^, where 
Pj also lies on a. As tlui haigtli R reduces in this case to a linear 
elem(mt d.s, it follows from the (hdinition of direction parameters 
that the (jua,ntiti(‘S R', wliich are ciqual to AV/.v, arc identical wdth 
the increnamts dx, of the curvilinea,r co-ordinates in passing 
frcjin P to P^. 

Next, consider two systems of differentials dx,, Sx,, and the 
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correspondmg mfinitesiTiial vectors (or displacements) (IP = 
§P PP.y (assumed to lie in a). Wo shall use the symbol 
(If to denote the increment ot / (where / is a generic vector or 
ajiy scalar or vector c[uantity derived from it) corresj)ouding 
to a parallel displacement from P to the symbol 8/ 
will be dohned in the same way for the disnlacemeiit from 
P to P.. 

With this convention cl8P will represent the vectorial incre¬ 
ment of 8P for a displacement from P to P^ and the incre¬ 
ment of the associated contra variant system For the latter, 
equation (23) gives 

o 

dhXi ^-= VfSxjdxi, (v;=l, 2). . (29) 

J 

jSimilarly, the displacejnent of dP from P to Po gives the 
increments for which we ha.vc 

Sd?;; = — y, . . . (29') 

L 

Interclhanging;/ and I in one of these two sums, and rising the 
property of symmetry of Cliristolfers symbols, we see tha,t 

dox; MXf, .(3,0) 

which proves that the two operators d and 8, as just defln(‘d, a,re 
pemi'idahle. 

The geometrical meaning of this result is particularly simf)le. 
Note first of all that for infinibcsirnal vectors—the oidy land 
considered Inu’e—the elements of the contravariant syst(an a,re 
merely the differences of corresponding co-ordinates. 1 fences 
if the co-ordinates of P arc the cr/s, we shah have in tho first 
jhace Xi + dxi as the co-ordinates of P-^^, and x,- -f 8;/:,- a-s (he 
co-ordinates of Let Q Ijc the point on a reached l)y construct¬ 
ing at Pi the vector equipfjllent to 8P; as the contravariant 
system for this vector is Sx,- -j- d8x;, we get finally 

Xj d” dx; -j— 8xi —j~ d8x- 
as the co-ordinates of Q. 

Similarly let ]:»e the point on a reached by constructing 
at Pg the vector equipollent to dP\ we get the co-ordina,tes of 
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by interchanging the operators d and S in the co-ordinates of 
Q, Avhich gives 

H- -I- Sdx,: 


Applying equation (30), we see that Q coincides ivith Q^. 
A more ilhiminating way of expressing the same result is to say 
tliat the parallelogmni rule holds for infinitesimal vectors which are 
equipollent ivith respect to a surfaced 

It may be noted that in the foregoijig argument second- 07 *der 
quantities of the type dhx have been taken into account, but 
(rfx;)-, (3x/)- have been neglected. If the latter were to be taken 
into account, by considering the vectors SP, dP and the equi¬ 
pollent vectors at P., and P^ as vectors in space, we slioiild no 
longer have a parallelogram, nor even a closed quadrilateral. 
In fact, referring to the space construction already given (cf. 
p. 105) for V(ictors erjui[)ollent with respect to a surface, \Ye see 
that while dSP and SrZP are both in the direction of the normal 
to a at P, yet tludr lengtlis are in general different, since the 
three points P, P^, P,^ and their respective tangent planes have 
a jyriori no relation between them except that of being infinitely 
near one another. 

The formula) (29) or (29^) provide a definition of the second 
diherentials which is invariant with respect to any change of 
variables. In order to grasp the significance and value of this 
fact, we must recall the conventions as to second differentials 
wliich are a,do])te(l in the elementary theory of the calculus. 

To fix tlie idea-s, consider the simpler case of a single inde¬ 
pendent variable. Ordinarily the convention ddx — 0 is adojhcd; 
i.e. tlie increments dx are considered independent of x, as is 
quite legitimate. But tliis simplification does not hold if we 
change the independent variable by putting x -- J\i), from whicli, 
on the hypotliesis that we have a reversible transformation, we 
can reciprocally find | as a function F{x) of x. In fact, differ¬ 
entiating twice the formula | we get 

d^ P'(.7;) dx, 

Pi == F"{x) [dxf + P'(.7;) d^x, 

^ This proporLy might bo taken ns ihu starting point for an intriiisiit proof of 
the properties of parallelism, depeiuling <inly on the metric of cr, and making no 
use of the surromiding K})at:e. Tlie nualiod can Ijc applied dirt^ctly to niiuiifolds 
V,^ of any number of dimensions. Cf. H. WJiYX., Jiu'twi, Zvil, Maferic, gl4 (JjerJin, 
Springer, 19211). 
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wliicli sliows tJiat even if we make (Px - -- 0, will not jj) /^(‘iK'ra-l 
be ze]‘o. 

It then there are n variables, it is usual to considei’ only 
systems of differentials wliicli are completely i]i(hi()eji(h‘iit of 
the variables a;-, so that we have not only d^X; 0, ])iit also, 
for any two systems dx;, Sx^- of tlmsc (lifferentials ^vhateve^, 

dSx,: = Mx; ^0 ~ I, 2, . , . n). 

Noav change the variables, by putting and th(‘.n‘- 

fore X; = F^{x). Using the condition Sdx;^ ~ 0, we gcT 

d-F- 

ux, = s., y-p 

1 dXjOx^ 

so that the property 

hdxi ™ dhxi 

also holds, but these diffeimitials will not in gemmil b(‘, z(‘ro. 
The usual convention is therefore legitimate, and is sugg(\si.(‘< I 
by obvious reasons of simplicity, Aviien in a given question w<‘ ar*(i 
dealing always Avitli the same variables; but it is not inva.ria,nt 
for a change of variables. 

If instead we adopt the formula (29) and (29'), and siipi)osc 
that 

2 

dhxi^ = Mxi = — 2^ [j7, i]hx.jdxi, • (‘>1) 

we get, for the same geometrical interpretation of this foniiuti, 

2 

d^Xi — Sclx^ = — Sy; hx dxi, 

]■ 

where the line above tlio letters denotes tliat Christofrel’s symbols 
refer to the variables x, i.e. to the transformed quadratic form 

2 

rZi'2 — T^;,.a.i.dx-d.x^.. 

1 

We could of course verify ])y direct substitution tiuit tlie 
form of the expressions (31) is unchanged by tho cluuin,; „r 
variables. Wc are in fact dealing witli an immediate corollury 
of the invariance, of the equations t' = 0 (cf. § J.'j), wliich follows 
at once by putting = S^v in these equations. 
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On account of this invariant ]n'oj)erty the second differentials, 
defined as in (31), arc called conlravariant, although strictly 
speaking the term ajjplles not to them but to the expressions 

fZSa:,; + i}hxj(lxi, 

1 

which in any case (see § 15) constitute a simple contravariant 
system. 

(c) Extension of the Forecjoing Notions to n-dimensional 

Mcmifolds of any Metric 

20. n-dimensional manifolds. 

Alongside the extension of tli.e use of geometrical terms which 
was developed in Chapter I, we shall now ititrodiice, on the lines 
of the discussion in subdivision (a) of this chapter, the fundamental 
notion of an n-dimensional metric manifold, wliere n is any 
integer. 

If there are n variables , .t,,, we kjiow that the aggre¬ 

gate of values wliich can ]>e assigned to them is called an n~ 
dimensional manifold. Now su])])ose that together with these 
variables and their field of variation there is also given a 2 )riori 
a differential quadratic form 

■u 

tZs- = S/;, ajj, dx,- dxj., .... (32) 

1 

in which the coefficients a;j. are given functions of the a;’s, and 

~ a,^i. We shall agree to consider ds as the distance between 
the two infinitely near points whose co-ordinates are Xo, . . . 
and x-^ + daq, Xg + dx^, . . . x^, -|- dx,;, we shall in consequence 
agree that ds is to be invariant for any cliange of co-ordinates. 
Having thus introduced into the manifold the notion of an 
elementary distance, we get from it at once Ijy integration the 
notion of the length of a line, and also deduce from it, as we shall 
see, the most direct criteria for defining all the properties of 
extension (angles, areas, volumes, &c.). 

A manifold with which has been associated a quadratic form 
of the type (32), or in other words, a manifold whoso metric is 
given, is called a metric mamfotd, and will be here denoted briefly 



120 


INTRODUCTORY THEORIES 


by V,,. Since ds^ is invariant, tlio coefficients a^f. obviously form 
a syinnietrical covariant double system; Ave sball tlirou^^liout 
the discussion suppose that they and tlieir first aud second 
derivatives are finite and continuous functions, and so cliosen 
as to make tlie quadratic form definite and j) 0 sitLved Thus the 
distance between two real points will always ))0 la^aJ; tin'- detca- 
niinant a of the coefficients a, 7 ^. will always be ])ositiv(‘.. With tlie. 
usual notation the reciprocal elements will be deiioted by 
&c. 

AVe shall noAV extend the concept of rlii’ection to a geneiic 
AVe sliall consider direction as determined by two inhnit(iy 
near points, i.e. by a system of As Ijeforc, we shall ap[)ly 

the term parameters to the n contra variant quantities 

A'- = p {i = 1 , 2 , . . . n) 
as 

which define a direction (and are unic(ue]y determined by it), 
and we shall aq^ply the term moments to the covariant quantities 

A, = S,a,, A'' Ci = 1, 2, . . . m). 

J 

Thus for any value of n we have again two simple systems, 
reciprocal with respect to ds-, or to tlie form (32) (cf. p. Ub, 
Eemark HI). 

The parameters are connected by a relation com[)l(d/(iy 
analogous to (5), and the formulse (5'), (5"), and ((V) can b(^ 
extended without difficulty, the summations being now from 
1 to n instead of from 1 to 2 . The aggregate consisting of a direac¬ 
tion and a positive number R will be called a vector R in a, F,, 
[R being the magnitude of the vector); tlie ])roducts of R. ]>y 
the parameters of the direction will be called tlie contravaniant 
components R\ and the products of R, by the moments the 
covariant components R{. AVe shall then Jiave a set of formufe 
analogous to ( 11 ), (lU), ( 11 "). 

Suppose the x'fi expressed as regular functions (i.e. fiihte a.nd 
continuous, together with all their derivatives which enter tlui 

‘ Al; tlie end of tlie chapter (p. IJl) we sIkiII also consider shortly tin; c-isi- (tf 
an iiidelinite ([Uadnitic form. This case w:us at first iienleeted as offerin''- little 
likelihood of useful ajiplieation, but the theory of relativity has now invested 
it with very o-reat importance. 
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(ILcussion, in the field considered) of ]} parameters 
where ‘p is a positive integer less than n\ 

•L: = /(%, C^’ 1, 2, . . . n\ . (33) 

We shall niake tlie hypothesis that at least one set of p func¬ 
tions/is independent, i.e. that p is the characteristic of the func¬ 
tional matrix of tlie /’s with respect to tlie Hence the 
are connected by n — p relations and no more, namely, those 
wliich we should get by eliminating the u'h from equations (33). 
In this way we define a subordinate ^^-dimensional manifold 
whose co-ordinates are the 'ids. is said to be contained or 
immersed in T,;, since to every system of p values assigned to 
the 'ids there corresponds, by (33), a system of n values assigned 
to the ctds (i.e. every point of belongs to F^,), while not all 
the systems of values wliich can be assigned to the x's satisfy 
the equations (33) (i.e. not all the points of belong to IF^J. 
Now, remembering the analogy with the case n ~ 3, p — 2 
(cf. p. 87), we naturally assign to the distance between two points 
of the subordinate variety tlie same value (32) as that of tlie 
distance between the same two jioints when they are consiilercd 
as belonging to V.p, i.e. we construct ds^ for the subordinate 
manifold by substituting in (32) foi‘ the dai’s their values obtained 
by differentiating the equations (33). In this way we can easily 
find the coefficients of the fundamental quadratic form in the 
and the metric of the p-ilimcnsional manifold W^„ immersed 
in Avill be completely defined. For p = 1 the definition 
coincides vvitli that given in CJiapter I, § 1, for a line, of which the 
equations (33) are the parametric equations. 

If p z= n — 1, the F/ is often called a surface^ or more pro¬ 
perly a hy 2 )ersurface. 

21. Euclidean manifolds. Any F,^ can always be considered 
as immersed in a Euclidean space. 

If ds^^ reduces to the sum of tlie squares of the differentials, 
as in the case of orthogonal Cartesian co-ordinates, the quadratic 
foi'm is said to be Euclidean, and the co-ordinates, by an obvious 
analogy with the elementary cases n ~ 2 and n “ 3, are called 
orthogonal Cartesian co-ordinates. When tliis is so, all Christoff el’s 
symbols obviously vanish identically, since the coefficients 

(D0jr>) 5* 
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are constants. Given a generic F,,., and therefore a, generic 
it is not in general possible to bring about a change of variables 
such that ds^ takes the Euclidean form, or in otlier words to 
establish a system of Cartesian co-ordinates in if it is ])ossible 
F,t is called a Euclidean uumifold, and we sfiall denote it by 
\Ve shall find later on the conditions to be satisfied by the 
in order that F,,, may be Euclidean. F,,, however, can always 
be considered as immersed in aniV-dimensional Euclidean variety, 
where N > n, as we shall now show. 

We propose to determine N functions of the a;’s, 

2/2(2:)= . . . . . . ( 31 ) 

such that when we differentiate them and take the sum of the 
squares of the differentials we get a form, quadratic in the dxH, 
which is identical with the given ds^, so that we have identically 

iV n 

dy^- Utij. dx^ dx,., 

1 1 ' ‘ 

Expressing the %'s in terms of the we liave 

t,. 2* dx,, = S;*. a,,, (lx, dx/,, 

\ I ox, dx,. I 


or, equating the coefficients of dx^ dx,,, 


2 ^ 

i^'dx, dxj, 


^ik 


(i h = 1, 2, 


. n), (35) 


We have tlius obtained \n{n + 1) partial differential 
equations of the first order in the N unknowns y] unless any of 
these are mutually inconsistent (and a more detailed discussion 
would show that this is not so) we deduce that the problem is 
soluble for N == \ni(n + 1), and a forliori for N > {n{;ri + J). 
The ;/s can evidently be considered as Cartesian co-ordinates in 
a Euclidean manifold (space) in which the given F,, is immersed, 
F,^ being parametrically represented by the values of tlie y/’s 
in (34) (cf. formula (33) ). It is therefore possible to immerse a 
generic F„, in a Euclidean space provided N hi{n-\- 1). 
For particular F,/s, however, a smaller number of dimen¬ 
sions may suffice; e.g. for a Euclidean F,,, n dimensions arc 
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suiBcient; iti tliis case the are Cartesian co-ordinates of 
itself. 

If has the smallest possible value, the difference N — n 
is called the class of the F,,. Since the niininiiim N is not greater 
than -S 1 ), the class cannot be greater than ln{n -|- 1 ) ~ n, 
or — 1 ). Further, N cannot be less than and therefore 
tlie minimum value of the class is 0 . For n ™ 2, the class is 1 , 
■\vhicli shows that every binary may be considered as belonging 
to an ordinary surface. In other words, the parametric expressions 
which were our starting point (p. 86 ) impose no restrictions on 
the study (jf tlic intrinsic properties of a ds- in two variables. 

22. Angular metric. 

AVc shall now extend to the generic F,^ the notion of the 
anrjic heiweeri two directions. The most direct method is by the 
foi’mal extension of formula (S) (and its equivalents) by summing 
from 1 to n instead of from 1 to 2 ; this however will be legitimate, 
if we wish to avoid imaginary values of ff, only when we have 
shown that the expression on the right < 1 . 

In order to do this, we shall examine some algebraic properties 
of quadratic forms. 

Let , 

1 

be a definite positive quadratic form. Suppose that the are 
linear combinations of two different systems of non-proportional 
variables, so that we may put 

Zi = AaJi + ; 

we therefore have 

f == ^ik dik + ^iji) (A*,, + 

J 

II. 

= S,.., «,v, [A’-^ Xi X,, H- A/x [x; ijj, -h y; x„) + fj? y, yj. 

1 

n 

•A quadratic form </j = ^/P.s called irreduciUc when tlie number of 

i 

inde]>endent variables cannot (jc reduced by Hiiljstitiitinn' for tin; ^ .s linear coin- 
binatioiLs of tliem. This is always so when the form is tlefinitc, as in this caS(i the 
dctcriniuant n <)f the c.oellicicnts is certainly not zero (p. bOj. A cannot tliercfore 
be less than n. 
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Splitting up the rigiit-haiid side into three sums, and putting 

n 

1 

V^ II 

Vk '^ ik y i ^k 4^xii A '/a: 5 

I i 

a 

'^llr ^ik Vi Vk Av'/’ 

1 

we have finally 

“ '^^4*xx + 2 A/^(Aa-,y + i^!/ij- • • (36) 

This may be cojisiderod as a quadratic form in A and /r; it 
is easy to show that it is definite and positive, i,e. tJja,t it is 
always greater than 0 when A and /x are not zero. In fact, 
considered as a quadratic form in the 2 ’s, is always positive, 
provided at least one of tlie s’s is not zero; and this coiidition 
is equivalent to our hypothesis that the a‘’s and ?/’s arc not 
proportional. 

From (36) we therefore get 

k- (/>.„ + ^ A /X (j),,! + fXp- > 0, 
whatever A and /x may ))e. 

Hence, from an ordinary j)roj)erty of quadratic inequalities, 
we get 

<^.ra fA/,/ ~ 0, . . . - (37) 

which is the fornuda we wished to prove. 

We now return to the jjro])osed formal extension of formula 
(8). What we have to prove is fcliat 



whatever A' and /x' may be, provided tliey are not proportional 
(since we exclude tlie obvious case where tlie directions coincide 
or are opposite). 

This inequality can now be proved at once. Introducing the 
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quadratic relations between the parameters, we can write it in 
the form 

- (s,,«,,A7/y > 0; 

and this is merely (37), with the x’a and y/’s replaced by the A'’s 
and p' ’s. 

We may therefore assiune 

cos-h 5 , 7 , a, 7 , A' f/, «... (38) 

1 

and the other expressions equivalent to it will also hold good, 
namely, ,,, 

cos-D- - 2,: A>,:, , ..... (38') 

1 

cosh = 2,;A/p',.(38") 

1 

cosT ™ 2 , 7 , a"'* A, p-/,, . . . (38"') 

1 

in which ihe^nomenls (cf. § 20) of OTie or both directions take the 
place of the corresponding parameters. 

In the provisionally excluded case of two coincident or opposite 
directions (A' = ip.'), we must naturally agree that cosh == + 1 . 
With this convention the four formuloe just given still hold 
good; the right-hand side in each case also reducing to + 1 in 
virtue of the fundamental relations 

2 , 7 ,c^, 7 ,A'W" = 2 , A, A' - 2 , 7 ,rd'^A,-A;, = 1 

1 1 L 

between the parameters and moments of a single direction 
(cf. § 20 ). 

Now consider our F„, immersed in a Euclidean space Sy. 
Given two directions A, [X belonging to 7„, and drawn from the 
same point, the angle between them is defined in two ways, 
since the directions A., p. may be specified either by their para¬ 
meters A'', fji' relative to F.„, or by their parameters A"', p''' relative 
to and formula (38) may be applied to eitlier set. We 

^ We may note in pa.s.sing tliat in a Euclidean .si)ace, referred to rectan^gUilar 
Cartesian co-ordinate.s, the |)araineters of a direction coincide witli its moments; 
also (as follows directly from the properties of linear orthoyoiril suhstitntiona) the 
formuhe of covariance are identical with those of eontravariimee (ef. ^ 3, p. 67). 
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shall call tlie angle calculated in the first way 1)' and ii] the 
second h-', and we shall show that cosh' = cosh '. 

Remembering that for the Cartesian co-ordinates of Sj^r, 

N 

ds^ has the form ^dyj; we liave 

j/=i 

n 

COSf> = Clff. X‘ fjJ^, 

V 

cosh' ™ 

1 


Now tlie parameters X'% fx''' are given by tlie formula) analogous 
to (7), (70 

ds 


ds 


= ^2/,. ^ y hj.; ^ y ^y,.k 

Ss l'' Ss i'‘dX/. 


We have therefore 


1 1 0 rr,: a x,. i i rJ o % 


and therefore by (35) 


cosh’' ^ 'Efj. X*'fjJ'''ajf. =~- cosh'. 
1 


Q.E.D. 


Now consider two vectors R, V, whose directions a,re X, fx 
respectively. We can extend the definition of the scalar jncdiict 
by giving this name to the invariant 

E X V EV cosh', 


where h' is the angle between the two directions. For each of 
the various expressions for cosh' we shall get a corresponding 
expression for the scalar product by multiplying (38), (38'), 
(38"), (38"') in turn by RV. The resulting formula) are: 

R X V = S,, a,, R' F" - S; R V,- - E, i?, F' - i,, cd'‘" R;, F,. 

1 111 


If one of the vectors, say V, is of unit length, we shall call 
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the product R X V the projection of the vector R on the direc¬ 
tion determined by the unit vector V, or its component in this 
direction. 

The orthogonality of two non-zero vectors is evidently ex¬ 
pressed by the vanishing of their scalar product. 

We cai] now make some useful remarks relating to certain 
particular directions. Let s,; denote ^ the direction of the co¬ 
ordinate line % (i.c. the unit vector in that direction, in the sense 
of tlie rr/s increasing); remembering that for a displacement 
along the line i we have dx^ “ 0 for r i o-nd ds == a^dx-^ 
we see that the parameters .?• of the direction S; are all zero 
except the fth, so that we have 


On the other liand, tire direction of the normal to the co¬ 
ordinate hypersurface Xj = constant (the norinal meaning the 
direction jjerpendicular to any direction drawn on the hyper- 
surface) has its moments n-j |all zero except the jth. For must 
be perpendicular to each of the n — 1 directions S/ (i j), so 
that ap])]ying formula (38') to the values just found for the 
parameters of we can write 


]. 

V a.;, 


(i 4= i). 


whence = 0 for The value of is therefore deter¬ 

mined by the quadratic identity between the moments, which 
gives 


^JIJ 




if we suppose that the sense of is that of the xjii increasing; 
for the opposite sense the radical must have the minus sign. 

That the direction n; so defined (at a generic point) is actually 
perpendicular to any direction X (through the same point) on 
the hypersurface Xj = constant, follows from the fact that for 
every such direction the parameter is zero, and therefore 

= 0. 

1 

^ Tlie suffix i is not of course an iiulcx of covaritince, 
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Applying the a-bove reniarks, it can at once be seen that the 
angle ojn. between the co-ordinate lines i and h is given by the 
formula 


wlhle the angle gu. between the co-ordinate hypersiirfaces rr,; = 
constant and x,, = constant (i.e. the angle between their normals 
n,; and ny,) is given by 


COBGij. 


s/a"' c/^‘ 


These formulae show the real meajung of the coefficients of 
and the geometrical interpretation to be given to tlieir 
vanishing. 

We shall now try to find the geometrical meaning of the 
CO variant and contra variant components of a vector R. For 
this purpose we shall calculate the orthogonaf projections of 
R on the directions Sy and a,-. Wc get for tluise 

R 

R X s, - 

1 

n jni 

R X == 

1 va"' 

These results show that R; and R^ represent the projections 
of the vector R on the co-ordinate direction i and on the normal 
to the co-ordinate hy]jcrsLirface Xy constant, multiplied by 
\/ciif and \/a"' respectively. 


23. Definition of geodesics. 

We shall fix any two points /.I, B in a generic and we 
shall try to find the shortest of the lines which join A and B. 
In a certain sense this problem is analogous to that of finding 
the points at which a function is a maximum or minimum, the 
solution of which is of course an iniportant application of the 
calculus. Here, however, we are not trying to find pom/.v, and 
hence the values of one (or in gcaieraJ of n) variaf)le-s whicT 
satisfy the required condition; we are trying to d(‘t(irmine a 
Ime, and hence, analytically, to determimi tlie form of 'ii, functions 
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(the parametric equations of the line). The problem is therefore 
of a higher order of difficulty: while the former led to equations 
in iinite terms, the latter leads to differential equations. The 
solution of this jjroblem and of others related to it is the principal 
object of the calculus of variations. We shall recall shortly the 
fundamental idea of tliis calculus, which does not differ in prin¬ 
ciple from tlie idea which leads to the solution of the other more 
elementary problem of the maxima and minima of a given 
function. 

To fix the ideas, we shall suppose that there is only one 



variable. We know that if a function f{x) has a maximum or 
minimum at Q'q, its differential df “ f{a\^dx is zero at that 
point (and therefore/'(.T q) 0 ), Avhatever dx may be; in other 

words, for an infinitely small displacement to left or right from 
the point .Tq, / remains constant (except for infinitesimals of 
higher order). This can also be seen intuitively from the graphical 
representation of the function (cf. the points M and N in the 
diagram). The converse, however, is not true, i.e. when df = 0 
it does not necessarily follow that there is a maximum or 
minimum (cf. for instance the point P in the diagram). The 
maxima and minima must be looked for among the points where 
df=0. 

Let us now see how we can apply this method to the deter¬ 
mination of the shortest line joining A and B, without going 
outside a given (we may think of a lino drawn on a surface, 
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i.e. the case n ~ 2). Let be such a line; draAv a, line //, 
the same extremities as [/, and iiiHuitely near //, but of liefAs isi* 
completely arbitrary. We can consider (j a,s d(‘rive.d (Votti 7 
by an infinitesimal deformation, i.e. by disf)la,cin^^ (audi point 
(a’], .T2, . . . .77, ) of 7 to (.Tj -|- S./‘jL, . . . If// is f.li(^ sliorf.esf. 

of these lines, its length is not changed^ by this defortiia.l ion 
(except for infijiitesimals of higliei: order); hence if / is tli<‘ haigl li 
of ij and I -f- hi that of //', we have 

hi =r~ {), . 

whatever cf may be (subject only to the conditions ini[>osed 
above), a condition analogous to the vanishing of d/'in f lie former 
case. Here too, however, it is to be noted that in genei*al the 
condition (39) can be satisfied not oidy by fJui ivcpiired line 
but also by other lines Avhich do noL give the slioi-te,st pidJi from 
A to J5. 

For instance, let A and B be on the same g(ai(‘ra,tor of ;i. eylim 
der. Then the shortest path is evidently givcm f)y tin' genenilor, 
which, as can easily be seen, satisfies (39). i]ut idl fin^ infinife 
number of helices whicli pass from A to B, wrapjiing (herm 
selves 1, 2 , . . . times round tlie cylinder also satisfy the sanu' 
equation. 

We sliall call all the lines which satisfy condition (. 39 ) (jnArsirs. 
They possess important characteristic properties, whie'h can bi! 
deduced from (39); e.g. the osculating plane at a,ny poinf- of n 
geodesic on a surface is normal to the tangent i’iIimk* Io the 
surface—the^ property adopted on p. 103 as the d(‘finition of a 
geodesic. The lines of wmimum. lemjdi b(‘twe(m 1\vo given 
pomts must be looked for among the geodesics through tInUwo 
points. 

This is the definition which wo shall use Ijflow; ])iii i( is |,,, 
be noted that some wiiters in defining geodesics sfcirt from miolJicr 
property. Wo could in fact show that when a point A is fixed 
on a geodesic (j, then for all points B (on //) siinicieiil ly ncai- A 
g is the only geodesic joining A iuicl B, and is tlicrcfore fj,.’ 
shortest hue joining them. Hence wo can aJso sa,y tlrii 
a geodesic is a line such that it forms the .slmihcst pall, 

1 For a more rigorou., and coniploto discussion |, 1 ,„ reader is ref,•, red • 

on analvRis. m .tu, 1 , 
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between anjj two ot its points^ provided they are svjjicienlly close 
together. 

With this restriction the two definitions are equivalent. 

21. Differential equations oli geodesics. 

VVe shall now examine tlic property, concisely expressed by 
the equation (39), that the lengtli remains unchanged in an 
iniinitesiniai displacement wliicli does not move the extremities, 
and see liow to express it by means of 11 diherential equations 
whicli tlie n functions 

a;,- Xi{s) (i =r- 1,2, ... 71) 

defining the curve g must satisfy. 

Let tlie equations of g* be 

X- -- {i ~ 1 , 2 , . . . 

where tlic S.r's arc to be considered as infinitesimal functions of 
s, vanisliing for .s* 0 and s I, and Iniving finite and con¬ 

tinuous first and second derivatives, but otherwise ardhtrary. 

Take an iiifinitesirnal scgiiient PPj of g, of Jcngtli ds; we 
liave to calculate Sds, i.e. the increment (or, as it is called, the 
variation) of ds in the deformation which disphices P to P' 
and Pj to P[. If dx; (i - -- 1, 2, . . . 71 ) is the difference between 
the co-ordinates of P and of P^, the corresj)onding difference 
after the deformation —which we shall denote by d{x,- + Sa’,-) = 
dXf 4 - rfS.r,-, where is of course the differential of the function 
Scr—is calculated as follows: 

The co-ordinates of P' arc -[- Sx-; 
those of P[ are (;/',• -|- dx;) + S{Xf + dxi); 
therefore the required dilference is dx,^ -f- Mx^. 

It follows that 

SdXf ^ dSxj, .. ( 40 ) 

a result which we shall at once make use of. 

We shall now take tlie expression for rZ.v-, and calculate its 
variation, differentiating with the operator S. We have 

7i il. II 

2ds . Sds ~ Hi If, Scijf, dxj dxj^ -|- Hj,, cq-/. dx,, Sdxj -h ^d^/r 

1 1 1 
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Since tLe last ('WO siiuis are identical, we can write 
the form (using equation (40)) 

)i n 

2d8 , Sds dx^ dx/. + 2Sy;. a-jj, dxj dSxj^, 

i' ‘‘ r * 


Dividing by 2r/.S‘, and denoting differentiation with 
to s by a dot, this gives 

II II. 

Ms ™ Sr/yy Xj ±1 ds + S;/. Xj r/Say; 

“ f ' ' ^ ‘ i’ ' 


and from this, since 


Saji == 

1 9 Xj. 


we get Sds in the form 




Sds dS^y/, Xj Xi Sxj, ds + Sy/. rqy, Xj 
" 1 ‘ 9 x^, 1 


Now since the lengtli of g is 

I - J ds, 

the variation which is to bo equated to 0 in (39) is 

SI - \\dH, 

or U = f'i (^g,, 1^'' y ds -i-I, . . 

where we have put 

/-/; Vi 

I = / I,ji,a^,,XjdSxf, . 

* A i' 

We sliall leave (41) aside for a moment and exanii 
possibility of transforming tlie integival iji (^12) also into . 
which explicitly contains the ar})itrary variaticjns Sr4. In 
ing by parts we get 
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The integrated part vanishes, since Scc/,. = 0 at the extremities; 
differentiating the product, the other part gives 

r-l* n rh n 

^ — Sj/.- <^'5 8% — / S;,,. Xf da-,,, 8 x 1 ,. {42') 

ExpaTicIijig cluj/., tlie sum under tlie second integral sign may 
be written 


I Cl X’l 


or, interclianging j and I, 

Xj xi 8 x 1 , ds. 

1 OXj 

We shall take half the sum of these two expressions to repre 
sent the value of either. Substituting in (42'), we get 


1 / Sy,. 




We now return to (41) and insert in it this expression for L 
Putting all tlie terms under a single integral sign, and taldng 
out tlie common factor hxi/ls, we get 

n f n n 

81 = - sj - l-S,, X, + S; a,, 

-'nil 1 ox,. r' ■' •' 

+j-i, w... 1 s. 


i^Ldx, d, 


1 j 8 x/, ds, 


or, remembering the definition of Christoffers symbols, 
81 =—I S/, aj,, Xj -4- S;, [jl, i] xj x, 1 8x,. ds. 

U 1 W 1 J 


Putting 


P/r — S; ajf, Xj + Sy/ [jl, /{;] Xj Xf, . . ( 43 ) 


the formula appears in the concise form 

SI =—I 'Lj.jpj.Sxj^.ds, 


(44) 
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The result of all these calculations is that (39) can be written 
in the form 

I “ 0. . . . . (39') 

A I 

Now since (39') must hold howev^cr the iirbitrary functions 

arc chosen (subject to the qualitative conditions stated above), 
we must necessarily have 

p, - 0 (k = 1, 2, . . . m); . . (lo) 

for if not, we mi\d oidy take cacli S./y with the same si,i,ni a,s the 
corresponding p. (which can be done witliout <i;oin^ outside the 
conditio]is imposed); tlie sum would then certainly be ])()sitive 
at all pohits oi' the arc of integration and therefore tlie integral 
would not vanish. Tliis is the fundamental argiunent in the 
calculus of variations; by means of it we get from (39') (which 
is only (39) expa-iided) the n ditlereiitial ecpiations (15) which 
written at length are 

Sy Xj + Sy^ [jl, t] Xj Xi 0 (Z; — 1, 2, . . . 11). (*15') 

i‘ ‘ r 

It is convenient to write tlicse equations in the form obtairuMl 
by solving for the r’s. To do this we introduce the quantiti(^s 

V = .... (-Ki) 

1 

and replace tlie equations (45) by the equivalent system of 
linear combinations 

f 0, 

n 

or i\ XjXi = 0. . . . (47) 

L 

Those n differential equations of the sc.*.c()nd onhu’ in trie 'M 
unknown functions Xj{^) are equivalent to equation (3>9) a-iid 
are therefore the chamctcristio efjvalion,s of a (jeodxsio; when 
integrated, tliey give tlie paraamtric erpiations of t!i(i curve. 
By the ordinary theory of such ec|iiatior)s, the inbigr’aJs will 
contain "2n arbitrary constants, which caai be defermirnid l)v 
the condition that the geodesic jjasses through two sjrecihed 
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points, or that it wbn.rt.s from a ])oint ajjd has a specified 

direction. 

It may be noted tliat the equations (47) contain only intrinsic 
elements, as the definition of a geodesic would iea-d us to expect. 


25. Geodesic curvature. 


Tlie discussion in the ])rcceding section ])rovides us with an 
opening for the introduction oi iiii ilhuninating and fertile 
geometrical notion relating to any curve x,- = x^s) in 

our r„. 

We must first show that tlio qinintities p,. defined by (43), 
corres])onding to a generic curve x,- == •^’d'^')? cewariant (and 
in consequence the p'’s are contravariant), so that we shall 
naturally associate witli evejy point of the curve I (which is 
a priori any curve vvdiatever) the vector p of whicli tliey are the 
components. Su])j)ose then tliat we ])ass by any transformation 
from the variables x to new variables .7, and let pj. represent tlie 
values of the p/As calculatefl in the new system. We get from 
(If), through the invariance of 81, 


and therefore 


SZ - 



pf. S./g. (Is, 


0 


_ i 



ds. 


By a similar argument to tliat used in passiiig from (39') to 
(45) we deduce I’rom tliis that at every jjoint of I we must have 


— ^:,pi,Sxi, = 0 , 
1 1 


vhich expresses the invariance of 



(a linear form in the arbitrary contravariant variables S.T/,) and 
therefore the covariance of the y^/s. It follows from (4()) tliat 
the reciprocal contravariant system consists of the jt’s, i.e. of 
the left-hand side of equations (17). 

Wo shall use the term (jeodesic curvakirc of tlie curve I at 



136 


INTRODUCTORY THEORIES 


any ])oint 011 1 to denote the vector p whose covariant components 
are defined by (13), its contra variant components being in con¬ 
sequence defined by (46), or by 

2f = X- + [jl, i} Xj Xi (^■ = 1, 2, . . . n). (43') 

I 

An immediate corollary is that the geodesics are the lines ivhose 
geodesic cwmitiife is even/where zero. 

More generally we liavc for the length of the vector p an 
important property, ]:)ointcd out by Lipka,-^ wliich Ave sfiall 
merely state without proof: The absolute value of the geodesic 
curvature is represented, as in ordinary space, by the ratio between 
the angle of contingence and the elementary arc, where the angle 
of contingence is defined as the angle, at one extremity of the 
arc, between tlie tangent at that pjoint and the parallel to the 
tangential direction at the other extremity. 

Anotlier important ]moperty is that the geodesic curvature is 
7iormal to the curve, which is equivalent to saying that 

= 0,.(48) 

I 

since the parameters of the tangent to the curve are the ^c/s. 

To prove this, take the identity 

^}/c i 

1 

(obtained by dividing (32) by ds-) and differentiate it with respect 
to s. We get 

)L 11 

ai,j X,. Xj S;/. df.j % Xj = 0, 

1 1 

or 2Sv, a,,, 4 Xj + S-,., .4 4 4 = 0, 

r' ■ i-' dx^ 

and therefore, by (24'), 

n 'll n 

[fl’ ^ 4 4 4 4- i] 4 4 4 == 0. 

1 l' t ‘ 


^ “'SuIliL curvfiUu'a geodoiica dellfj linou !L[)j)iirfcL*ri<iiil/i ad una van'otiV ({naliiiiqiie ” 
in Rmd. delta R. Acg. del Zhicei, Vol. XXXi (nt half-yuar, 1922), pp. ;ir)o~396. 
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Interchanging h andy, we see that the third sum is the same 
as the second; hence, taking out the factor 2, we have 

n it 

S;,, X,, Xj + I,),a [jl, it] 4 Xj = 0. 

1 ■ ■ 1 

This is merely (48), with j);, replaced by its value as given by 
(43); hence the assertion made above is proved. 

In ordinary space, as will at once be seen, the geodesic curva¬ 
ture coincides in direction with the princi])al normal, and in 
magnitude with the flexion or principal curvature of the curve. 

26. Extension of the notion of parallelism. Bianchi’s derived 
vectors. 

We propose next to extend to a the notion of parallelism 
or, more generally, of equipollence defined above for a 

In this case we have no criterion analogous to that used for 
the as in general the circumscribed developable which formed 
the starting-point of the former argument does not exist. 

The differential law of parallelism, however, expressed by 
the symbolic equation (19), can be immediately adapted to the , 
case of a To do so, consider a vector R drawn from a point I 
P of and let R + cZR denote the equipollent vector drawn 
from a point of V.„, very near to P. We can think of the 
and therefore of the vectors R, R + c? R, as immersed in a i 
Euclidean space where W is a suflficiently large integer; we j 
can therefore define the vectors R, R -}- ^7R, not only by their 
(covariant or contra variant) components with respect to F^,, 
but also by their components 7^, + dY^ {v = 1, 2, . . . N) 

with respect to a system of Cartesian co-ordinates y-y, 2 / 2 , 
in S^. Now consider an arbitrary infinitesimal displacement 
SP, contained in V„ and drawn from P; it can be specified either 
intrinsically, by means of the Sa?,/s (i = 1, 2, . . . n), or witli 
reference to Cartesian co-ordinates by means of the Sy^/s (j^ 1, 

2, N); but it is to be noted that while the first set are 

arbitrary the second are not, on account of the equations (§21) 
which define the y's as functions of the rr’s. We can also say, 
in geometrical language, that the displacement must satisfy the 
condition of being tangential, i.e. of belonging to F,^ We shall 
define the vector dR, and therefore the parallel displacement, 
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by means of the symbolic equation (19), wliich can be expanded 
(p. 107) into the form, analooons to (19'): 

S„r/r„Syy„ 0, .... (49) 

1 

w]iich liolds for all dis])lacemerits satisfying the given condition. 

Tlie only difference between formula (49) a.nd (19'), which 
defines panillelism with respect to a snrdace, is that the sum¬ 
mation for V is from 1 to N, instea,d of from 1 to lb All successive 
steps in the calculation follow automatically as in § 15, p. 107. 

We shall first writer the equation in terms of the Si:’s by put¬ 
ting 

dux 8P -- ^ t/, S;/;,,; . (50) 

j ' 1 ' 

after transformations analogous to those formerly usckI, we find 
for the t’s the expressions 

T, = %a„dR> -I- b, i'jK /f] R' dxi {Jc = 1, 2. . . . 11 ), (HI) 

1 ■ l' 

an obvious generalization of formula {'IV'). Rvid(infly, in vi(‘W 
of the identity (50), we are here dealing with covariant expn‘.s- 
sions (with respect to any transformations of the x’s). The 
reciprocal system 

i 

can also be (iX])ressed in thci form 

t' (IR! + {jl, i] R/(lxi (i == 1, 2, . . . n), (51') 
in complete analogy to (21'"). 

From (49) and (50) we finally reach the intrinsic equations of 
parallelisin: 

T, 0 (/: 1, 2, . . . n); 

these are efpiivalent to r‘ ™ 0, or to 

dR' + 'if IRdxi =0 (?: = 1, 2, . . . n), (52) 

I 

which define the increments dR' of the contravariant components 
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of a vecto 7 ' R for a, flisplncoiiiont parallc‘] rospect to 

from P (of co-ordinates 'x) to P-^ (of co-ordinates x-\~ clx). 

For the covariant components we find, as on p. 113, the 
equivalent equations 

CIR,. = i:,, { ■/:/, j}Ridx, (i = 1,2,... n). (52') 

F 


This equation and (52) alike show that parallel dis])]acement 
is an intrinsic opera,tion with res])ect to the metric of F,„. Tliis 
was not a prion evident from the geometrical definition we 
ado]3ted, which is expressed in formula (49), involving tbe use of 
a surrounding s])ace Sy. 

The equations (52) and (52') are, So to speak, identical with 
the equations (23) and (27) wJiich hold for a Fo, the oidy difl’er- 
ence being in the number of dimensions. It is of course under¬ 
stood that \jly i\ and ('//, j\ denote Christoffel’s syjiiboLs of the 
second kind constructed witli tiie ds^ of V 

All the properties deduced from the equations of parallelism 
with resj)ect to a surface can be extended without difficulty to 
parallelism in F^, ; in particular, the pro]>erties that parallel dis¬ 
placement along any finite curve whatever is always ])ossib]e, and 
in only one way, and that parallel displacement leaves unchanged 
the scalar product of two vectors, and tlierefore lengths and 
angles. We shall show in the following section that we can also 
extend the jn'Ojjerty of autoparallelisin of geodesics, wliich we 
proved geometrically in the case of surfaces. 

We may also call attention here to the notion due to Bianchi ^ 
of the derivative of a generic vector R along a curve T, R being 
a function of the points of T. If the vectors R(.s*) at vaiious 
points of T are not parallel along 1\ the contra variant simple 
system t\ defined by (5F), is not identically zero. Accordingly 
the quantities 


i 7 pi n 


jdxi 

ds 


{i = 1, 2, . . . n) 


may be considered as coniravariant components of a non-zero 
vector Dr which is also a function of the points of T. Tlie 

^ Of. “Sul pai’allulisnn,) vincnlato tli Tjuvi-Ci vita nulla uiebriua tuirvi ”, 

in Jtcnd. della Ji. Aec. di XapoU, Vol. XXVlll, 1U22, pp. 150-171. 
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vector Dr has been called by Bianclii assodaled, and its direc¬ 
tion and length tlie (VvYection and curvature associated point 
by point with the vector R(.s*), We prefer, however, the quali- 
bcation derived, because in Euclidean spaces DR is precisely 
the vector conin\only Icnown as tlie derivative of R with 
respect to the arc 6* of T. In fact, if we assume C^artesian 
co-ordinates, the Christoffers symbols vanish, and the pre¬ 
ceding expressions for the (ordinary) components of {Duy 

reduce to — 
ds 

Returning to a general manifold if R(s) reduces to the 
versor wliich is tangential to the curve T, i.c. in particular 
• d'X' 

if B! = ~ ~ we find that we are again dealing ^vith 
ds 

the vector p of geodesic curvature considered in the preceding 
section. 

It can be shown that in every case J9R (if not zero) is perpen¬ 
dicular to R, and that it has other interesting properties demon¬ 
strated by Bianchi. For further details the reader is referred 
to the paper just cited in the footnote, or to the A])pendix to 
Vol. II of the same writer’s Lezioni di geouietria differeuziale.} 


27. Autoparallelism of geodesics. 


Analytically we may derive this property from the er|nations 
of parallelism by using the differential ecpiations found above 
for geodesics. 

Let X denote a unit vector defined at all points of the gcoflesic 
under consideration and having everywhere the same direction 
as the geodesic. We shall show that X may ])c consifl(‘T(Ml as 
undergoing a j)arallel displacement along the geodesic. 

Let its parameters be A'. From the definition of these para¬ 
meters, and using the parametric equations ~ x^{s) of the 
geodesic in question, we ])lainly have 


and therefore 


ds 


X;, 


^ Second edition. Bologna, Zanichelli, 19*23. 
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Now tlie x's and the x^s are connected by the equations 
(47) (the characteristic equations of the geodesics). Substituting 

d^' 

A' and — for Xi and x^, these become 
(Is 

J\l n 

y A'-iv = 0 . . (53) 

CIS 1 

or multiplying by ds, 

jy ds == dX' + {jl, i] dxi = 0, 

1' 

which are the equations expressing the parallel displacement of 
tlie vector X. 

It is worth noting that a comparison of (51') and (53) shows 
that the quantities p' ds are a j)articu]ar case of ther' ’s, the generic 
vector R being re])laced by the unit vector X of contravariant 
components x,-. There follov\s irnmefliatoly the contra variance 
of the quantities j)*, or, wliicli cojnes to the same thing, the co- 
variance of the quantities whicli we proved directly in § 25. 

28. Remarks on the case of an indefinite 

We agreed (§ 20) to say that an ^/.-dimensional is metrically 
defined when there is associated with it a differential quadratic 
form, with real coefficients a,,., 

n 

4> = ’Zn.au.dXidx,,. 

1 

Wc then introduced the liypothesis that cj) is definite and posi¬ 
tive, and tliis is the only case we liave considered in the fore¬ 
going sections. We now propose to make some remarks on the 
case in which (/> is still supposed irreducible (or such that its dis¬ 
criminant (I is not zero), but is no longer definite, being capable 
of taking positive values for certain sets of differentials dx^ and 
negative values for certain others. 

In this case also, fixing a generic point P of co-ordinates 
X,- and an infinitely near point P' of co-ordinates Xf + dx;, we 
put 

n 

ds^ = ^ = ^i,,ai,,.dXidx,„ 

I 


( 54 ) 
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and we shall call ds^ (wliicli can now be positive, negative, or 
zero) tlie square of tlie luie element (the distance), or better the 
interval between the two points P and P'. 

Among the 00 (real) systems of differentials dx^, or, as w(‘. shaJl 
say, considering only ratios, among the directions di-awn 

from P, there are wliicli satisfy the quadratic e(jnation 

- 0 .( 55 ) 

Eor a moment we shall ijiterpret tlie differ(Mitia,Is dx, as 

referring to Cartesian co-ordinates with origin P. Tlicai the 
directions just defined, wliicli are said to be of zero interval, 
constitute a quadric cone of vertex P. This cone diviih^s the 
sheaf of directions drawn from P into two regions, in one of 
which 

ds- >0,.(5(;) 

and in the other 

ds- < 0.(57) 

All the directions in the first region are said to be of the fir si 
hind or tivielilx (the term being suggested by the interqiretahion 
given to these symbols in the theory of relativity); those in the 
second region are said to be of the second hind or sjHicelihe. dlie 
parameters of a direction of either kind are defined by tlu^ lor- 
mulsQ 

A' = (A = 1. V . . ^ ^ (58, 

there is no analogous result for the directions of zero interval 
corresponding to wTich ds"^ = 0. 

For timelike directions ds^ > 0; hence, if ds denotes ike 
arithmetic value of the square root of ds-, we have | ds | ™ ds, 
and the argument is exactly as it was for the definite quadric. 

For spacelike directions, on the contrary, we have 

I (Is^ I = — ds'^ = — % dxi dxj., 

1 ' * 

so that the quadratic identity satisfied by the parameters P 
is 

1 


1, 


(59) 
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witli —1 on the right, justea,J ot‘ -|-1 u.s for the timelike direc¬ 
tions. 

Granted these results, the systematic extension of the pre¬ 
ceding sections to the indefinite case would certainly not seem 
likely to be ditficulfc. As we are not aware that this has yet been 
done exhaustively, the reader’s attention may be called to it. 
We propose merely to point out an essential fact, almost evident 
a priori and often used in the theory of relativity; namely, that 
the definitions, geometrical ropresejitations, and formulae in the 
foregoing sections can certainly be carried over and applied to 
the indefinite case, provided (a) that we take account of the 
exceptional behaviour of the directions of zero interval, and 
{b) that we make the obvious formal inodifications necessitated 
by (59) when we have to deal with spacelike directions. 

We leave the matter liere,^ with two examples to conclude 
the discussion: 

(1) The condition that two directions, whether timelike or 
spacelike, of p)arameters A', /x', may be orthogonal is in every 
case expressed by the ecpiation 

= 0. 

1 

(2) If we consider only lines wholly composed of timelike 
elements {(Ih^ > 0), the discussion in § 24 holds without modi¬ 
fication, and we reach the same equations (47) of tlie geodesics. 


Slmj Cliii])fc(;r Xr, ]K 287. 



PART II 


The Fundamental Quadratic Form and 
the Absolute Differential Calculus 

CHAPTER VI 

CovARiANT Differentiation; Invariants and Differential 
Parameters; Locally Geodesic Co-ordinates 

1, Covariant differentiation. 

Retumiiig to the rcraarks made on p. Bd of Cliapter IV, 
M^e now propose to generalize the ojieration of dilTerentiation liy 
substituting for the ordinary derivatives of the elements of a 
tensor certain linear combinations of these derivatives and of 
the elements of the given system, winch will in th(3ir turn con¬ 
stitute a mixed (or in particular, covariant) system with one 
index of covariance more than the given system. Exjilicitly, if 
is the given generic system whose elements are functions 
of the x’s or, in geometrical terms, functions of [losition, Ave shall 
deduce from it another system ' ‘ ’ where I is a new index of 

covariance, which reduces to the system ‘ ‘in tlio particular 
case when the co-ordi nates are Cartesian, ^ 

To simplify the formula), wc sliali consider first a mixed system 
A^l with a single index i of covariance and a single index h of 
contravariance. 

Fixing our attention on a specific point of (i.e. ignoring 
the fact that the A^^ arc defined as functions of position), we 
know that the law of transforniation of the funetiojis A^- for 

lU 
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a change of variables is floiitietl b}'^ tlic invariance ol fiie lortn 


F = • ( 1 ) 

1 

in whicli the constitute a generic contravariant system, or, 
in other words, are the contravariant components oi a generic 
vector similarly the can be considered as the covariant 
components of a generic vector u. 

Now, since a set of values of the /if’s is associn.ted witli 
every point of V„, wc can at every point choose two arhifrary 
vectors u, and construct an invariant form with them jind 
the yl’s. 

Suppose this choice made at an arbitrary ])ut fletci'niined 
point P, and consider also a generic point P, infinitely near to 
P. We shall agree to take for ^ and u at tlic vectors pandld 
to those chosen at P; as the disj)]acement is infinitesimal, tlie 
curve of displacement is immateriah We shidl use the of)emtor 
S to denote in general the increment of n fjmuitify in passing 
from P to P^, and we £)rof)ose to calculate 8F, Diirerentiating 
(1) with the 0 {)erator 8, we have 

SF = {8 A’! + A'lh^' u,, -1- A'l i‘ 8u,,}. 

1 


Now, by the convention just adopterl a,s to tlie vectors ^ 
and u, the differentiaLs S^' and Su./,. must Ixi cal(uda,ted by the 
formula) of parallelism ((52) and (52'), |)p. h‘hS, |:>P), wliile 
SA^' is given by the usual rule of rli iTerentiation 


SA'f 


--■= L, Sx„ 

j d Xi 


thcyl’s being by liypotliesis functions of position. Using tliese 
results, we liave 


SP - 


8A) 


1 OXi 






Interchanging i nnd j in the second sum and k <and j in the 
third, so as to get the factor i'ui, 8xi in all three sums, and 

( I> GUj ) ^ 
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collecting all the teriiLS under a .single .suninuition sign, we have 


SF = 


S;;, 


dA^ 

dXf^ 



( 2 ) 


Now the left-hand side of this equation is invariant on aceoiint 
of its meaning, Avhile f', Sxi, W/, are arhitrary conti'nAunhuit or 
CO variant systems; Jience the coeliicieiits of this form (the exf)r(.^s- 
sion in .square brackets) constitute by definition a, systuu which 
is covariant with respect to i and I and contravjuhint with res[)eet 
to h. We can therefore put 


CC'), = 





(•‘5) 


This system is called the comnmU derimUivc of the systenn 
/If. It is sometimes demoted by the .symbol /Jf[^, and also, wlnm 
no ambiguity is ])ossiljle, simply hyU-). 

It is obvious that in (Jaidesian co-ordin}it('.s (which (^xist wlnm 
we are dealing with Euclid(aui forms; cf. § 21 of Chapt('r V, 
p. 121) the system reduces fo tinit of (U'diim.ry (hu'ivatives. 

The method used above can be a 4 )plied, vnffn/is nuifainlis, 
to a generic mixed .sy.steim We sital! always gv.t for o F (a,s follows 
at once on carrying out the necessajy operations) n, nniltilin(‘,a,r 
form Avhose coefficients we sluill define a,s dements of tlie (‘o- 
variant derived sy.steni. Tln^.se cochieients consist of a lirst 
term which is the ordinary (hnlvative, followcfl t)y as many 
terms preceded by the minus sign as th(u*e ar(‘. indices of co- 
variance of tlie given .system, and a,s Jiiany baans pi'eceded i)y 
the plus .sign as there are indices of contravaahince. If we d(‘not(‘. 
by (i) the aggregate of indices -y . . . and by (//) the aggregate 
/y . . . the general formula is^ 


jOi) 


9^:;; 




(/O 


F’/il 


I/O 
lO 

dxi J ' u '' • • • V-i-1 • 

+ 1 : 7 I 

-p I I . 


(a 


^ CJf. A. Palatixi: “Siti fiiiulainoTiti del CUlcitlo DillVnuizialt! iLssolun)”, in 
JiCiul. (l(i Ch'coh) Mat, di PttIcrnLo,, Vol. XfUll, 1!)1U, pj>, Oii LiOC. AmilJinr 
vticLoriiil illn.sh'.-ition of coviiituit dilFfniutiiifioii wjis -^ivdn liy the late I’rof. 
1 iKssioNiaau; in liis “VektorioUo negrunduiig doi* iJifrefuiaialgeiniictrio”, in 

Math, A'an., Vol. 1U17, pj). 1S7-2J.7. 
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2. Particular cases. 

CoTLsidei* linst a cowiriaiit system A-, wliicli we can 

always ijiterpret as consisting of tlic covariant coniponeiits 
(moments) of a vector A. In tliis case tlio terms contribiitcrl by 
the indices of contravariatice are absent, and (t) (or (3) ) gives 


yi 


/[/ 


d.rt 


I 


• (0) 


It is e<isy to see tluit this doiilde sysban is not in g(aieral 
symmetrical; from (5) however we get at once tlie ini])ortant 
relation 


A; 


A 


n/. 


dA,: _ dA,_ 

d Xi d X,- 


( 0 ) 


The vanislung of the covarhmt derivative has a simjde 
geometrical signillcance. in this case, nudtiplying (5) by ch'i, we 
have 


dA,. 

dxf, 


dx^ 


( A.; j ) A I dxf, 
1 


com|)aring tlii.s witli equation (52') of the preceding cha|)tcr, in 
which we supjjose all the (h’a to vaiiiKli exce])t the /tli, wo see 
that it expresses the fact that the vector A imdergoes a pn,nillel 
displacement along the line L 

Analogously, for the derivatives of a coutravariaat simjde 
system A', wo have 


A\. 


dA'' 
3 ri:/ 




O') 


Next, consider a system of order zei’o, i.e. an invariant/. In 
this case (■!) becomc.s 


ft 


d;. 


('?) 


or the covdTiftiU mid the ofdinim'ji dei'ivfitives ure tdenticdl. If we 
construct the systeni of covariant second derivatives, ajrplying 
formnlm (5) to (7), we slndl ha,v('. 


ji 


l/c 


dx^dx,. 


1 




?J X- 


( 8 ) 
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tliese are not the same as tlie ordinary second derivatives but, 
like them, are symmetrical. 

For a covariant double tensor (4) becomes 


An 


a' \ i 


dA,, 

dxj 


(9) 


and for a contra variant double tejisor it ])ecomes 



OX^ L 1 


(<)') 


3. Eicci’s lemma. 

If formula (9) is applied to the system of the coeflicientB 
of els-, we get, remembering the expression for the derivatives 
of these coefficients in terms of Ohristolfers symbols (Char). V, 
§ 16, p. Ill), 

- 0 == 1,2, ,n). . (10) 

This important theorem, that the covariant (lermdives of (he 
coefficients aj,. are zero, can be proved directly from the delinitiori 
of covariant differentiation. To do so, we must chouse two 
arbitrary vectors 5, y], and construct tlie expressioji 

F = S,v, «,7, ^' V'; 

1 

we then calculate 8F corresponding to a j^arallel displacement 
of the vectors y], and we shall get a trihnear form in rf', oX{, 
whose coefficients, by dchnition, will give the required derived 
system. 

Now F is merely the scalar product of the vectors ^ a, ml y], 
which, as we know, is not changed by a parallel dis[)hi(*(,‘m(ait; 
hence we shall have §F — 0 for any values whatever of y], 
and S-t’s, which means that all the coefficients of this form vanish 
identically. 

Similarly we can show that the covariant d<u’ivativ(‘.s of th(‘. 
reciprocals a' ' vanish; in this casci we have to use the ex|)ression 

F == S, 
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wliicli is again the scalar product of the (arbitrary) vectors 
u and V. 


1 . Contravariant differentiation. 


There is in the absolute ditferential calculus a kind of law 
of reciprocity or duality in accordance witli which we can deduce 
from every theorem or formula a reciprocal theorem or formula, 
by interchanging the wmrds covariant and contravariant, and 
lowering or raising the indices. We have already had several 
examples of this; we shall now make some brief remarks on the 
operation of contravariant differentiation, which corresponds to 
that of CO variant differentiation just described. 

The shortest way to deduce from a systemthe system 
wdiich has the properties reciprocal to those of the co¬ 
variant derivatives, is to find the covariant derivative of the 
given system and then compound it with the system of the "s; 
i.e. to make 




(A) 

OF* 


We could find for this system an expression analogous to 
(4) and properties corresponding exactly to those of the covariant 
derivatives; or we could find these properties directly from those 
of the CO variant derivatives, by using the foregoing formula of 
definition. We shall therefore not pursue the argument in detail, 
and shall instead resume our discussion of the fundamental 
properties of covariant differentiation. 


5. Conservation of the rules of the ordinary differential 
calculus. 


First, consider a tensor, in general mixed, which is the sum 
of two others of the same rank and species, i.e. 


^(0 




-'co¬ 


lt will at once be seen that the covariant derivative of the 
system A is obtained, like an ordinary derivative, by adding 
together that of B and that of G, or 


A^ 


(A) 

OF 


< + 


( 0 1 - 


( 11 ) 
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This foniiula lullows either iroiu the linearity of (4), or from 
the consideration that the form F relative to A is the sum of a 
form relative to B and a form relative to C, so tiuit a similar 
result holds for §i^; the coellicients of the latter exju'ession 
(which are by definition the derivatives will therefore^, he 

the sums of the corresponding coefficients of the other two 
(which are by definition the derivatives and The 

reasoning can be extended without difficulty to a sum of any 
number of terms. 

Next, consider the derivative of a product. If are 

two generic tensors, we shall denote their product by 


A. 


(A) 

V) 


^(/O (A") 


where the symbol {i) stands for tlie aggregate of the indices 
{i') and together, ami similarly for (A). We shall show that 








rA") 


{i;2) 


To simplify the formula) we shall su|.)pose tliat the systems 
A and B have each only one index of covariance and one of 
contra variance. We know (Oha[)ter iV, § 8, p. 78) thaf if 

are the invariant forms for tlie systems B and C, tliat for the 
system A is 

F (jjiJj, 

We shall therefore have 


S F ~~ 8 ^ -f- S i/f. 


and equating the coefficients of 7 ]’" iii/Vjnhxi on both sides 
of this equation we get equation (T2) (for the |)articular esse 
considered). 

Now consider the derivative of a compounded mixed system 
(Chapter IV, p. 79) 


1 


( 18 ) 
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where (/) and (//) have the meanings already explained, and 
(r) and (i') denote the aggregate of all the indices affected by the 
pKjcess of contraction. We shall show that 


A 


00 

{i)i 





p(/0(0 


piino') 


(14) 


In fjarticular, if each aggregate reduces to a single hidex 
and if tlie process of contraction is apj^lied only to one index, 
(13) becomes 

A>if = .... ( 13 ') 

1 

and (I-I) becomes 




■ (14') 


AVe shall give the ]}i‘oof for this simpler case, merely point¬ 
ing out that it can be immediately extended to the general 
case. 

AVe start from the invariant forms relative to the systems 
B and C 

= i,,B’u<u,x, 

1 

I 

where we have followed the same procedure as in Chapter IV, 
p. 7 b, and introduced a set of n contra variant systems 
(a = 1, 2, . . . n) and the associated recij)rocal set. The 
invariant form 

1 

has the /I’s as coefficients, as we saw in Chapter IV. 

Applying the symbol of operation S to this we get 

SF - + 

1 

and equating the coefficients of r]-Uij^Vf^.8xf on both sides of 
this equation, we get (TI'). 
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To Slim up, we have shown that the fundamental rules of 
ordinary differentiation hold good for covariant differentiation. 

6. Applications. 

We note hrst of all that if we start from a generic sim])le 
system (a function of position), say a covariant system F^, 
and consider its reciprocal F', we have by dehnitio]! 

1 

hence, taking the covariant derivative and using Ricci’s lemma, 
Ff, - .(15) 

1 

We shall next calculate the covariant derivative of the scalar 
product X of two vectors, whicli, as we know already, is idcnticai 
with the ordinary derivative. 

Let U, V, be two generic vectors, and put 

Z = U X V - N,; V\ 

1 

Taking the covariant derivative, we have 

Z, == S,[V|,,F''+ VFfJ- 

i 

In the second term on the right we can replace Fj^ by tlie 
expression for it in (15), so that 

1 1 1 

Changing k into i, and substituting in we get the formula 

Z, = E,[V|eC+ V^F,|,], . . . (Ifl) 

1 

which is often used. 

In particular, if V == U, wo have Z -- ainl jh(,‘r(‘fore 

Zj = 2TJ^H = 2iv'V,|, . . (H!') 

dxi ] ' 
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7. Divergence oi a vector and of a double tensor. A 2 of 
an invariant. 

Take a covariant simple system X,, wliicli we can always 
think of as the aggregate of the components of a vector X, and 
construct the invariant 

0 = .(17) 

i 

where tlie terms denote eovariant derivatives. In the 

pnrticnlar case of the fundamental form being Euclidean, we 
ha\'c a'^ = S-, and also the covariant and ordinary derivatives 
are identical; hence in this case (17) becomes 



1 ' d2\ 


111 three dimensions this expression is called the divergence 
of the vector X. We shall extend the use of this term to the 
general case (17). 

"We can transform (17) by means of (15). 'Writing A" instead 
of y, (15) becomes, for I ~ 7, 
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(cf. formula, (20), C'liiij)ter V, p. 112) on tlio rifj;lif,, and wrifinp; 
I as tile index of summation on tliu right iiistea,(l of i and j, \vu 
get 

i‘'\ox^ s/a 


or, taking tlia factor outside tlie suminatioii sign, 
V a 


(:) - 

V a 


‘a.-A 


'ivX'). 


(17") 


This expression for the divergence is coiujfletely (ujuiviileut 
to the fornndye (17) and (17'); it is more useful for |)ur[)oses of 
calcidutioig while (17) and (17') on the contrary are more suited 
to theoretical discussions. 

In ])articular, consider the case wliere the vector in qiKJstion 
is the (jmdieiit of an invariant i.e. where 




du 

dX: 


{i h 


n). 


In this case the divergence is denoted l)y tlui synihol A.,v. 
and is called the second differential parantHcr of th(‘. fund ion u; 
the expression for it can be deduced at once from (17) or from 
(17"), using in the calculations tlu^ hict that 


We thus get 


n 



i 


du 

dx; 


n I n g 

AoU =z / {s/au^)^ 

1 V um 


(L<S) 


both these expressions being generalizations of thc^ f)idina.ry 
exjnession for Ao in Cartesian co-ordinates. 

Next, take a contravariant double tensor yY'C We not (3 
first of all that if instead the given tensor \v(U‘e cova,ria.nf (Xu) 
or mixed (X^'), we conhl always compound it with ilie and 
so obtain an associated tensor in which both indices an*, indiens 
of contra variance; so that tlic choice of a contravariant feasor 
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f 


does not really constitute a restriction. From this tensor, taking 
the CO variant derivative and applying the process of contraction, 
we get the coiitravariant simple sj^stein 

.( 1 ^ 1 ) 

L 


which, hy an obvious analogy witli tlie Fonuer cas(‘, is caJled tlie 
divergence of (he (jiven double lenm\ If tlie process oi contnictiori 
were applied to tlie first instead of to the second inrlcx, vve 
should plainly get a contra variant system 

it 


in general this is distinct from the divergence Y\ coinciding with 
it only iji tlie particular case when the given tensor is sym¬ 
metrica]. Vice versa, if X;/. is the system r’eeipi-ocal to X‘^' (the 
indices corres[)onding iji tlie order writteji), we see at once from 
the rules in § 5 tliat the system 


it 



is merely tlie covariant system reciprocal to (19). Rcaairaiing 
to (19), it should be added that tlie expr(‘ssif)n on the right 
cannot ill gemwaJ be trajisformed (as wa,s floiut for tlie ordinary 
divergence (17) ) into aai oxfiression which is convenicait for 
actual calculations. In the ca,s(5 oF an antisymnietrical tiaisor 
+ X''' 0), however, the analogy in this imspcnt is piu- 

fect. In Fact, if we sulistitiite in (19) tlie vaJucss oF X\\. givim 
by (9'), the second term on tlie right vanishes from the anti¬ 
symmetry of the A"’s, while tlie other two give 


I 




■( 


jk, k} JO. 


From this expression, by the sanuj method a,s that just used 
to pass from (17') to (17"), we gfh the*- erpiation 

\/ Q> 1 


(19') 
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8. Some laws transformation, e-systems. Vector product. 
Extension of a field. 

Consider a set of n covariant siin[)lc systems (wher(‘ 
a is the ordinal number of tJie system and i the index of 
covariance) and the determinant of the set 

V = I1A„|,||. 

Changing the co-ordimites from tlie .'rts to a.nothcr s(‘t of 
variables x, the systems are timisfonned (in ancoixhince 
with the law of covariance) into another set of systems /\,|,; 
Construct the determinant of these new quantities 

V - II Vi,: II- 

We shall show that the rekitioii Ixitvveeii V and V is 


V - VD, .(^0) 


where D denotes the Jacobiaii determinant of the transformatioji, 

i.e. 


D - 





which is of course not zero, it being always supposed that we are 
using a reversible transfornnition (§ 2, j). .1). Th(‘. rUjition (20) 

can be verified at once if we construct the product })y rows of 
the two determinants on the right, viz. 


^1 |1 K\2 • • • ^l|n 

Aon Vi-j • • • Ao|.„ 

A,t [ 1 A,j jo ... A„ n, 


rlr, 


a.r„ 


dx\ ' 

air, 

air, 

3 a:, 

a.r„ 

a./io 

3.r, 

3 


3 av 

3 a;. 

a,r,, 

sc ■■ 

3.?,, 


Recalling (§ 11, p. 80) that 
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we see at once tliat tLe elements of tlie product determinant are 
preeisely the cpiantities 

It is also useful to examine the behaviour of the discriminant 


- II II 


of the fundamental form wlieii we change from the ^'ariables 
X to the variables x. For this purpose, we take the trans¬ 
formation law of the coefficients a-/. (§ 12, p. 85). 


(l-ic 


, cx: c'av, 


putting 




we can wiite this la^v in the form 


1 


dx^ 

a.T,. 


This law, which is completely analogous to (21), enables us 
to conclude at once, from the example of the preceding case, 
that the relation between d and the determinant b of the quan¬ 
tities bj,. is analogous to (20), i.e. that 

d = bD .(23) 


Further, as (22) is of the same type as (21), the determinant 
b will be connected with a by the relation 

b - aD, 


which, combined with (23), gives us the required relation between 
a and d, namely, 

d aB\ . , , . , (21) 


It follows from (20) and (21) that the ratio is an absolute 


uivariant, i.e. that 


a 


y _ V 
\/ a sj a 


Strictly speaking, this equality holds except for sign; but if 
we agree to change the sign of the radical when a transformation 
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is iiiudo for wliicli TJ is iiegativo, it holds in sign ;ts \v(T jis in 
nuincrica] value. 

Tile remark just made leads us to dehue a particuku'ly useful 
tensor whose elements can be exj)ressed in a. very simj)l(‘. form. 


In fact, we note that the quantity , wliich we ]ia,ve just 

' V a 

seen to be invariant, is merely a multilinea,r form in the -ii s(‘ts 
of variables A,j-; this is seen at oncu‘ by (e\q)anding th(‘. debn- 
minant V in the usual way, as the sum of [>n)du(its of its (‘l(‘ni(a)ts 
ih at a time, wheiv no product conbiins tva) ehamaits from th(‘ 
same row or column, and wdth tln^ usuaJ rule a-s to sign. We 
may write the result i]i the form 


V a \/a ^ 


ih ^i\,\ A-q/, . . . 


( 25 ) 


where the symbol S denotes the sum of a,II tln^ possible pro¬ 
ducts, subject to the conventions stabe.d a.s to tJuar strucdurt^ 
and sign. Since this form is invairiant, its (•oihlicie.nts constitub^ 
a contravariant system. If we put e'''-- • for tin*- coellichait of 
the product A^,;^ , we s(;(‘. a,t oma*, thn.t we. haAne 

... In „ Q jj.‘ least two of tin; indic(^s ij i, . . , arc 
equal; 

enn.--'n ^ ^ q these indices are all ddhuent a,nd con- 

a 

stitute a perrautabon of evni order with la^spect to the 
fundamental permutation 1 , 2 ,... vq 

_ — if the indic(‘S an^ a,II diherent a,ful constitute 

V a 

a permutation of odd ord(n’. 


Hence it follows that the systcan of onha’ n whoso elenuaits 
1 I 

arc 0, —v_, — . , res])ectively according to th(‘. rules just sbib'd, 
V u \/a 

is rmUmvariant; we shall call it the contmvarimd e-sysfroL 

We can give an analogous (hdinition of tlui covariauf c-s-y/.v/'cm 
by considering the determinant (rcaaproca.l to V) 
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constructed IVoni tlie reciprocal elements of tlie systems in 
tlie clet(3rtuiim,nt Y; these elements, as we know from Cljapter 
IV, p. 71, coiistitute a set of n contra variant sinijile systems. By 
a well-known theorem, which can at ojice be verified, we have 

YA - 1; 

hence the quantity x/ a A ^th(^ reciprocal of a vdll be invariant. 
Flvpanding the dotermiraint A, this can be Avritten in the form 

wh(n*o the symbol S as before diuiotes the sum for all per- 
mnta.tions of tlie indices i. 

It follows that tlie system whose elements are zero 

if tlie indices q A . . . i^, arc not all diflerent, and are equal to 
\/a or ~\Ja if the indices are all different according as the per¬ 
mutation q A . . . "A, is of even or odd order, is cxmirlmiL 

Th{‘. use of the sa,me letter 6 for both is justified by the fact 
tha-t this covaj’iaait system is the reciprocal of the former system. 
This statement ca,n easily lie vmifiiid liy t!ie rearler.*- 

By mea.iis of the e-systems, Avlnai v — 1 vectors (a ^ 1, 
2, . . . v**. — I) a,re given, wc ca.n (hidiice frcjin them (by invariant 
jirocesses) a,n /ddi vector w, which is caFed their vevlor 'prodiici^ 
as in tlirce-dimensional Euclidean spa,ce it is identical Avith tlie 
ordiruiry vector product. If 1 , 2 ,... w) denote 

the contravariant a-nd cowariant components of tlie n — 1 given 
vectors, the formiilto 
1) 

w,: == 2,. , 

1 

= S,. , 

1 

define twai reciprocaJ systems, as can easily be verifiial; hence 
either separably defirK‘s tlui sa^ne vector, Avliich we call w. 
When n ™ 3 aaid tin*, s[)a,c(j is EneJidean the components of w 
do in fact reduc(3 to thosii of the oi'dinary vector ])roduct. 

^ t’or Mil's and oMicr pnnicrMcH of lliii r-Hy.sUiins, of. an infcorc'sMjoj;- intU; ty 
Lipka: “Sni Histcnii A' t\r\ calcolo tlifFomi/ialo n.sKolnto’’, in Ixvud. iMlu li. 
del lAncei^ Voi. XXXi (lirst liaU'-yoar, lirie), pp. e‘12-2'ir>. 


/,{ 7.> ^11—1 

• e. . . . 

7,1-1 'h /‘j . . ■ Oi-i A • n-V 


i /j '/..ji ... hi - l 
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In any case it follows froni tlie ])R‘Ccdin,i^ ^(‘f'inition of tlic 
components iv^ (or iv*) tliat w - - 0 if tiu*. vc'Ctors v,^ <uv, not all 
linearly inclependeiit, i.e. if the characteristic of tlie nnitrix com¬ 
posed of tlieir components < n — 1; when they are independfait, 
w 0 and is perpeinJiciilar to evany The latter [)r(')f)erty 
follows from the consideration of a generic vector })rodiict w X y,. 
Taking, say, the first group of formulm, Ave haw 

n 'll ... 

w X v„ = 2,- W/vl = 2,: ,■ e,- ,• v‘ v;. . . X 

1 i ■ 

which is zero from the definition of the c-system, or, in otlnw 
words, because the sum is tfie exj)ansion of a d (‘ten; min ant Avith 
tAA^o roAVS the same. 

Lastly, AA^e Avish to inti'oduce into the nuti'ic of a, the 
notion of the extension of a held, i.e. to detnu^ for a give.n h(.‘ld 
of a quantity V analogous to tln^. .a,r(ia, of a {)ortion of a 
surface or to th.e volume of a thnie-dinu.aisioFial held. E\ndently 
we Lave a 'priori a free choice a.s to the definition of r/F, pro\dd(‘.d 
that Avhen n ^'2 it rediic('.s to the ex|)r(‘Ssion aln‘.a,dy givam 
for the element of area (fonuuhi (17), p. hO), a,nd that- wlum 
n “ 3, in Cartesia,n co-ordinaL'S, we hav(‘ <1V -- (Ixdijdz] 
further, from the geometrical imva.ning of Mi<‘. tei-m, tlu^ (‘xf.cnsiori 
V of a field must be a.n invajhuit.^ yVl! thes(‘ conditions a,re 
satisfied if Ave assume 

dV ~ s/ada\ . . , dx^,, . , . (‘Jh) 

where s/a denotes the arithiiKtical value of tlie ra-dical, and 
therefore 

F = . . . dx„. 

Wo knoAV in fact that oii a, chang(; of fa)-ordina,tes 1h(‘ pro¬ 
duct dx-idxo . . . rUy nnist b(‘, re.phic(5d by | I) | dx^ dJ\j . . . dJ\^. 
From (2-1), extracting the sepia,rr*. root, and taking tin* a,bsohit(‘. 
values of both sides of the erpiation, we. get 

I v^a I . I I dJ\ dl'.y . . . dJ'„ - <i d.r^ dJ\i . . . 

U\. d(‘t;iile(l .study of Ok! ('.oiicFpfc of o.vt.onsiou luid of its luialyt ic;il cviirc^.sion lum 
recently hoeii made ljy O. 1 fi’lLDFit. Of. “ j )as Vtilimifii in ciiicr i{ i(‘m;iuu’.schon 
MiUiiii.^faltiolceit”, in Mdlh. ZeiUchriJX Vol. 20 (1021), ]ij.. 7-20. 
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But the left-hand side is \/a dx^ dx ^... which is there¬ 
fore invariant. 


9. Rotor of a simple tensor in three dimensions. 

We can now ^ive a definition of the rotor (or rotation,, or 
curt) of a vector X given as a function of position, which shall 
hold goofl both, when the space considered is not Euclidean, 
and also wduai it is Fhiclidean but the co-ordinates are not Car- 
t(jsiajn For any value of n, tlie generalization consists in defining 
as the I’otor the covariant double system 

iPil ^i\! 


whicli is obviously antisymnietrical, since — 0 identi- 

caJly. As we saw in § 2, the p’s can also be written as the differ¬ 


ences of the ordinary derivatives 
sider the A’s as coefficients of a Pfafilan 


if then we con- 


II 

if, = 'L;XidXi_, 

1 


]t will l)e seen that the p’s art', merely the coefficients of the 
bilinear cova-riant of this Pfaffian (cf. Chapter 11, p. 20). 

To get the full analogy to the ordinary rotor, however, we 
should consid(‘r a- s[)aue of only three dimensions. For n = 3, 
there are threci diiTerent (d(3ni(Mjts fn —'Pu^ corresponding 
to the pairs of different suflixes 23, 31, 12, pairs of ecjual suffixes 
giving zero values of th(3 p’s. Each of the pairs 23, 31, 12, can be 
associated with the absent suffix (1,2, or 3 respectively), or, 
in a g<‘n(‘raJ formula,, the index h can be associated with the 
])air of th(3 type; h 1, h -|~ 2, with the convention that suffixes 
which differ by 3 are, to be considered ecp.ii\'alent; for instance, 
if h 2, h 2 represents the suffix 1. It is therefore easy to 
understand how when 'n 3 the rotor can be represented by 
a sim[)ie instead of a doubk; system. If, however, we were to 
put 

the simple system so defined would be neither covariant nor 
contra variant. Instead, it will be convenient to apply the term 
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rotor to a vector R whose cootravariant components B!' are 
defined as follows (with the help of the ^systems introduced in 
the preceding section): 




V Y 
1 


(A = 1, 2, ?>). 


The contravariance of B!' follows immediately from the jahi- 
ciple of contraction. In older to see the analogy b(dw(jen this 
expressioTi and the ordinary rotor, note tliat in the dou])le sum 
i and I can take oidy the values h “|- L h -\~ 2 (since the e corre¬ 
sponding to the value A would ])e zero); since i and I must also 
be unequal, there are two possil)le cases: 

i — h + 1, I ~ h 2, wlien 

V a 

i ~ A -|- 2, I li. “I- 1, when ~ ~ 

V a 


Hence this sum will have only two terms, and R'' can be 
written in the following form: 

V a 

or R" ■-■= L _ !Al±A ; 


the latter being convenient for actual calculations. In Cartesian 
co-ordinates a — 1 , aiid we gid the ordinary (‘.xpression for the 
components of a rotor (it being sup[)Osed that .Tj, x.y, x.^ coi’i’o 
spond in order with x, y, z). 


10. Sections of a manifold. Gleodesic manifolds. 

We know that in ordinary sf>ace if we are given two di[‘(ac¬ 
tions X, fji starting from the same point P and defined fy tlndr 
cosines A', {i I, 2, o), every other direction ^ through 
P w]u)se cosines f' arc; linerir cond)inations of those; of X and (jl, 
i.e. I' pA''-|- a/xh lies in tin; [)lane d(;t(‘rinin(;d by X and (x. 

The co(‘fli(he;nts p anel er arc; of course not ind(;[}e‘ndent, as tin; 
^’s must satisfy a quadratic identity; we; have in fact 

p 2 _j_ ^2 _|_ 2pG cosX(x = 1, 
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The clirectiojis ^ so (lefiiieJ are therefore simply infinite in 
number, and their aggregate is called a seclio}i. 

All this can easily be extended to a generic V.^p in which 
m directions X,, (a — 1 , 2 ,... m) are given. 

Talce m multipliers for the moment arbitrary, and con¬ 
sider the directions ^ whose parameters are 

III 

= .( 27 ) 

and consequently whose moments are 

III 

.(27') 

1 

In order that these expressions may efiectively represent 
parameters and moments respectively, it is necessary and suffi¬ 
cient that they shoidd satisfy the relation 


= 1 , 

i 

HI 

that is to say, E,- A;^ A^ j ,■ 1, 

1 1 


A 

or, denoting the angle between the direction \ and by a^, 


Pa P^ = 1 - 

1 


(28) 


Now suppose that the p’s are connected by this relation but 
are otherwise arbitrary. We tlien see that (27) (or (27') ) defines 
an aggregate of 00 directions (this being the number of arbi¬ 
trary parameters), including in particular the ni given directions; 
this aggregate is called a section. 

A section G being defined in this way by means of ni of its 
directions X,,, take in it any ni directions X'^ whatever' (a ^ I, 
2, . . . m). It is almost obvious that the section G' (Jc'tennined 
by these directions is again G itself. 

This can of course be verified algebraically. In fact, if a 
direction ^ belongs to G', this is equivalent to saying tliat its 
parameters are linear combinations of the ])aranieters A^'/, and 
therefore also of the parameters A^; i.e. the direction ^ als(^ Ijolongs 
to G\ and vice versa. 
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We saw in Chapter V,]). 130. that a ovcxiesic is iiniriiielyiictcr- 
mined if its stiirting-point and direction arc given. Now h‘t us 
fix a point P in a and draw from it two directions X, pn 
these wdll determine a section of co^- directions clraAvn from P. 
Consider the go-'- geodesics drawn from P in all these dirxHdions: 
they constitute a surface (co“ points) winch is cafled n. ffcodcsK'. 
surface with j)o1c P. 

A geodesic surface is therefore detinmined by a point and 
two directions. 

A similar definition can fje given of an m-dimensionai gecHlesic 
manifold. Ta,ke a point in F,,, and '/>a directions dra,w]i from it, 
which will define a. section of directions, and construct ihe 

geodesic corresponding to each of these directions. Since ea.(di 
geodesic contains co^ f)oints, the aggregate of ah of ilusn will 
contain points; 1 . 0 . it Avi 11 constitute a manifold F^,,, which 

we shall call a geodesic aiainfold. 

Particularly important cascAS arc the ge()d(\^k‘ siirfaces (m- -- 3), 
and the geodesic hg/jcrsarfaces {in — n ~~ \) determiinul by n — I 
directions drawn from a point; wc shall use these in the following 
section. 

IF Locally geodesic (or locally Cartesian) co-ordinates. 

In general, a system of co-onlinates in which ds- is U'pre- 
sented by a form with constant coeflicients is called Uartesiaai. 
It is not always possible to clioose co-ordinates of this kind in a 
given F,,; it is however always possifile to find a system of 
co-ordinates Avliicli behave like Cartesians in (Me. iiinnediale vieiiiilg 
of a point P assigned beforehand, or, mor(i [irecisely, which a,r(‘. such 
tliat the derivatives of the coelficiiuits of ds^ (which would vaaiish 
identically if the co-ordinates w<ire Cartesian) all vanish ni tluj 
point P. Such co-ordinates are caJled locally (geodesic, or loctdlg 
Cartesian , co-orf I u 1 ates. 

Their interest from the |)oint of view of paralhdism, or iriorc^ 
generally of elementary ecpiipollent displacement, appears ])la,iidy 
from equations (52) and (52') of Uha])t<n V, [>[). 138, .139, wliicli 
define the increments of the contrawariaait and covariant com- 
pjonents respectively. It follows from these equations tha.t when 
the system of reference is geodesic at P, theses ificr(‘m(*nts, in 
passing to any very near ])oint, are y.ero, [)recisely as a.n^ those 
of the ordinary Cartesian components in .hhiclid(‘.an sjjaces. 
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No"\V take a , and in it any system of co-ordinates x; we 
propose to introduce—if this is possible—a, new set of ycuri- 
ables 

‘C: //■ ‘^25 ' • • ^n) ('^ — I 3 2, . . . h) . (29) 

such that the xs are geodesic co-ordinates at P, or in other words, 
putting dfj. for the coefficients of ch- in the new yariables, such 
that 

= 0 ('. />'= ^ = 1, 2, . . . n ), . ( 30 ) 

\dxi/ p 

where the use of the suffix P denotes that after differentiation 
the x's are to be replaced by the co-ordinates Xp of P. Keniember- 
ing the definition of Christoffers symbols (Chapter V, pp. 109, 
110), we see that (30) is equivalent to the condition that these 
symbols themselves are all zero at P, i.e. that 

= 0 (j, 1,2, ... n). . ( 30 ') 

The following analysis shows the possibility of finding a 
set of functions f- to define a transformation of this kind. 

The condition (30) consists of 7i-in(n + 1 ) equations con¬ 
taining the first and second derivatives of the /’s (since a,-/., by 
the law of covariance, can be expressed in terms of the 
and the first derivatives of the/ds). Now the number of first 
derivatives is Tr, and that of second derivatives is '}i-hi(n + 1 ), 
so that the number of both together is greater than the number 
of equations. Since, as we shall see, the equations are not 
algebraically iuconsistent, it follows that we can solve the 
equations (30) for the values at P of the first and second 
derivatives of the f’s, or rather for some of them, the others 
remaining arbitrary; further, the behaviour of the functions 
at points other than P is a matter of indifference. Thus 
the choice of the /'s can be made with a wide degree of 
arbitrariness. 

To avoid, however, the direct discussion of the equations (30), 
\ve shall start from the ideas contained in § 26 of Cliapter V, 
p. 138. We saw there that the expressions 

r'=de+%i{ji,i} edx. 
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constitute a contra variant simple tensoi*, the vector ^ and there¬ 
fore its contra variant coni])oneiits and also the difl'erentials 
dxi, being all arbitrary. Tliis holds in particular for the 
hypothesis ~ i.e. wlam we su[)f)ose 

t' = + il;, 1;//., e . . . (;51) 

L 

Tf on changing the varia])les we hav(i a,t a special pf)int P 


then at that point, from the law of contra variance 


it follows that 


T' 



3.r, 

dx,: 


(dd) 


If we suppose (as we are always free to do, by milking a 
preliminary change of variiibles from x, to ii constant.) 

that the aCs vanish at P, the equiitions (:)j5) iuv. satisti(‘d pro¬ 
vided the formuliD of transformation (:3h) are of the type 

X. = X; -|- x.,, . . . ay), . . (op') 


wliere <-/>• denotes a function of tlu^ ;/;’s whicJi is n^gukir ul P, 
and whose expansion iji a s(n’ies of [)ow(‘r*s ol th(‘. ;/’\s begins with 
terms of at least the second d(‘gr(.‘(^ (‘,g. a jiolynomial of tln^ 
second degree in the rr’s. In hict, if those conditions iire. fiiL 
filled, all the first derivatives of tho r/>’s vanish at P. Th(‘ senond 


^ 2 / 

derivatives -X'l- are identicid with the .socdtiil dcrivativc.s 

32 ,j;. Sxjdxi 

SVdt ’ terms of the second dej^na; (hy Maclaiirin’s 


theorem) on the right-hand side of tlie ('(jimtions (-J!)'). |{y u 

suitable choice of tlic numerical values of thl^se, sisiond derivuflves 
r, we can make all tlie (.'hrisfollel’s syndjols lor tin; v^ailiihles 
X vanish, so satisfying tin; (;(|iiations (hO'), us we, shall now .sliow. 


In fact, writing out ))otIi sidi's of eqimlioii in full |,v 

means of (HI), and considering the. .v’s, in \'ii'tiu; of (21)'), us 
htdependent variables (with their second dilfcrcntiuls zero) anrl 
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the xa as fmictioiis ol them, we can wiite (33) in the lorui 


th X- -h {A/i, i j- clxi^ dx(, — Xiji -( jl, i } dXj clxi, 

1 i‘ 

Equating the coefficients of dxj dx^ on both sides and remem¬ 
bering (32) we get 


^} p r;’5 


dx-dxj 


from which it appears that we need only take 


d Xj d Xi ^ 

at P in order to liave 


{j, i 1, 2, „ , . n) 


for every possible set of values of Z, i. 


Q.E.D. 


^ Prof. Fermi has recently cstablidhed an important extension of tin’s I'esiilt hy 
showing that, given any curve whatev'er, it is also possible to choose co-ordinates 
wliich are locally ge(Klesic at every point of the curve, Uf. his notes ‘■‘y<»pra 
i fenonieni che avvengono in prossiniita di una linea orai-ia ” in Rend, ddia R. nrr. 
del Lined, Vol. XXXI (first half-year, 11122}, p[). 21-2d, 51-02. Fermi’s result 
can be quickly justitied as follows, by calculating the iiuinbei’ of available unkiKJVViis 
and of conditums to he satisfied. 

Take tlie e(|nations of the curve L in the form 

n = Xi[Xn) {i = 1, 2, ... it - 1), 

as we may always do by considering a suitably limited segment. Note first that 
if the values zl of a generic function c(.r,, ao, . . . and of its j)artia] derivatives 
with resj^ect to a:o, . . . ;Cn-i known at all points of the curve, then tlie v^ahies 

of -- also are determined at all points of the curve. Tliis is obvious if we take 
dxn 

tile identity x,, . . . Xn) = ^Li'Xn) which holds at all points of Z, and dif¬ 
ferentiate it, so getting 

dz _ dz dxi 

dxn dxn dXi dXn 

Now supi30.se that we make a eliange of vaiiahles of the general tyjie (20), and 
that we wish to determine, if pos.sible, the tb fimctioiis /p.r,, .lo, . . . x,^) so as to 

make every-^^2- = 0 along Z. As has already been noted in dealing with a simdu 
dxi 

point F, we thus get ?i*ya(a + l) conditions involving the first and .second deriva¬ 
tives of the/’.s. Now the number of first derivatives ..^nd that of the 

d'd\ 

second derivatives A . is hut from the preceding rema.rk, the id 

ea./i u.r/j “ 0-y- 

of the latter, which are of the type ^— (g k = 1, 2, . . . n), can be expressed 

dxn dxk ^ 




i6S ABSOLUTE DIFFERENTIAL CALCULUS 


It is not iiiapposite to give a geometrical inter])retation of 
the conditions imposed on the co-ordinates x in order tliah (.‘>0') 
may be satisfied, or, in other words, in order that tliey may he 
geodesic at P. These conditions may be put in the followijig 
form: 

(a) Tlio n co-ordinate hypersiirfaces jjassiug through P must 
behave as geodesic hypersurfaces witli respect to points intiiiitcdy 
near P (or, in particular, must be geodesic e\a?rywlicr<^). 

{b) If tlirougli a point P', infinitely neai* to P and on one of 
the n co-ordinate lines through P-—sny that along which X; 
alone varies—we construct the direction parallel to anotln'r of 
the co-ordinate lines, this parallel must belong to itie co-ordinat.e 
surface constant which passes through Ph 

(c) AVhen the co-ordinate hypersurFaues are fixed in acconhince 
with the foregoing conditions (which, as is geom(Trica!ly obvious, 
is always possible), the numbering of th(‘se siirfanc^s (i.e. fin* way 
in which they are associated with the values of tier para,meters 
CC|, X 2 , ... x„) must be carried out so as to satisfy certahi niiniericar 
conditions which wc shall subsef[iiently specify, a,nd which, as 
we shall see, can always ho sa,tis(i(j(l. 

That (a) and (b) are conse(juences of (dO') follows imm(‘(lia,t(‘ly 
from the equations of [^aralhdism arid of gcrxh.^sics. Jbrapro- 
cally, we shall show tliat a system of co-ordimites wliich saUslies 
the conditions (u), (b), (c) is geodesic at P. 

We shall begin by expressing tlu^ condition (o) analytically. 
Take a rlirection with parameters drawn from P a.nd lying 
in the hypersurfacc x- constant (so 1ha.tr/.r- : 0). \V(‘ ha.ve. 
to express the fact that the geodesic, in tJds direci-ion belia,v(‘s ah 


at pointH of L in tonos of tlie oflicrs ond <»f tin- fir.sl, flci-iv.-i.tivcs. riicr*- rcni.iin 
altogether, inoludiii”' hoUi fii’.sl iind Hoeoiirl dcrives, /r + h'-•■'.#'(/M-1) - ir\ 
= n*ln{n + 1) unknown funetion.s of ;r,t to dfl.onnine tiy riio.'uis of iJu; 


luiinher of e(|iiiiti()ns 


^(lik __ 
dxi 


0. Tliesf; lust jOiitions, ;i.s ean at oiioo In- .sr<-n, 


contain the Second derivatives k < -a) in fltiito terms (in fa(!t linearly), 

o.f-hos.i,, 

while the unknown values of the lirst derivatives ‘ appi-ar lonsdlier with tla* 
terms In any ea..se we lauaj a system of as many eijiialioiis aa there are 


unknown funetions i^f alom; to determine. Wluai the vaJiies these deriva* 
tivesare kiiown on L, we can determine, with a wide dei^rj-ct; of ariiit I'ariiiess. fmie- 
tions/i whicli admit i^f thestr values, d’his (ran lie seen Ijy lakinu^'a Taylor expan¬ 
sion of the/’s us a function of the n - 1 arL;'iimeiits -- .r., - yll. 

wlicre the (piantities {I 1, o . . . 71 - 1) anr the values of the P 

the functioTLS which define tliis (Uirvu. 
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P as if it lay on this l^ypcTSiirface, i.e. that vaiiislies along 
this geodesic. It follows that = 0, and tliereiore, 

from the equation of geodesics, 

i],.di'jdxi = 0 . 

1 

Of the terms in this sum, those in nhich either;/, or /, or 
both, are equal to v vanisli, since r/.r,- r~ 0; tijc other r/;r’s being 
arbitrary, the necessary condition for the vanishing of the other 
terms is that 

(iVij;. = 0 (j,l i). 

We thus see the analytical meaning of condition {a). 

Next consider {h). AVe shall take P' on the line i, so that, if 
dx represents the increments of the co-ordinates from P to P\ 
we shall have clx^ ~ 0 for every value of I other tlian i. Let 
X denote the direction of the co-ordinate line j at P, so tlie.t 
X' 0 for every Jc other than j, and let X undergo a parallel 
displacement from P to P'. Ajjjdying the usual formula and 
remembering that dx^ and A-i are the only components wdiich are 
not zero, we get 

dX' ^ — J^j{^ ij ^ XJ (Jxf. 

In order tliat the direction A' = A -|- dX may lie on the 
hypersurfacc x- ^ constanf, we must have A" ^ 0, or (since, 
as we noted, A' ~ 0 if i j) dX' = 0 if i =\- j, so that wc must 
have 

(*■ =#,?). 

This is the analytical (‘Xfuession of condition (h). AVe must 
now use the third condition in order to show that tlie symbols 
with three equaJ indices vathsli; we shall tlins have exhausted 
all tlie tyj)es of (Jhristotl'ers symbols. 

Suppose that the co-ordinates x satisfy the foregoing condi¬ 
tions. Apply a transformation Avhicli leaves the co-ordinate 
surfaces unchanged; this can be done by putting X; -- 
(i.e. every x is a function of a single x), or, which is tlie same 
tiling, 

dXj^ ~ Xi (Xj) dXf, 
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where X; deaiotes tlio derivative of / witii respc'.ct to its 
argument. 

Wc sliall now calculate tJie explicit expression of the synilxds 
wliicli wo intend shall vanish. AVe have 


_ It 

[«:, i] = [iij], 

1 

or, remeniborhig tliad all the symbols are already zero exc(‘pt 
those with three equal in(lic(3S, 

[w, 7] = rt,.; {ii, i\. 

fSubstitiitirig on the left-hand side the expression which defines 
the symbol of the first kind, we get 

Hence the condition 

— 0 {i 1,2,... n) 

is equivalent to 

Now from the law of covariance we have 


a,-i. - -- ^jh ^ J 


and therefore 


dd;; d(l 


fJ X; 


X';+ 2 a;; X;X , 


In order that the required cf)ndition ma.y be satisfii^d, tln^ 
fiinctiotis X therefore need only satisfy, at P, the n numericaJ 
conditions 


9n,, 

dx; 




0 ; 


otherwise they m<ay lx; compkiaiy a,rbitrary. 

We thus s(‘e how to detenniri(‘, a system of co-ordina,tes x 
which shall be locally geodesic at P. 
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12. Seven’s theorem. 

Tlie possibility of choosing co-ordinates wliich are locally 
Cartesian at a given point enables ns to simj)lify the proof of 
some geometrical properties whicli hold in the iieighbourliood of 
a point. As an exanpjle we shall prove, without any calcidation, 
a remarkable theorem due to Professor Severi.^ 

Li a given consider two iulinitely near points, P and P^, 
and a direction u drawn from P. This dLectiun, and the direc¬ 
tion PPj determine a section of and therefore a getjdesic 
surface TF ^vhich passes through P and and contains u. 

We can now give u a parallel disj)lacement, from P to Pj. 
in two ways: 

(1) by considering u as a direction in and therefore using 
the metric of this variety; this will give a direction which 
we shall call the ambiencal ‘parallel; 

(2) by considering u as a surface direction, belonging to the 
geodesic surface Fo just defined, and using the metric of 
this will give a direction n[. 

Severi’s theorem is that % and Uj are identical. 

We shall examine first the case in which is Euclidean. 
In this case the geodesics are straight lines (since, with a system 
of Cartesian co-ordinates y, ChristoffeTs symbols are zero and 
the equations of the geodesics become (Py,- = 0 {i ^ I, 2, n) ) 
and the geodesic surfaces are planes; Seven’s theorem becomes 
an immediate consequence of the ordinary theory of parallelism 
in Euclidean sjDaces. 

Next, if F,i is not Euclidean, we note that in the definitions 
of the ambiental parallel the geodesic surface Fo, and the 
parallel uj relative to Fo, the only metrical elements used are 
Christotfers symbols for the F„; since all these can ]')e made 
to vanish by a sidtable choice of co-ordinates, the two methods 
of displacement are apj^lied exactly as if Y were Euclidean, and 
therefore lead to the same result. 

^ “Sulla ciirvatura delle siipoirfioie e varieta” in Hfnfh del Oircolo Mat. 
Palermo, Vol. XLII, 1917, pp. 227 299. Cf. ^'specially {5 11. 
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CHAPTER VII 

Riemann's Symbols and PROBERTrEs relating to Curvature; 
Ricci’s and Einstefn’s Symbols; Geodesic Deviation 

1. Cyclic displacement and the relations between parallelism 
and curvature. 

Sclioiiteii,^ by Lis vector iiictliods, aTid in{lej>eBdent]\^ ol him 
Pexes,^ by ordinary calculus nictliods, have deinonstndvd Lie 
great importance, tor determining tlie. geometrical ])ropcrties o! 
a V„, of tlie displacement ol a direction round a close.d circuit; 
in particular tlie importance ol infinitesimal circuits in investi¬ 
gating local [irojierties at a geaieric point P. 

Consider a generic direction (a unit vector) u drawn Irom P, 
and give it a jiarallel (lis])Jacemeiit round a c]os(‘{l cairve T of 
inliiiitesima] length so that it comes ba,ck again to P\ a,ft<‘r the 
displacement we shall have a. direction u,, also drawn from P, 
but not in general coinciding witli u. The climigt.^ in tli(‘. (;ontra.- 
variant components it'' due to the displacmmmt rijimd th(‘- (dreuit 
will in general depend on the nrm of Ihe, circuit, on its auijiijiird- 
tion (i.c. on the orientation in V of t1i(‘ elermmt ol surf;u:(‘. on 
wliicli the circuit is drawn), and (in the mfirical proprrfirs nl Uh‘. 

at P- The influenee of tlie last-minnuj prof)(‘rld<‘s is (‘X(‘rt(‘d 
throiigli the first and second d(U‘iva,tives ol the a,y/s; these 
derivatives occur in certain (dinractf'risiic groiifis wliie.lt are 
called liieniarinH sijiHbols, and wliich a.r(‘^ ca>mpost‘.d of (’liristntTej’s 
symbols and tiieir first dmivatiwis. In the [imTieidar ense, of a 
surface, these exprcissious reduce to mie, wldeJi is tiiu.t known 
in geometry as tlie (Gaussian) curvature, of surhui^; for any 
the consideration of Rimnann’s symbols provides a, eDjivaudent 
way of extending the nolion of ciirvadiire. 

In tliis chapter we shaJI first coiisichu' dis[)hic(‘m(3i!t round a 
particular form of infinit(3simal circuit, nanudy, un (denKuitui’y 
parallelogram. We shall theu discuss some, of tdie, [>rof)e.rties 
Riemann’s symbols, which occur iu the investdga.tdon of the 

j)ic (linjkte Analy.si.s yaiy iit-nt'raii UeJa Lv itiiUi laoj-ic ”, in lV/7n dt r Kan, 
Al\ van. IIV/. te A-inUrrdian, flaet 12, N<j. <>, I!»I!C Uf. also .same wriUnY /Jrr 
Ricci- Katkiii (Berlin, 8i;ri7JL»ei-, IJi'Jl), If, 5^ 12 hi. 

- “ Lu jrirallelihine de M. fj(;vi-{ Jivit.a el, la, citiirliiii'e rienanniierine ”, in /tend, 
della IL Ac.c. dci IJnccl, (5), Vol. XX Vl 1 (fii-sl, lialf-y< ar, Il>l!i), pji. RJa 12.S. 
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displacement, and shall use these properties to obtain the formula 
for changing the order of two successive covariant differentiations, 
]ij determining the difference between the derivatives. Lastly, 
we shall return to the question of displacement round anv circuit 
whatever, and shall deduce from it the notion of curvature, 
first for a surface, then for any whatever. 

2. Cyclic displacement round an elementary parallelogram. 

Let two elementary vectors, §P, §T, be drawn from a generic 
point P of a We shall interpret the first as an elementary 
displacement PP^, and give the vector S'P a parallel displace¬ 
ment along it; let Q be the position of the extremity of S'P after 
this displacement. If we apply the same jDrocess to SP, and give 
it a parallel displacement along the path PPo, we reach the same 
point Q (as we have already shown in Chnj^ter Y, p. 116), even if 
we retain terms of the type SS'P, S'SP, while neglecting terms 
of the second order in SP and S'P. We can therefore, in any 
consider an elementary paralJelograjn PP^QP.^. 

Y^e shall adopt the obvious convention of representing by 
hq the change in any quantity q (scalar or A'ector) in passing 
from P to Pj and by h'q the analogous change in jxissing from 
P to P 2 . For a vector, we shall calculate these changes by the 
formulae of parallelism. 

Now let Dyq be the change in q on passing from P to Q 
along the path PP^Q, and D.£ the analogous change on passing 
along the other pair of sides PPoQ which with the first pair 
make iijo the circuit. 

It will be seen at once that (neglecting second order terms as 
explained above) the total change on going round the entire 
circuit in the sense PP^QP 2 P is D-yq — D.yq. IVe shall first 
examine 

The change denoted by S corresponds to the displacement 
along PP{, hence, if the value of our quantity was q at P, its 
value at P. will be , ^ 

<1 -I- ^ = qv 

The displacement along P-yQ changes into y, -f- h'qy, so 
that at Q we shall have the quantity 

!? + + i'(q + Sq) 

= q -h ^q ^'q + ^'^q 
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so that 

D^q Sq ~\~ S'q -|- S'S^. 


As TJj/, ])y its definition, ditTers from U^q oidy ))y iiitcrcliaiig- 
ing I\ a-ii(L P.j,, and tlioietorc S and S', we get 

R/J ^ S'q H- Sq -I- SS'q. 


It follows that the cliange caused by the disphicenient round 

the ciiciiit ]s A /i\ 

Aq r,--. ~ do )q . (I) 


V7<‘ must now find a,n (‘Xplicit form for this expressioti, sup 
posing that tlie quantity q is a vector u, and caleulaiing the. 
iucremeiits S and S' by tlie forniuhe of pcirallelisni. By thes<‘ 
forniuhe, th(i cliangcs Sn/' or tln^ contrava.riant coniponents will 
be given by the Plalhan (p. iSb, eqiurtioii (52) ) 

Sll’’ -- ‘>'1 ■ ■ ■ (-) 

L 

while the cliangos will be given by the sa-unt Pfahian r(‘Ia.tiv(*. 
to tlu'. inenmients From (1) we see tha-t wo ha.ve to ealeulat.e 

the bilinear covariant (cl. p. 20, §1) of this Plailian. 

Differentiating (2) ^vdth the symbol 5' W(‘. get 

- - S,, S' (f/q r} inx, - i-, f ■/•//, rj S'///’ S./q 

1 I 

— S’/, { Hi, r j ii' S'S.T/,. 

i 

To expand the first sum, Ave note tlia4 tiie expressions (?7q r) 
are functions oE the ir’s, and therefore 


S' I Ho r 1 


1 aXj. 


Th(^, second, on substituting for o'n! tlui expression analogous 
to (2), becomes 


I 


^■‘ihu Oh '>'r {u, i] III- h'x,, S.7V„ 

L 

or, int.crr!linn,Q:inff i and / in ()rd(‘r to .iri't. tlic fa(d-,of ii‘ lict'c too, 
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We liave, therefore, Liking out tlie faetoi-s u' S./y, 5kr/, in the first 
two sums, 


S'S^h - S, 


_V / 77 . t / 7.; /I 


77' Sk^z, 


— [ ill, 7 *} 77'S'Sir;,. 


The expression for SS' 77 '' can ]:)e obtaiuecl from tliis by inter¬ 
changing S and S'; in tlie first sum we shall also interciiaage 
li. ajid 1‘, giving 


U,. 


2r|//.’- rji/a, /) 


7/' S'jS/. S.fV 


— 2,v, I '/;, '/■) «'SS'a)/,. 


In taking the difference S'Su."' — ScY^//’ the third sum cancels 
out, because SS'j)^ ~ (cf. pp. Id. Bh § J), and tliere remain 

the terms invoh'ing the indices v, li, l\ m which u' Srcy, S'./'/^ can be 
taken out as a common factor. If we introduce EicnidiDi'n sijihhiAs 
of the second kind. 


i 


ir, h k ]- 


dx}. 


[ ill, r 






1,2,...«), (3) 


we shall therefore have 

A77/' - (S'S - SS')^d = - hk\inxi, h'lv,. . (4) 

1 


This formula shows that the required increment Au depends 
on the vector u, on the two vectors SP, S'P which define the 
parallelogram, and lastly, on the metric of the manifold, through 
the quantities [ir, lik). Trom (4) it follows as a particular case 
that for Euclidean spaces Eiemami’s symbols as just defined are 
all zero, whatever may be the co-ordinates x chosen for reference. 
In fact, for such a manifold, we have Au'’ = 0 (/■ ™ 1,2,... 77 ), 
since any vector resumes its original value after parallel dis¬ 
placement round any closed circuit whate^nr. Hence the right- 
hand side of (4) vanishes for every t, and for any value of the 
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vector 11 urid of the (lispliicciiicnts SP, h'P, i.c. foi* any values of 
tlie argiun(,uits ip The coeilicients [?.>, ///:) must tliere- 

fore vanish sejxirately. 

It will be useful to j.)oint out at once the following two pro 
perties of the operator A: 

(a) AVIien applied to a product, it behaves like a symbol of 
ordinary diflerentiation, i.e. 

A(i/;r/)) (fyAip, 

whicli can be verified directly, ])y caJculating first S(?/r(;4), then 
S'S0/;r/»), &c,; 

(h) wlien applied to n function of position, tlie residt is zero^ 
as is obvious from the meaning of the symbol. 

If instecul of the iiicr(nue!its Av//' we, wisli to find those oJ tJic 
oovariant components, we caJi use the r<da.tioji. 

n 

Uj “ 

1 

and therefore, from the properties of the o|ajrator A. 

Ayp ~ N,wp,.A?d 

i 

n, 

a,, \ k, l)h] u' Tw,, 8"3V. 

L 

If we introduce ,symbols of fhr Jirsl hind, 

(-y, Jik) - O,-.}, .... (5) 

I 

we can sum with respect to /•, and can tlnm write 

A»,. T,,,,(y;//7,:)w/83V,oW, • • 0') 

1 

which is analogous to (1). 

Solving (5) we g(!t Riemamds symbols ol th<i second kind in 
terms of those of the first kind by the. formula (the inv(U‘S(i of 

(5)) 

. . . (jy) 

I 


-[ ir, Ji Jc I 
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3. Fundamental properties of Kieiiiann’s symbols of the 
second kind. 

As cjui ]>e seen Irorii tlieir dcfiniiioii (3), Riemann’s symbols 
of tlK 3 second kind are functions of position, depending on tlie 
(‘oenicients (tjj., tlieir lii'st (b'rivatives (conLiined in Oliristonbrs 
symbols) and second deriva-tives (contained in tlio derivatives of 
(bristoflers symbols). Tliey ha,vo the followmig fundamental 
jiroperties: 

(a) They are antisymmetjacal in the last two indices, i.e. 

{ h\ hk ) — -[ ir, kh )■, ... (o) 

wlioiice in jiarticular 

[if, hh] - 0 . 

This projjerty follow's immediately from (3). 

(/;) TJiey cojistitute a mixed tensor,^ contra variant with respect 
to tlie second index and covariant with respect to tlie other tliree, 
so tliat the symbol {if, hk) could also be deiiotcd (as is sometimes 
done) by To pt’ovc this, consider the invariant 

n. 

F = 

wliere the y/s are given (but comjiletely arbitrary) functions of 
])osition, so that Ap.,. 0. If Ave give F a displacement round 

an inhiiitesimal circuit, we find (remembering the behaviour of 
the operator A) 

^F : 2,(7r/'Ap, + p,AiO 

I 

I 

As F is invariant, this quantity must also ])c so; replacing 
Ay//’ in it by its exfxression (I), we ge-t tlie qnadrilinear form 

^F - {A- hk] P, yd Shy, . . (7) 

1 

which expresses the required [irofjcrty of the Ricmann’s symbols, 
since the simple systems p^., yt', S.ry, Shy are all aihitrary. 

* Vf'j’y ) 4 vin‘rM,lly, ospucially iii works on tlio Tljoory of Uolutivihy, ojillod fclio 
/iicntati.ii.-CIi rLsloJjc/, Ictiaor. 

(0 (i/j/i) 


7 
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Wc can use tlie teuHor cliaractcr of .Riciinniii s .sviiiLols to 
obtain a second proof of the fact tliat Kioiniuin's synihols arc^ 
all zero for a Euclidean 7„ (the first jffoof is a,n iiiiniediat.e con¬ 
sequence of (4), as was shown in the precedinj^ section). In fa,ct, 
the dehuition (3) shows at once that they v:i,ni.sli in f ail.c.sian 
co-ordinates, and in consequence they vanish in any other system 
of co-ordinates. 

(c) They have an important cyclic proj)crty with respect to 
the three indices of covariance, namely, 

|tr, 7i^’| -j- {}ir,k%\ [hr, vAj -=().. . (cS) 

To prove this, we again take F and formida (7), I nil- we suppose 
that in them the fa are derivatives of an iiiVii.rianf. fiimtion /' 
of position (whose numerical values are otherwise, irrhif rnry), 
and we also take as vector u an infinitosinial di,s[)lii,cenietii, with 
components id' = dx,., which is also arbitrary. Wit h thi.s rhioie.e 
F becomes 

F = dx, = df, 

and (7) becomes 

(S'S — SS') df ■= — lih] 77,. dx^ Sxi, fVr/ 7 ,. . (!)) 

1 

Interchanging cyclically the three infinitesinnil vectors (hnif)i<‘(l 
by the operators d, S, S', we get the other two forimilaf: 

(r/8' - S'd) 8/ = —S,.,,t.,(?V, hh\p,.h;,:S'xi, dx^, (i)') 

1 

{8d - dS) 8'/ == -I if, M: ’■ p, 8 T, dx,, Fx ,,. (!)") 

i 

l\ow on the right-hand side of these last two forinnlm w(' enn 
arrange to have the product dx; S'/;,, in tlie gfuioni.l t.crjti, 
merely by a suitable interchange of tlic indices ol‘ siiniinalion. 
AVe can then add (9), (9'), and (9"); the left-lin^nd si(l(‘. giv(‘s (), 
since the terms cancel out in pairs (e.g. §' 8 r//‘— d'd^f o'iodj 
— dSf) = 0 , since / is a function of position); and W(.^ g(di 

n 

0 ~ In] -|- jir, ih]'\])^. dx^Tyxi, 3';/).. 

As 7.),., dxi, h'xj. are arbitrary, ( 8 ) follows at once. 
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4. Fundamental properties and number of Riemann’s symbols 
of the first kind. 

Eieiuaim’s symbols of the first kind, as defined by (5) (i.e. 
the quantities obtained by compounding the quadruple system 
of the symbols of the second kind with the system of coefficients 
cin) have the following properties: 

{a) They are covariant with Tcs 2 :)ect to all four indices, so that 
they may be denoted, as is often done, by this follows 

from the definition, in consequence of the law of contraction. 

The remark that a Euclidean has all its Riemanii’s sjunbols 
zero is true here too, whatever may be the system of reference. 

(6) They are antisymmetrical with respect to each pair of indices, 
so that we have identically 

{ij, hh) - -(/y, Wi), .... (10) 

(y, M) = — fjV, lih) .(11) 

The identity (10) follows at once from (5), and from the 
analogous property of the symbols of the second kind. To prove 
(11) we shall follow a method analogous to that used in § 3 (d), 
taking as invariant the scalar product of two arbitrary vectors 

F = 

i‘ 

Applying the operator A and remembering that in a parallel 
displacement the scalar product does not change (so that A A" — 0) 
we get 

0 == Aty . . . (12) 

i‘ 1 

The expression for L'ld is given by (4), by writings in it instead 
of r; that for Aa^- is given by (4'). Substituting, we get 

0 = ^jihk 'Vj ' ij, ) v‘ s {ij, hk) e 8xi, 8 %. (12') 

1 ]■ 

In the first sum we express Vj in terms of the contra variant 
components v^., and then, remembering (5), we sum with respect 
to j; we get successively 

n 71 

\ ~ {ir, hli) u' dXj, S's’/,; 

1 ' ‘ 1 ‘ 

lastly, changing the indices i and into j and i respectively (to 
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get the term in the same form as the second [larf. ol ), we 

cr0t, 

U) vd'S;/-;, S'/v,. 

1 

We Crin now return to (i2'), niid t<ikiii<( out ilu^ ooiiiiiion 
factor we get 

0 = l(.P> -I- Hi’ I'’ (l■‘') 

1 

from tliis, since u-', v', Say,, S'./y. are arhiirarv, W(; tret rormiihi 

( 11 ). 

(c) Eiemnmi’s symbols of the (irst kind Iiiiac also a, eyr/Zc 
'proferlif analogous to that of the symbols of (he seeonil kind 
and iiumetliately dediiciblo from (Ik; latU-r, na.mely, 

{ijJik)-\- {kj,ih) 0, . . (I I) 

where the second inde.y remains fixed jiiid the other thl■e(^ are. 
permuted cyclically. This fornmla follows direc.lly from (S), 
on nmltiplyiiig by «y,, and summing with res|)<afi, lo r. 

As each of the terms in this sum is a,iitisynmi(lri<'al, we can 
at once obtain from (1-1) a similar identity 

-I-('Vb/i)+ ('//■.i/0 0, . . (IF) 

in which the first index remains fixed and the otlnu' three a.re 
permnted cyclically. 

(d) Lastly, for the symbols of tlui fir'st kind, Ihem is a [iro- 
perty oi ■periiiitf.abibl.y, which is a conswinmice, of (he foregoine 
properties, and according to which we can interchange (he (wii 
pairs of indices withont altering the value of the symiKd; mi.mely, 

i'ij, hi) =: {hi, ij) . (IP) 

To prove this, take (14') and the three otlnw irlentides olifaiiied 
from It by cyclic permutation of the four ijidices in (he order 
■i,j, h, I, or 

/'/j + (*/d hj) -j- {il, jh) - 0, 

{jh, li) + (jl, ih) + (yV, hi) 0, 

(Ma r/)-|- (hijl) -I- (/y j./) 0, 

{li,jh) -f (Ij, hi) + {Ih, Ij) 0, 
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Adding Mic finst ?ind fourth and subtracting tlie second and 
third of tlicse id(Mitities, a.ial using the pro])orty of a/ntisymnictiy, 
we see that the terms cancel oiLt in j)aii\s, except the four under¬ 
lined, wliich give 

2{ij, hh) — 2{hh 'ij) 0, 

whence the required pro])erty follows. 

AVe shatl now calculate the 'Hiofiher of iiulejwiulcnI Birinann's 
sy}i}hoh of ihe Jirsl I'imJ. A quadruple system (cf, § 2, p. G5) 
has in generaJ. //d elerjients, if there are independent varialales. 
The number of distinct Hhnuann’s syiiibols of eacli kind is 
smaller, howuivcir, as tluise syml)ols are connected by the identities 
we luive just [U'oved. We sliall determine this 'number for the 
symbols of the first kind, dividing them into tfiree classes, and 
counting sepa;rah(*ly those in each class, as follows: 

(1) Symbols with only two diJi’crent indices: these are of the 
type {if ij), since the other possilile arrangements are either 
reducildo to this, or give y.nTo vahic\s. Each pa,ir of unequal 
indices v, j thercdbre gives a single symbol of this class, which 
thus contains 

n{n — 1)^ 


(2) Symbols with three dilTcrejit indices: these are of the type 
{ij, ill), since luirc too the other j>ossi))]e arrangements are reducible 
to this or givci z(iro values. Every trijdet ol unequal indices will 
give three symbols of this tyj)e (since the repeate(.l in(.lex may be 

... _ . . ^, nin — 1) {n — 2) 

any one or the three); since there are 


the number of distinct symbols of the class Ave are considering 
amounts to 


n{n-- l){n~- 2). 

5 


(3) Symliols with four different indices: a set of Jour different 
indices i, j, h, h Avill give the three symbols 

(•//,///.:), {ih,lj). 

while every other j)ossibh^ arrangement gives a symbol reducible 
to on(‘ of tlu'se. Ihit these tlirc(3 ar(‘ not indepmulent, on account 
of the cyclic relation (M')* If follows that each oi the 
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sets of four indices gives two distinct 

l*2-3-4 

symbols, so tliat the total number of these is 

n{n-~ l)(n~ 3) 

12 

Adding these three partial totals, and simplifying, we get 
the total number N of independent Riemann’s symbols of the 
first kind: 

12 


Tims for an ordinary surface (n ^ 2) we have N ^ 1; 
for a three-dimensional space, N = G; for a four-diniensi(mal 
space, N = 20. 


5. Bianchi’s identities^ 


Bianchhs identities are cyclic relations between the covariant 
derivatives of Riemann’s symbols of both the first and second 
kinds. They are obtained as follows: 

Take formula (3), which defines tlie symbol of the second 
kind {ir, and diii’erentiate it with respect to .xy We note, 
however, that on differentiation the last ]mrt, which consists of 
terms of the second order in Ghristoifers symbols, gives t(‘rms 
made up of the product of one such symbol by the derivative of 
another: the essential point for us is that, with reference to a 
specified point P, by choosing co-ordinates which are geodesic 
at that point, we can make all these terms vanish. We cannot, 
however, treat the first part in the same way, as tlic geodesic 
co-ordinates make Christoffel’s symbols vanish but not their 
derivatives. We shall therefore have the formula, valid at the 
point P for co-ordinates geodesic at P, 


a 

dxi ‘ 


Jik\ 


3 .% dxi ^ 


Aik 


3^ 

3 Xu 3 X, 


{ih, rj. 


^ These ideiititiuR wore stated witliont jiruof hy Uaiiova, on tlie strength of 
a verbal coiiimnnicatioo of Hicjoi (df. ‘bSulle doforina/ioni iiifniitesime ”, in /i\‘?uL 
deJiu It Acc. chi Lined, (4), V<>1. V {first lialf-yi-ar, 18H9), ]>. 17b). Tiiey were Iheii 
forj^otten even by Ricci liiiiiself. P.iani’III rediscovered tlieiii and published a 
proof obtained by direct calculation in 1902 {Ibid., (5), Vol. XI (finst half-year, 
1902), pp. 3-7). 
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Write clown also the two other formiilge obtained from this 
by cyclic periiLutation ol the indices h, k, I, leaving i and r fixed; 

dxi.dx,,''' 
d Xi d ^ 


3 , . 7 M 3- 1-7 i 

{^r, Id] = r] 

dx/, Sx-tdx/, 

d j ^ 9 “ I -1 \ 


I il, ^ I j 

{iJi, r|. 


Adding the terms on tlie left and riglit of tliese three equations 
we get 




[if, 1th] -|- ^ \rr, hi] “|- [tr, lh\ ~ 0, (lb) 

'it 'h 


whicli holds at the j)oint P, in the particular system of co-ordinates 
chosen. Noav consider the following mixed tensor of rank five 

■^ihld l + {}/f, + 

in which the suflixes outside the brackets denote covariant differ¬ 
entiation. This system, referred to the ])oijit P and to co¬ 
ordinates geodesic at P, is identical with the left-hand side of 
(IG), since in tliese conditions tlic covariant and ordinary 
derivatives are identical; all its elements are therefore equal to 
zero, and it will therefore be identically zero whatever may be 
tlie system of reference (cf. Chapter IV, p. 84). We liave thus 
proved the identity 

{ir, M), + [if, hi], -h [ir, Ih], == 0, . (17) 

Avhich is a first form of the result established by Bianchi. 

For the symbols of the first kind tlie analogous relation is 
easily proved from the definition of these symbols given by (5). 
In fact, taking the covariant derivative of this formula, and 
using Ricci’s lemma, we find that 

'it. 

(ij, hh)i = 

J 

From this, permuting cyclically the indices 7q h, I and sum¬ 
ming, we get, by (17), 

hij, hll), + {Ij, U), + {ij, U,), - 0, . . (17') 

which is the second form of Bianchi’s identity. 
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6. Comimitation rule for the second covariant derivatives. 

An im[)ortant application ol Rieniaiiirs syinl)r)ls occurs in 
the lormiiia ^^Tich gives the relation between the two systems 

Aj) A.i) 

obtained by double covariant dilTerentiation from a g(‘ii(‘rlc, 

tensor where (/) stands for the aggregate, ol' indic.i'S of 

(0 ’ ... . 

covariance % . . . and (j) hjr tlui aggregate of indic(‘s of conl.ra,- 
variance j?^ . . . To simplify the formuhe \v(t shall consider a, 

mixed double system A{, w'itli the rejinirk that tlu'- j)roccdure 
is similar if there are more indices. 

AVe start as usual from the bilinear form 

F = ijAiiAi, 

j 


the invariance of which determines tlui hiw of traarsformaiion 
of the J’s; the ^'’s are the contravarhmt conpxjiunits of an 
arbitrary vector and the arc the cova,ria,nt components 
of another arbitrary vector u. The ju’oeedure will consist in 
calculating, in two different Avays, the (piantity AF cormspond- 
ing to a cyclic displacement round an (‘Jementary paan.lldo- 
gram (cf. § 2), and in equating the two expr(‘ssioiis so 
obtained. 

A first Avay of calculating AF is a.s follows. Wo a,ssociat(^ (iu^ 
increments §, S' with two sides of the parallelograni, a.s in § g, 
and use (1). Note first that from the dctinition of tln^ (aivaiiant 
derivative (cf. Chapter VI, p. 14G) SF is given by 

n 


Similarly, applying tlie symbol S' to tin's 
shall get 


S'SF 




(‘-x[)ression, we 


From this, interchanging S and S', we get 


Bb'F - 


II 

'^ijhk i j /ik ^ ^ '^'h 
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subtracting tlie.se two equations, after intercliaiigiiig the indices 
h and h iii tlie second, we get 

~ • (Id) 

liie 0 tiler method oJ* ealcnlating this quantity consists in 
applying the operator A directly to the expression for i\ Remem- 
(icring the tiindamental properties of A (§ 2) ^ve shall get 

1 

or, .sub.stituting for A^' and Aio the expressions yiven bv (4) 
and (4'), . . V ^ 

AF r Aj I li, III-} Uj Si}, ST,, 

1 

In order to get the second sum in the same form as the first, 
wc shall expiress it in terms of symbols of the second kind and 
of the COvuiriant components of u; to do this we first use the 
property of antisymmetry wdtli respect to the first pair of indices, 
and express the in terms of the u/s, so that the sum becomes 

4- (j'P, t ‘Ui 8%,. 

1 

Summing with respect to p, and using (5'), we get 

M\e u,Sx,8'x,. 

1 ' 

No\v, in order to reconstruct the second expression for AF 
in a suitable form, ^ve shall first interchange some indices, so 
as to be able to take out the factor ^A(jSxj^8'Xf. which occurs 
in (18). We mast interehaiige / and i in tlie first sum, and / and 
j in the (modified) second; ^ve shall then get, collecting both sums 
under a single summation sign, 

AF -FiJ.u r 4 - 4 {Ij, f Shv, 

1 L J 


(D G5r>) 
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Comparing this expression with (IS), and remembering that 
u, the Sx’s, and the S'x's are arbitrary, we get the commutation 
formula 

- 4vru = - 2 . [4 - 4 4’ ( 19 ) 


If the system from which we start has m indices of covariance 
and fjb of contravariance, we must consider 7n vectors deter¬ 
mined by their contravariant components, and /x vectors u, deter¬ 
mined by their covariant components; by an analogous process 
we shall find 


Aj) ___ j(i) ^ 




s,. 

_ 1 


(0 


‘ <•!... 2,._1 I . . . t,yi, i ’ I 


( 20 ) 


7. Cyclic displacement round any infinitesimal circuit. 

We now return to the order of ideas interrupted at § 2. Given 
a direction u at a point P, we shall give u a parallel displacement 
(in round a closed curve T, iiiflnitesimal, but of any shape 
whatever, and of course passing through P; we propose to 
calculate the change Du'*' in a generic parameter of u caused 
by the cyclic displacement. The formula we sliall find will be 
merely a generalization of (4), and must reduce to (4) 
if as a particular case we take for T an infinitesimal parallelo¬ 
gram. 

For an elementary displacement dxj^ we know that the change 
in u" is 

n 

cW I ill, r } u' dxj^^ 

1 

so that it has the form of a Pfaffian 

ifj, = \x,,,dxj,, .... ( 21 ) 

1 

in which the W’s are functions of position (since they contain 
ChristoffeTs symbols) and of the w'-’s which are defined alo 7 ig 
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the curve T by the equations of parallelism dit' = We have 
to calculate the ii^tegral 

Du^- = f = f i,X,,,dx„ . . ( 22 ) 

wliere we use the operator D to indicate the increment resulting 
from displacement riglit round the circuit. We shall now con¬ 
sider any sin'face a containing tlie curve T, and we shall call 
r the region of this surface which is within T, and is such that 
T constitutes its complete boundary* We propose to transform 
the integral round the circuit T, which occurs in (22), into an 
integnil over the surface F. To do this, we sliall first introduce 
a system of co-ordinates and q., on the surface in question, 
delining them by the parametric equations 

'>h '-ih (!7i. ? 2 ) (^' = 1, 2, . . . n). 

The (Ix'b will consequently be linear functions of dq^ and 
dqx, substituting their expressions in the Pfaflian (21), this will 
take the form 

dii^' ^ dq^ + (^2 • • ( 21 ') 

where the quantities and like the *Y’s, are defined along 
the curve T. The integral to be calculated Avill thus be 

me ^ f (Q,dq,+ Q,dq,). . . (22') 

We sliall suppose the curvilinear co-ordinates q^, q^ so chosen 
that the sense of integration round T is the same as tliat deter¬ 
mined on F (at a generic point) by the rotation (through the 
angle less than 180°) from the positive direction of the line q^ 
(j.o. in the sense of q^ increasing) to the positive direction of 
the line q.,. 

The trfinsformation of the line integral (22') into a surface 
integral taken over F could be effected at once if the Q's were 
defined as functions of position in the interior of F as well as on 
its boundary. But inst(iad of this they contain tlic wliich 
arc given at P, and at poirits on T have values resulting from 
the parallel displacement along X itself, but are not defined for 
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a point M witliin F, their values at M (le})eii(liiig on the patli 
followed in the parallel dis])lacement of u frojn P to M, 
shall, however, show that if F is infiuitesinLal the jiiflucnce of the 
path of displacement on the values of the a/ ’s at M is neglioif)!!*, 
and therefore we may consider the vd’s, and in cons(Mjn(>nc(‘. tin* 
X's or the (Ja, as functions of ])osition o\-er tin*- whoh^ ari^a, J\ 
which will enable us to make blie refjuired trajisfurniation of 
(2T)A 

AVe shall make some ])reliminary remarks on orders ol nia.a'ni- 
tude, using for this puiyiose the gcuieral existenc{‘. theoiaan lor 
integrals of systeins of ordinary dilTerential ef[iiatiotis. Hiich a 
system is constituted by the ecpiatiojis 

(hf ~ ijj, (r 1,2,... n), 

which define the functkms i('\ along a, gema'ic liin‘ 7\ start¬ 
ing from a given set of initial values a.t P (cf, (Jhaptei* If, 
p;23). 

Now the existence theorem assures us that in genei-al (iae 
when certain not very restrictive conditions of continuity 
and differentiability are satisfied) the initiaJ vatm‘S deline Ihtj 
integrals uniquely, and these integrals and th(a*r dca’ivatives 
are continuous functions for valinvs of tlu^ iud(‘pend<ait vai'iahht 
within an interval which is not shorter than some a,ssignaJ>l(i 
cpiantity. 

In our case, granting, what will naturally be tlui cas(% tha.t 
the coefficients of cIs- ami the recijwocals (P' a-rc‘. finitn a.nd 
continuous, as well as tlieir first and second (l(‘riva-tiv(\s, in a 
certain region round P, and supjjosing also that tln^ hmglJi of 
the vector u at P is limited, i.e. is not grciaha* 1 han soim^ spe(hi(‘d, 
but arbitrary, constant U, it can easily be deduced from the, 
above-mentioned existence theorem that —considiuhig th<‘ are. 
of the curve of disjhacement as the independent va,ria,bh‘. --th(‘. 
id’s are defined (as continuous, dilferentiable, fmutions), with 
P as starting-point, along any curve whatever*, for a. s(‘gment 
of the curve of length not greater than a c(uda.in <jiuuifhy A 

^ \A^e shall in fact litMV limit ilic* (liHcnssion to an in(lirati(tii of I hr ^ciirral lines 
of the argument, without })ansing' Dver tlir fhitails nceUrd to jusl.ify l.hi‘ \':irii*iis 
steps of the proof with complete T'igoiir. '^IMiere is aii exliaustive proof in IIhj 
artiele by H. IncTZE: ‘“IJeher lhiraH(;lve)*schi(!hung' in Rieiiiaiin’sehen Uaihnen ”, 
in Math, ZcHiiclirift, Vol. 16, 192;3, pp. S08-317. 
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wliicli depends exclusively on tlic metric (d the maiufold and on 
V. lienee it follows in {rirbicular that the diffcrejices ))et\veon 
tJie and their hiithd Vidues are of tlie same order ^ of magni¬ 
tude as the length L of the arc along which tlio integration of 
the system chi'' ~ ijj,. is efiected. 

Further, the area T wliicli we are considering on the surface 
£7 is infinitesimal, in tlie sense tliat we pro})ose to ]uake if diimhiish 
indefinitely. It is therefore perfectly legitimate to suf)f}Ose, that 
it is already so small that every ])oint in it can 1)C reached from 
P by a line of length not greater than A and that tlie length of 
the whole contour T is also less tlian A. 

We thus have the result that if u undergoes a parallel dis¬ 
placement from P to a point M within the area F, or on its houn¬ 
dary 1\ the n''’s at M differ from their values at P by quantities 
of the same order as i, if P(<A) is the nniximum length of 
the lines considered. As a first approximation, in which quan¬ 
tities of the same order as L are neglected, Ave can tli(M‘efore 
take the components 'u!' as constant and — over tlie whole 
area P, including its boundary. 

AVe can find a closer approximation if we calculate the 
at M by integrating the Pfaiiia.n (lil) along a curve PQ, sub¬ 
stituting, however, for the coefiicients theii' values at P. 
This process involves an error of order L in the vuliies of tluise 
coefiicients, and tlierefore an error of order P“ in the values 
found for the at M/, the choice of the curve PM is indilTerent, 
as iu this case the Pfattian hecoines an exact dilTerential. As 
the coefiicients are constants, the integration can be at once 
elfected, and will give linear functions of the a;’s for tin?- n'”s. 
AVe sliall tlius have obtained the as functions of position at 

all points (including the Ijoundary) of tlie area P, neglecting 
Cj[iiantitieh of order L^. 

A'Ve can get a third approximation by substituting these 
approximate linear expressions of the vd’s in tin; coelficients 
Xyj^. Tlie A’s will tlius become functions of positiori, as was 
required, defined througliout P, including its fiomuhiry T, and 
coinciding on T (if ire neglect i“) with their accura-te values 
as already defined. These values of the X'h can be used to 

^ This moans tliut the diiU'i’f'iico.s in (jiiosLion art; not ^'i-oaU'r tJi;in (Ikj jinxluofc 
of L l>y a oortain Jiiiitr o'oolliciunt, wliicli does not depend on A or (oi the curve of 
mtegratiuii, hut only on I\ U, and tlio metric of the iiianifolfl. 
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calculate the integral (22), wliicli will give the value of Du!\ 
the error being now of order L^. It was necessary to cany 
the approximation thus far, since the other two approximations 
make ijj an exact differential, and would give the value zero for 
Du’\ the obvious meaning of this being that Du' is a cpiantity 
of order 

We shall therefore return to (22), giving the Z’s the meaning 
just explained, and transform it into the form (22') by using the 
parametric equations of the surface a; and Q., 
represent functions of position defined at all points of F. In 
consequence'' we can transform the line integral into a surface 
integral, getting 



We must now find the value of the integrand on the right of 
(23), which can be done by means of the following considcnvi- 
tions, without writing out the expressions for and at full 
length. 

Let the operator S denote the increment of a quantity corre¬ 
sponding to a displacement along the line 5^2 ~ constant, wlicn 


^ By tlie ordinary fonnului, 

= -fi,/'/?.. • (fO 

whero / is a fniiction of and fj, wliicli ia continuoiia, togotlier with its fii'Mt 
durivjitivcM. Uaiially in thoao fonnida? r/i find 7.^ iiro iiifccrpi’etod aa (dartcaia.!! 
co-ordinat(*H in a piano, and t-lio aonse in wliiob tlie ciirvo 7 'ia doacrihud ia dolinocl 
by the canidition that the pair of directi<nia .s, n (a the tani^'ont to tlu? boundary in 
the aenae in wliieli it ia described, the normal to 7 ’dra,wn inwards) is eonurueni 
in the ]>IJinc with tlu; pair r/j, 70. Tlie fonmihe obviously liold, liowciver, indejten- 
dently of this in[(‘rjircitatimi in plaaie ij;-eoitietry, and can therefore he ap]»lied even 
F 7ii 72 ‘11’^ any curvilinear co-ordiuat(Js wliatovcr, the scaise (►f ileacribinu' tlu^ curve 
being detcsrinined by an analogfuia criterion to that just exjilaiiied, jirovided tha-t 
we introduce, at a generic jjoint of the boundary curve, the directions tangmitial 
to 7i (i.G. 70 = constant) and 70, in the sense in wliicli the respective para-uietcrs 
increase. Now we have alnaady suj)po.sed {p. 187 ) that the auxiliary curvilinear 
co-ordinates 7 j, 7., ])eha\’e as n^gards sense in ])rerisely this way. lienee tlie 
equations {G) hold both in magnitude and in sign. 
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q-^ increases by dq-^; similarly, S' corresponds to an increase dq^. 
ill alone. We shall therefore have 

s®,. = 

dq^ 

o. 0 a;,- . 

o a;,: = dq., 

and analogous expressions for any function of position. Now 
note that in (21') tlie first term represents precisely the incre¬ 
ment of iC' due to a displacement of the first type {dq 2 ^ = 0), 
so that 

^ Qidq^, 

and, the second term having an analogous meaning, 

h'u‘' ~ dq.)^. 

We can therefore write (23) in the form 

Du'- = f r (S'lO dq, - J J 

./ Idq, dq^ J 

= [SS'w,'- — S'Sm'']; 



and from this, remembering equation (4), we get 


J r L 


if, hh [ td hXj^ h'Xf.. 


Now let ns put rj for the parameters (in F„) of the lines 
q^ ~ constant, ~ constant, i.e. 


pi _ rJ 

b O J 7 


O S 


where 85 , 8 '5 are the lengths of the disjilacements, along the 
lines q^ = constant, q^ = constant, whose components are Sa;,-, 
h'xi. Then we can also write 

Du>- = q, /,SsS'5, .... (25) 
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wliere for shortness have put 

1 

We can now L’oraark that if F is the angle between the co¬ 
ordinate lines 7/^5 7 ^, the elejnent of enna (of. Chapter V, p. 90) is 

(ir - S,s- S'.s sinh, 


and tliereforo (25) l)ecoiiies 


J V sit] F 


By the mean value thcorein, if ~'i~ denotes the value 
, binBjv., 

of the function of position -f'' at a suitable ])oiiit (not known 

sniF 

a priori) within T, and DV the area of tlie region V, we can also 
write 

r Ji- 1 /jn 


Now the value at of the function of position dirhu’s 

sniF 

from its value at P by (juantitics of order L (sitice the dista,nce 
M(jP is of tins order); siitco the area DV is of order 7v“, the error 
caused by substituting the value at P for tha,t a,t M is of ordei 
which we have agreed to neglect. We shidl therefore have 


Bur P‘: DV, 
sinF 


TiV " 

. . (2(j) 

sinF j 


In this formula the quantities and 7/'' I'epresent the ])ara- 
meters of the lines (j,, at P, and -F is the angle betw(]en t;h(‘S(‘ 
lines; the values of the ?^''s arirL of tlui Biemann's symbols refer* 
to the y)oint P. It will be seen that th(] influence of th(] circuit 
of displacement appea-rs in this formula in tlirru.; gc^otmdu’ical 
elements, which serve sulrstantially to determine tlui circuit 
itself, namely: two directions y] (a priori any wliatevm*) which 
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determine the section on whicli tlie circuit is supposed drawn, 
together witli the angle between them; and tiie area DV of the 
circuit itself (measured according to the metric of V 

8. Peres’s formula. 

From (20) we inmiediatelj get t]K3 fundamental form ala wliicli 
serves as a link lactween parallelism and curvature. 

Take any ffourtii) direction v drawn from 1\ fjct a fx.^ the 
angle between v and u, and a -|- Da the angle l)etw(‘(.m v and 
u + D\x\ we propose to calculate Da. To do this we take tlic 
scalar product 

u X V == cosa 


(assuming that a, like v, is a unif vector), and differentiate with 
the symbol D, remembering that Dy ~~ 0 since v is a fixed 
vector. We get 

V X Du = — sinaDa, 

or, substituting for the scalar product on the left its ex])ression 

n 

Du'\ and using (20), 

1 

sina Da - S,-,/,/, {n, hh j- n' v, rjK 

Slllh 1 

If in this formula we express the tyhs in terms of the and 
sum with respect to r (remembering (ij) ), we got 

sina Da S,,., {ij, l,k) ^ v'^- 

suih a 


Now if the directions u, v coincide or are opjaositc, this fornmla 
reduces to an identity of no interest, since on the left we liavci 
siiia = 0, aud the right-hand side vanishes from tlie antisym¬ 
metry of the Riemaiin’s symbols. Excluding this case, we can 
divide the whole equation hy sina, and wo get Pn'h's forviula 


Da ^ 


~DT 
sina sinh 


M;) 

a 


(27) 


9. Application to surfaces. Gaussian curvature of a Ik. 

In considering the 2 )articular case of a i.e. an ordinary 
surface, the directions u, v must of course be contained in the 
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section (the only one there, is) deliiied ])y v]. Siii(-e the only 

l^urpose of these last two vectors is to specify tln^^ section on which 
the circuit is drawn, we can make them coincide with u and v 
without loss of generality; (27) ^vill then become 

Da = i;/./,' (y> ^'^0 «'■■■ • • (^7') 

sura L ■ 

Since for n == 2 Eieiiiann's symbols wliicli (io iiof, vaiiisli 
are represented by the single arrangement of indicihs (12, 12), 
this formula can be further reduced to 

Ba = (12, 12) — H- e')-; 

sin“a 


or filially, remembering the expression for sina in buTiis ol tb<‘ 
parameters of the two directions u, v (cf. Cliaj). V, f). d-l, formula 
(9')), we get 

BV 

Ba - ~ (12, 12). 

a 


It is usual to put 


a 




(28) 


so that the foregoing formula becomes 


Ba 

BV 


-E. 


(• 20 ) 


From this it will be seen that the function of posit.i<m E 
defined by (28) is an invariant; it de.p{mds on lJi(‘ coihlieiimts 
% and their first and second derivatives, and is identical witli 
the quantity which in the theory of siirfanes is known as t he /n/a/, 
or Gaussian, curvature (the product of the curvatiinhs of tin* prin¬ 
cipal sections).^ The equation (29) can be [)iit in more irist riicfl vc 
form if we introduce the angle of 'paralldisni c, i.e. tli(‘ angle 
between u and u + Du (or between u and it.s pa,ra.lh‘! obtained 
by displacement round the circuit), nu'asunul in tb(^ sense in 
which the circuit is described. We can also say that, c is the nngle 
through which u has been rotated as a result of the eyelie. dis- 


^ Sue also ljulow, Chapter IX, p. 
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placement. It is obvious tliat e has the same absolute value as 
Da, but we shall see that as regards sign the precise relation is 

€ ~ — Da. 


To show this we need only remember the convention adopted 
above (§ 7) that the circuit 
is to be described in the 
positive sense with respect 
to the co-ordinate lines 
qo, or from the versor ^ 
to the versor Y). As ^ and vj 
now coincide with n and v 
the sense in which the cir¬ 
cuit is described is from u 
to V (through the convex 
angle). Accordingly (see 
3) if Da > 0, u + Du 


fig, 

is outside the convex angle 
uv, and is therefore reached 
from u by moving in the 
negative sense (e < 0), and 
write (29) in the form 

€ 

Dr 



3 


vice versa. We can therefore 




(29') 


which gives the following important interpretation of the curva¬ 
ture E: K is the ratio of the angle of parallelism (taken witli its 
proper sign in relation to the sense of describing the circuit) 
to the area of the circuit. 

In the case of a Euclidean F 2 Riemann’s symbol is zero 
(cf. § 4) and therefore K ~ 0. This can also be deduced from 
the geometrically obvious fact (already used in § 2) that the 
parallel displacement is integrable (i.e. that the result does not 
depend on the curve of displacement). 


10 . Riemannian curvature of a 

If instead of a surface we consider any F,,. whatever, the 
notion of curvature becomes less simple. If P is a fixed point 
of the F;p then with every section through P determined by two 
arbitrary directions r\ drawn from P we can associate an 
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iin'ciriant K, \v!ri(T is (tulliMl Bk* cjnixdure of thu 

lit P with r(\s])ec('. ('.o the s{*c(i()ii (U)n.si(hM*e(l. Following’ liie- 
niaiLti, \ve cuiistnict the fj;eo(lesie suruice detei’iiiined by tlie 
point P and the two directions v], and then take the Gaussian 
curvature K of tliis geodesic surface as the curvature of the 
y,, at the point and in the section in (jinsstion. In general tlie 
Rieina.nnian curvature differs in the dilTerenfc sections. 

The ferc'going considerations euahle us to give another impor¬ 
tant definition of tln^ Riemanniaji curvaturcj and t(j hud the 
analytical exj)rt'ssion for it. 

Given the elenients P, v], construct the geodesic surhice 
g defiiunl by them and considc]' im irdinitesiniaJ circuit on //, 
passing through P. of area DV. Take om'. of the given diri'ctions, 
say and givoi it a |)a,raJI(‘l displacenunit with respect to the 
surface // round the circuiL in the setuu^ ^ - Y], Now cahaihite 

by Peres’s founiila the change Da in the angie l>ctwecn ^ and y], 
i.e. the dilTei-ence between its values l)ef()r(‘, and afba* th(‘. dis- 
jjlaceineiit. cnr\aiture K will tluai be givam by (:2h). Now 

Ironi Severi’s the(jrein tinit an iidiiiitc'simal parallel displiicwirumt 
with ]‘es[)ect to t/he surhice// (using ih(‘ tneiric of//) ca,n bo rephua-.d 
by the analogous infinitesimal pa,ralhd disf>Ia<a'meiit in V,,, it 
follows at once tluit this imdliod of ciilciilating K does not ['{‘ally 
invmlve the use of tln^ g(‘odesi(i surface. //. Ilenca^ the. Phaiuumia.u 
curvature K can be d(dini‘d as ///c ralio {loi/If sign rlnunfcd) of 
Do, to D]\ 'where l)a is the chduge in the wegle hehnxoi (he. given 
di.revlwns y] cdnscd hg the pfmdiel disjddfx’nieni in V,, (f one of 
these directions ronnd an Inji'ndtesinnd' cirenit of ((red DF, helotigiag 
to the sectdon y], and described in the s(mse V). \\h\ ih<a‘(‘foni 
have 


K 


Da 

DV' 


m 


as in the F 2 . 

The explicit expression for K corresjionding (-0 (his ca,n be 
obtained from (27'), and we g<T 


K 


‘ V 
sinAx 1 


ijhfc 


v), fun n; ir 


if (K 


(T!) 


The symmetry of tln^ right-luuid sid(‘ in ix and v [)rovid(‘s 
formal coutirinatiou of the fact tluit it is imnuitei'iai wlndJuu’ 
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we displace ii or v, as we get in either case tlie same value lor 
Da and the same value i'or Ji. 

A third definition of the Rieniannian curvature can be 
obtained from tlie proof of tlie following lemma. 

Take any three {joints P, P\ P" on a surface Vo, and join 
them in ])airs by arcs of geodesics, forming a so-ca]](jd (jeodcsio 
Iriam/le. If </>, cj/, cj)" arc the angles of tins triangle, the quantity 

6 <j> + c/y + (//' ^ . (32) 

is called the (jeodesic excess. 

NoW' take any ])oiut on the triangle, and give a jjara.lhfi dis- 
])lacenient round the triangle to tlie directi(_>n of the side at 
that point, or of one of the sides if the point is a vertex; e.g. 
starting from P, tlie direction ii at P of the side PP' (talcen in 
the sense P — P'). 

We want to sho-w that the angle between the initial a,nd 
final positions of u (measured from the initial position in the 
sense which at each vertex is dc])endent on the. setis(‘. P P'P" 
ill which the circuit is described), i.e. (he (HKjle of -poyoKeHsoi 
(relative in this case to a circuit of a S])ecial kind, but wilhoiit 
the restriction of being inPuiitesiinal), is (he same as (he (jeodesic 
excess e. 

Tor the proof we shall follow u in a cyclic disjdacenient 
rounrl the circuit PP'P", noting in the fii'st place that from 
P to P' u remains tangontiaJ to the side PP', on account of the 
autoparallelism of geodesics (cf. Chapter V, ]). 101). On rirr'iving 
at P\ u is thus inclined at an angle tt — f' (outside the, triangle 
at P') to the side P'P" (in the sense indicated ly these fitters); 
more ]>recisely, u is behind the tangent to the side P'P" by a,n 
angle of tt — f', the sense of rotation at P', a.s we have ahcarly 
said, lieing (letermined hy the sense of (h^scrijjtion PP'P". In 
the displacement Irom P' to P^' this angle remains nncluinged; 
at P" there will be a lurther loss of tt — f" (with r('.s|)ect (-0 
the new side P"P); and hrially at P yet another loss of tt — (/> 
(with respect to PP'). Taking all these together, we see tha,t 
in its final position the {jarallel to u lias bcsni I’otatt^d a,wa,y froTii 
its initial ])osition through an angle of :)Tr •— {f <// -|~ r/j") 
ill the negative ilirection, or e — ‘Jtt in the positive diri'eifion. 
Now ill the pencil of directions at a- [loint an angle is ddin’iniiied 
geometrically by a quantity of the form 0 T 2j?,Tr, where u is any 
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integer; lienee we liave proved tliat one valve of the angle of 
'pamllelhni is (he geodesic e:ecess e. Now in a Euclidean space 
the geodesic excess is i^ero, and in iiny niauifold wliatever, for 
an iniinitesiinal triangle, the excess is infinitesimal; we therefore 
see that for reasons of continuity the value adofhud for the 
angle of parallelism is in fact the most suitable^ being that which 
tends to zero Avith the triangle. 

Tlie lemma just ];)rovGtl is rigorously true in a TE, Avhatever 
may bo the magnitude of the geodesic tihuigle considered. If 
in particular avo ap[)ly it to an iihiiiitcsimal triangle^ Ave can 
substitute e for —Da in (29), so getting 



a formula Avhich defines the Riemannian curvatxirc as (he m(io 
of (he geodesic excess to (he area of an infini(rsin\al geodesic triangle 
lying in (lie section considered, and having one vertex at (he given 
point P. It AA'ill be seen that this is an obvious extension to 'n- 
dimensional manifolds with any metric of a,n eleTnenta,ry th(H)rem 
in spherical geometry (the area of a spherical triangle tln^ 
spherical excess X the srjuare of tlie radius); tlui latter 
theorem, hovv^ever, luilikc the former, holds also for a liniLi 
triangle. 

We must confine ourselves to a mere reference to tlu^ 
important resea,relies of Professors SeiioiiteTU and Jh)mpia-ni“ 
on the simultaneous cyclic displacenumt of severa.1 diivetions, 
and even of tiui Avliole slieaf of directions dniwn from a, singlii 
point. Their work throws light on the theory of RioLminniaJX 
curvature umler various new aspects. 

11. Case of a P.j. The tensors a,-;, of Ricci and Cr,/, of Einstein. 

Tor a manifold of three dirmnsions the symbols of th<‘ first 
species {ij, hlr) whieh do not vaaiish reduce substantia,IIv, In virtiui 
of (10), (11), a,!id (M), to the schmne 

{i + 1 i H- 2, /: + 1 h -H 2) (f, k --- 1,2, b), 

vofurcncea in iu<l,c (1), \k 17 ‘J. 

“‘‘Studi Ru^di spa/i cui-vi”, m A(tl del IL Id, Venebi, Vol. LX XX, 1021, ]'»). IXXo-- 
386, 839-859, 1113-1145, 




RfCCf’S TENSOll 


iq() 


wiMi the convention ([). KJJ, § i)) of a.s equivak'Dt 

two iiulices whicli clifTer hj a niuLiaple o! 5. 

LLsin^' tins notation, we now introduce ;ift(T Jticci tlu^^ (loul>l(‘- 
syrni 11 etric systeni 


„»=, ('■+'. • + 2. H-l i-l-2) 

a 



wlncli constitutes, as W(^ sluill now sliow, a. coiflfanrrtffHl (cnsor. 
In fact, if we make use f)f tlie contrawariajit system e ((*ha,f)i(‘r 
VI, |). 158) w^e see that (55) is ecjuivalent to 

- I (H, 1, 2, 5): . (55') 

1 

which proves the a-ssertion. The veilfication of this Ijist formula, 
is immedhite, wlien we remember that of the various d(t(ir!nina- 
tions a 'priori jjossible for the pair j}, </, there arc only two, 

p =- i -I- 1, (/ = i + 2 

and p = i -|- 2, g ~ i -j- 1, 

corres])oncling to which has a value dilTerent from Tiero, 

viz. ^ in the former case, — in the latter. Simihirly, for 
sj a s/ (I 

the other ])air r, .s*, the only determinations to wltich tliere corriS' 
spends a non-vajiishing are 

f : ]{', -[- 5 rr::: -|- 2 

and r - - h -f- 2, 5 — h d- 1. 

The sum reduces therefore to four terms all ex[)ressibl{i a,s 

(.+ 1 i+% h+l /•+2) 

5 

a 

thus giving the result statticl in (33). 

The name Jticci ,s‘ synhols is sometinnhs given to tlu? 
just defined, or, more specifically, to ihe drnirn/s 

3 

ct/;. d'^ (f, 7c = 1, 2, 5) . 


of the reciprocal covariant tensor. 
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It is worEi ths.t equations (33), if avc taJce account of 

tUe prope7‘tiey of IlieiiaiiuLH syiiihols in r.’e.s[joct of syiunictTy 
and antisymiuetry, can bo solved so as to give tJic values of these 
syjlibels ijj the form 

{idJJ:) = .(-a") 

In fact, ex]janding tln^ second nieniber and attending to the 
definition of the covarhint system e, we find the vaJue 7A'\'a^ corre¬ 
sponding to eveiy set of four* v, j, /q k for winch the first nieinbei’ 
vanishes, and the value aa'^' corresjxjiiding to a sot of four of tii(i 
type ?U|- 1, i + 2, k -j- 1, Z: -|- 2; (33'') tlu'.nifore follows from (3>:)). 

By contracting tlie Ricci tensor a by means of the funda¬ 
mental tensor (the coeflicic'nts of rZs-, or theh^ recijuocals) wo 
obtain the linear invnriani of tlie tensor a 




1 






We may point out anothei' formal relation of which us(‘- will ))0 
made in Chapter Xfl. Bor any V„ wliatever we can (hu’ivc* from 
the Riemannian tensor, by contraction Avitli respect to two in¬ 
dices, the covariant double tensor 


Crn.- 


' {ij, hlf), 


wliicli, ill vii'tiiu of oqtiiiliiDis (5), can al.so bo written in tlio 
form 

Cf'v, - b [ihjik] .(;«;') 

1 


This tensor was noticed. l)y Ricci, who applied it to tln^. sfiudy of 
the local distribution of cui'vaturris in a Y it wa.s aJfm’wai'ds 
taken up l)y Ihhistein, wlio gavui it a fuudaiu(mtaJ place in tlie 
tlieoiy of jvlativity (in \\3iich n -1): it is commonly known 
as the Binsfein loesor. 

For 'n 3 the a///s are related in ti siiiqjh*. way to tin*. U/z/s. 
To bring out the coniacxion siinj)ly a,fid neatly, it is convaufifuit 
to inafce use of two pnjperties of tln^ tenja.ry systems e: one 
exjiressed by the ideiitity (which can ))e verified iiiimedifitely) 


y.grvm . 


ip,q,r> 


( 37 ) 
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the S’s having the usual meaning (0 for different indices, 1 for 
equal indices); and the other translating, as it were, the definition 
of a as a reciprocal element 


.jjh ___ IV AnJ 
2 -^pqrs ^ 

1 




Substitute in equations (30), in place of the ay^‘’s, tlie second 
member here; and, in place of the (ij\ /?A)’s, the expression for 
them in (33"'), with changed into — Taking account of 
(37) we find 


a-, - is, 


,va„„a-(s;;8;/-sfsp(s;;s;-s;s;;,). 


Of the four terms obtained by expanding the product of the 
bracketed expressions, the two which are jjositive are merely 
interchanged by interchange of 2 ^ with (j and of r vith 5 , which 
does not alter the product and similarly with the negative 

terms. We can therefore confine our attention to one term only 
of each kind, and siqq^ress the factor i. If we take, e.g. 

§/^§7 (§;• _ grgNx 

and bear in mind the meaning of the symbols S, we find that the 
sum reduces to one with respect to v and p only, giving 

Gn- = — a,,^ a'’^), 

i 

or finally, having regard to (34), (35), 

G;/. “ a If. (i, h ~ 1, 2, 3). . (38) 


12. Curvature 0 ! a manifold of three dimensions around a 
point. Principal directions and invariants. 

Consider in a F 3 a generic section or facet, f defined by two 
directions (versors) u, v, whose parameters are u\ v‘‘ {i = 1,2, 3), 
issuing from the same point P, Let w be their vector pinduct 
(Chapter VI, p. 159), the moments of which are 

^ {v 1,2,3). . . (39) 

1 

Corresponding to the section / in our manifold we have tlie 
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Riemamiian curvature K given (31), with n 3. In the 

3 

sum of (31) it is convenient to introduce, in place of Rie- 
1 

mann’s symbols {ij, hi) the expressions for them given in (33"). 
Taking account of (39), we iind immediately 

K = Tr- S,,,, a'''’ w,, tv . . . . (40) 

Deferring for a moment tlie illustration of tliis formula, \v(^ recall 
the fact that in general the length tv of the vector u A v (tlic 
vector product of u and v) is given by the product of the lengths 
of u, V by tlie sine of tlie angle between them. Tor the Euclidean 
TA this implies, as alrea,dy mentioned (Chapter VI, p. 159), the 
identity of the moments (39) referred to Chrtesian co-ordinates with 
the ordinary components (orthogonal projections) of the vector 
product u A V. Tor a general Uj, it is sufficient to remember 
that we can choose co-onlinates whicli are locally Cartesian at 
any assigned point P, so that the ^/s have the values Sf (aaid 
so that also—though this is not important for the jnesent pur¬ 
pose—their first derivatives vanish). Now' both in the jnea,sm'es 
of the lengths and the angular distances of vectors [)roc(3e(liug 
from the point P, <ind in the clehnition (39) of the v,e,,’s, thcu'c 
enter only the components of the vectors and the values of the 
at P. Locally then everything is the same as for Euclidean 
space.^ 

Turn now to our case, in which u and v are unit vectors. It 

follows that w =: sina, whence — ™ constitute the 

w sina 

^ We can also of course cahnilate tlu; leiii^tli of w. Thus wo n(»to that, liesideH 
(39), we iiave the o(iuivalent foi'innhe Uelining tlie eontravariant eoniponeiits: 

w'’ = 


Monce, in view of (37) (the Indox: of Huinination Iii which wo may supposo 
traiisfeiTucl to tlio lirsfc jtlaco), 


w- = S,, 10^, ” Y^l]kk '10, '^>ir ( 5 ! 6. - 0^ 0 

1 1 • J J % 

3 , . 3 . 

= Hi Ui H j vJ vj - Hi n* VI Sy ri uj 


— U“ f/“ ~ [uv coa«T = iL- V- siiFa. 
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moments A^- of tlie tlircction X JKjnnnJ to tlu^ se(*tioriy. Tlie sense 
assigued to the iiornuil l)y (o9) is cluinicte-rized l)y the systejn 
£ or, geomefricaliy, })y the sense of tlK‘- ti'iliedron Joi’nied at P 
by the positive directions of tlie co-ordinat(i lines. In lact, iroin 
these equations (:j9 ), if Ave siqqiose, for exaniphg that the lines 
1. 2 are taken in. tlie directions u, v, there results 

. V a ^ ^ 

Wl — Wo 0, ^ ' 7 — i> 

so that (Clnqiter V, p. 127) w mak(‘S an acute angh^ with tlu^ 
positive (lirecdhon of the line whose, pfiranieters a.re. 

~ 0, ^ >0. 

Thus X is perpendicular to / at P, and directed so that the 
trihedron u, v, X has the same sense as tliii trilic^dron formed 
by the jjositive directions of the C0'0.rdimite lines at the same 
point P. 

Equation (40) now takes the form^ given by llicci, 

K = . . (40') 

J 1 

which defines the cnrvatnre (f a variable section f thronfjh P as a 
honiofjeneons quadric in the 'parameters A"' {or in> (he 'moments AJ 
of the normal to f, the sense of the normaJ being indifferent, since 
the expressions in (4-0') do not change when we change the signs 
of the A’s. 

The d(‘pendence of K on the direction X of the section with 
centre at P is of purely local nature. We can tlierefon*,, in accord- 
anc(} with an observation made above, make use of the eleinem 
tary criteria of ana-lytical geometry just as if it were a. (juestion 
of ordinary space—we have only to take co-ordina.tes which are 
Cartesian and orlhoiional at P. The A''^s tlnni become direction 
cosines, auid we have for K (except for a dilferimt signification 
of the coeflicients a^,f) the same ex])ression a,s the one Avhich 
characterizes the distribution of moments of inertia- (of a,n assigm^d 
material system) with respect to the 00 - ax(is coinciding with the 
lines of the versors X proceeding from P. As \\c know, tlu^ law 
of variation of K becomes expressible geometrically if we intro- 
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cluce the ellipsoid (L‘ inertia E, of e(U)tre P: to any direction of 

.... 1 

X there beloim’s a value of A" viz. - where Q is the intersecti(.)n 

D 

of the line of X with the ellijrsoid the three axes of E corre¬ 
spond to stationary values of K (witli Tes])ect to nei^h])ourin" 
directions), the axes of nia.xinuim and niinimuni length in ])arti- 
cular corresponding respective.!}^ to inininunu and maxiinuin 
values of A. 

That being so, the sa,nie law of va,ri.‘iti(.)n wall hold for K the 
curvature; but in the general int(n;pretation is Jiecessary. 
This implies merely that the ellijrsoid E (like, for (xaniple, 
Dupin’s indicatrix for the case of iiw ordinary surface) takes us 
in thought outside the F;j, as an auxiliary representative element 
to be associated with the Eiiclidea-n three-dimensional sj)a,ce 
which is tangential to the F^ at P when, as is always allowable 
(Chapter V,p. 121 ), we imagine the immersed in a Euclidean 

The outstanding result, is fhat there exist at exe.rjf 'point V at 
least three nnduall/j orthofjonat (hiredions Xj, X^, X;^ to 'ivhirh {or 
rather to the normal sections perpondicuhir to which) helonfi 
curvatures which are stationarif with mspeet to those of adjacent 
sections. These directions iire cafhal prineijnd direvtions of curva¬ 
ture^ and the corresponding values oj,, coo, m-j cd’ K principal 
curvatures. In general, that is w’lum tli(‘- three cu’s a,re distinct, 
the principal directions a,re nnifjiudy detenuina.te (ellipsoid wiiJi 
three unequal axes); when two ])i‘incif)aJ ciirvatnn‘.s are (‘(pud 
but differ from the third (elli[)soid of revolution), e.g. oj, 

0)0 4 = 6 ^ 3 , ojdy the j)riiicipal dinadion X^ is imicpudy d(t(Tniinat(‘., 
while every ]jair of dinvtions Xj, X^ orthogonal to X., a.nd to each 
other can be considered })riiicipai. If the thrc'c principal curva¬ 
tures coincide (sphere) the curvature K is th(‘ same for aJl sections, 
and every set of three mutually orthogonal directions is a J^rifi- 
cijjal set. 

All this of course can bf; estahlislnul l)y ])unly alg(l)ralc 
methods: we have only to avail oursdves of the theory of (piad- 
ratic forms and their transformations. L(‘t 




i/r ya,y A' 


(. 11 ) 


be two quadrics, one. oj which al leas/, is de/inile, s.'i,y rjy, tlii^ iiido- 
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])endent variables being A" (i — 2, . . o n). Then the following 

facts are well-knowiA: 

(I) If we consider the ratio 



as a function of the A’s, and look for the values oJ' these variables 
which inalvc 8oj = 0, ^\^e are led to the system of n linear lioiuo- 
geneous equations 

(a,; -- coa,-^) - 0 (i - 1, 2, . . . n); . (42) 

these arc satisfied by values not all null of the A\s if and only 
if tJie (leterininant of the coefficients vanishes^ so that the co’s 
aj’e roots of the ec[uation of degree u: 

II a,;/ — II = 0, . . . . (43) 

called tlie characfcrisllc apiatlon. 

(2) If a"'* are two solutions of equations (42) corresponding 
to two distinct roots oj, co' of the cllaracteristic equation, there 
exists between them the relation (of ortliogonality) 

X' X'^ - 0. 

1 ■ 

(3) The characteristic equation (43) has its n rootso>;t, tOo ,. • .co^ 
all real (distinct or coincident). 

(4) To each simple root o);,, of (43) corresponds, in the mani¬ 
fold 7,^ the ds- of wliicli has the as its coefficients, one a,nd 
only one direction \ whose j^araineters A), satisfy (42) fora> - o);,. 
With each root of multiplicity y (> 1) avc can in an infinit(‘ 
number of ways associate [x mutually orthogonal directions in 
F,,, whose parameters are independent solutions of equa-tions 
(42) when we give to the value of tlie said multiple root. 

From all this there results tliat it is ]x>ssi])le in ev(uy ca,s<‘, 
to set up at least one set of n mutually orthogomd diriicfiofis 

{Ji — 1, 2, . . . n), (uniquely determined in the general (*.as(‘, 

seo HJi’ u.\;iiiii|)]e: UlANfM!!, J.t'z'nnil dl {/conifO'ia uinffifivii, 
Ai>poiKlix; (Pisa: Siiot-rri, IDU'): or 1 UjoiMwrcji, Qudf/rn/ir, Fontiti (Did Ihe/ir 
Olnstifjlca.finri , , . (Cambridge tra,cts on jMathematic.s . . . No. 3 ). 
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in wHcL the roots of (tS) are all sim])lc), the parameters Ay, of 
which satisfy the system (42), with co equal to the correspondiuy 

By means of these X//s we can obtain the so-catled ca-uonical 
expressions. AVe begin by introducing tlie moments 

. (44) 

1 ■ 

and observe that, by associating with tlic identities 

- 1 (A :i,2, ...n) 

the l7i{'n — 1) conditions of orthogonality of two dillerent direc¬ 
tions X;^, X/. of the ^^ple set 

(A =\r A), 

we obtain altogether the n‘^ relations 

= si {Ji, k 1 , 2 ,... n), 

which express the noteworthy fact tliat (he ir pamDie/rr.s A/, 
of an ii-ple orthogonal set are the eleouoUs reciprocal {in an algebraic 
sense) to the n- monients in the deierniinant || Ay,|y || which Iheg fonn; 
and vice versa that the rnonicnts are the reciprocals of the. parameters 
in the corresponding determmant ||A-^|| (cf. Chapte.r IV, p. 74). 

Further, besides the relations just written which r(4er to fJu* 
columns, their analogues with respect to the rows also liold good; 
these may be written 

n 

2/, K A/q,; S'- (i, j 1,2,... n). . (45) 

Taking account of this, if we multiply (44) ]>y Ay^jy. and sum 
with respect to A, there results immediadel/ 

II. 

^iic ~ y ('*, /< 1. 13, . . w), . ( Ul) 

which are expresawm for the fundwme.nkil Im.wr ii,,, in Urnm oj 
the moments of any nrlhoymial n-ple net. 
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Con.sidor in particLilar tlic set (or one of the sets) 

A/,, the parameters ol wliich, satisfy (-L2) where, for each index 
A, oj ~ coi^. These equations, in virtue of (14), may be written 

^ 

Miiltifjlying by and summing with respect to the index Ji, 
while attending to (45), we obtain tJic canonical expression for 
tile a^y/s to be associated witli (40). viz. 

•n 

aik <^//(i, A = 1, 2, , . . n). . (47) 

1 

After this the simulRuieous reduction of the two quadrics to 
orthogojial form is easily effected by substituting for the original 
variables tlie n linear combinations 

4 S.A.p.A^' (A 1, 2, ...n). . (48) 

1 

In fact, when we siilistitute in (U) the values (^;1G), (47) of the 
coefficients, taking account of (18), tliere results 

^ ... ^|J ... . . . (49) 

I 1 

The condition that the A'’s sliould be juarameters, that is to say 
that the expression (41) for should have the value I, becomes 

'll 

in the new variables 2 ;, Sy, — T The mode of variation oii/j, 

I 

wlien the A’s are parameters of direction, is identical with that 
of the ratio when the varial)1(^s are independent; or, if we 

0 n 

wish, of the quadric i/j when tlie r/s are connected 

JI 1 

the rdition 2/,%^ — L 
1 

Moreover, the stationary values of ?// in tliese cases arc pre^ 
cisely the roots of the characteristic eepmtion (43). 

The form 

>P = 2,va,yA‘A’ 

1 
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is nil obvious generalon, ior any value ol ol the expression 
(40') for /i, wbicli defines the local (listriljution of curvatin-e in 
a Fa. 

The above considerations manifestly apply also to the 
behaviour of the curvature K when the direction of the section 
is sii])posed to vary, a topic which has already been discussed in 
a more elementary way. 


13. Geodesics infimtely near a given geodesic. 

We shall conclude this chapter with a discussion of the 
extension to dimensions of a classical formula diui to Jacobi, 
which defines in a very simple way the aggregate of those geo¬ 
desics (j of a surface which are infinitely near a given geodesic 
5, called the geodesic hane. Jacobi giv'^es the linear equation 


dhj . ... 

d + 


(j) 


where y denotes the distance (normal) of any ])oiiit M of y fi*om 
the base, cr the arc of tlie base measured from an arbitra-ry origin 
0 U]) to the projection P of M upon P, and /i(cr) the Uaiissiuji 
curvature of the surface at P. 

(J) is sinijjly, in Poincare’s jibrasc^, the eynaiion of varuf/ioas 
of geodesics starting from B. There can be deduced from it, as 
we laiow/ some very remarkable consequences with rcispect to 
the behaviour of geodesics in the immediate neighbourhood of 
the base, the nature of the surface intervening only through its 
total curvature K. This is obviously ati intrhosic question, 
depending entirely on the metric of the surface (as (Udiiuid by 
its (Is-), and not at all on the diflcreiit configurations which tlie 
surface can present in space. 

It naturally suggests itself tliat we should try to extend tUa 
study of this subject of geodesic deviation to a Ricunanniuji 
manifold F,, of any number of dimensions. We have long Inul, 
of course, the equations of Lagrange defining the gcodesic.s of a, 
V,„ in a form the convenience of which, whether from tlui ])oint 
of view of theory or of notation, is all that could he desired. 

LSou, for example, Dauhoijx, Thcoriu dr.H Vol. HI (l*a,riH, (-laulliier- 

Villars, 189-1; ne\7 impression 192:',), Uliap. V; or ULASCilKK, Vorh'^u'iijivii ithrr 
DlJifcrciUiahjcouwtric, Vol. J (2iul edition, Uerliii, Spriiij^er, 1921), a:!-SS. 
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T)i(ss<' (‘(jiiuMons W(^ JiKiy iis(‘. loi* t]i(3 ])urposc of fomiiiig 

tlio cHjUiitiojis of viM'ijiiioiis. Tlion wiMi tlui ]iel[) of Miaiiclii’s idea 
(Chapter V, p. 139) of tJio derivuLivc of a vector attached to 
the poiiits of a hue of V,,, we reduce tliese equations to a condensed 
form, geometrically suggestive aiicl of course invariant. The actual 
construction of the equations (linear of the second order, n in 
ah, with the same luimber of unknowurs) requires no further 
data tlnin tlie luise B aud the metric of tJie manifold (especially 
Eiejnann’s syiiibots) along tlait curve. 

We find that tliis systern of equations admits a linear first 
integral, wliicli in its turn leads to a linear relation in Unite terms 
among the unlcnowns. We are thus left with a system oi n — 1 
equations or, in the special case of an ordinary surface, with a 
single ecpuition, as in Ja-colh’s classical result. 

To bring the final system of equations to as simple a form 
as possible wo iiave to make a suitable clioice of variables. Now 
we liavc already seen (§ 1 h ]>• kil) possible, begin¬ 

ning with any co-orflimites .7‘, to define new co-ordinates y in 
terms of which (h- becomes locally Cartesian, in the sense that 
the d(a‘i\^a,tives of th(i coeflicients rq-/. all vanish at an assigned 
point 0, We Jiave also seen (Chapter VI, p. 1G7, footnote) that it 
is possible, any curv(‘. B being given, to clioose co-ordinates y 
for wliicli has this locally Caadesian character at every point 
of B. Wli(*n B is a geodesic, the system of co-ordinates y which 
(§ 17) will fifially be used has the following properties, whicl] we 
mei’cly state here without ]jroof.^ Let ilf be any point in the 
immediate neighbourhood of B^ P the orthogonal projection of 
M upon B. Tlien is the a,re of the Ijase B measured from an 
arbitrary origin 0 up to P; the y/s (a 1, 2, ... n — 1) may 
be regaj'dcid as coinjxnients of the eh.unentary vector PM in 
n — [ directions muinally perpendicuhir and all perpendicular 
to B, chosen arbitrajlly at O and carried by parallelism 
along B. 

14. Geodesic deviation in an -dimensional manifold. 

Consider, along with tlie geodesic B, any other geodesic y 
(more precisely, an arc of (j) belonging to tlie immediate neigli- 

^ For a coni])l<jto d<.‘Vc]o])iiieiit of tin’s |)oinb, (:oni]>aru tlio ‘nSur recart 

geoddsitiiK'” i)i lyalhctiudiHchc A miaLni, (^ 0 !. 07). 

( ixiori ) 


8 
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bourliood of B} Corresponding U) every point M of //, Uikr- tli(‘. 
point P of B Iiaving tlie same as M and the rest of its //'s 0. 

It is important for wliat follows to fix precisely tlie relaLon 
between an elementary arc ds of g and the corresponding are- 
du = of B. Tliroiiglioiit the neighbourhood of B W(^ ha,ve, 
for the coefficients 6,7, of in terms of the co-ordinates y/, i lie 
Euclidean values 

hi,: -= 0 {i H- 1^). b,, ^ 1, 

neglecting quantities of the second order. 

It follows that for any curve whatever 

1 VyJ 

the quantity under the radical differing from its exact valine only 
by terms of tbe second order. For g, botli tlie g iuitl tins 

may be regarded as infinitely small. It follows that 
ds __ ds _ j 
d'ljn cia 

to a second approximation—a generalization of tlie (dcincnfnrv 
fact that a segment infinitely near (with respect to diivitlioii) 
a given right line differs from its projection on the lim; by an 
infinitesimal of the second order. 

15. Invariant form of the equations defining geodesic deviation. 

We have now to form tlie equations defining in gcncnil co¬ 
ordinates the behaviour of any geodesic g infinitely near li. 

Put 

= ^i{°) + .... (. 50 ) 

where the ^‘’s and their derivatives with respect to a arc infinifcly 
small. 

The represent the increments of the co-ordinates :/■, of 
a point P oi B which passes to a corresponding [loiiit M of g: 
they can be regarded as the contravariant components of the 

'In the strict, Nen.se, tliiit i.s to N:i,y, with tile iinderstiimlini; that not only :ii;- 
cnmoe.N of position of corre.spon(lino points on /J and to' he small, hnt also 
charii^'os of cliroction of corroH]jonding tangents. 
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elementary vector PM —- Adopting a more general point of 

view, we shall now regard this vector as not necessarily perpen¬ 
dicular to B, its orientation depending on the law of corre¬ 
spondence between the points P and M of our two geodesics. 
We can therefore no longer assume that the elementary arc 
ds of cj is (as in § 14) equal to the corresponding arc da of P; 
but, the displacement in question being always infinitely small, 
we can foresee all the same tliat, if we put 

t = 1 + A,.(51) 

da 


the elongation (or coefficient of dilatation) A remains infinitely 
small with the and their derivatives. This will be proved 
formally in a moment. Meantime, differentiate the formula) (50) 
with respect to a. We have 


ds 

da 


A I 


(50') 


where Xi is written for 


—, and for 

ds 


da 


A second differentiation gives 



d^s 

da^' 


= ^i + 


d^i^ 

da^' 


From (51), 
and (50') can be written 


d^s ^ dX 

do^ dor 


Xxi -f- ; 

da 


all this holds without any assumption concerning the smallness 
of A. 


Considering notv A and as i/rifmiteswfal, and neglecting all 

terms of the second order, we may replace ^ x,- ~ Xi by 

do'^ da da 

and consequently take the ecpiation for Xi to be 
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Now (Chapter V, p. 134) for any geodesic g we have 

Xi = — [jk i} Xj 4 (i == 1, 2, . . . n). 

1 

/(Is \ ^ 

Multiply these equatioiis by U- j , and uiaho the following sub¬ 


stitutions; (50) in the [jh, i}, (50') in tlic (50") in the 




Eememberiiig that 
<f>i ■ 


>“ 1 . 


Vh {jk 


since B is a geodesic, and of course retaining terms of tln^ firsl. 


order only, “we find 
d'^__(lX 

da 


d^' dXj “ ^\jki]ikii ov / 7 -I /■ 

rfrr^ rlrr i 0 Xj. \ du 


Next, for the sake of showing explicitly tlie contravariaiici' of 
the 4>( (parameters of the direction ta,ngentiai to B), put 

^.(a) = k ii= 1,2,... n). . . (52) 


The equations just obtained (if wo also cliangc the indicciS i and 
j into r and i) become 


d-C' 

da^ 


dXj, , ,.j 


= (.W) 


dx,, 


We proceed to transform these fTpiations for the. sake of showing 
their invariant structure with refcrencii to a,ny chaiigi^ of co¬ 
ordinates. For this purpose we introduce .Bia-iU'lii’s conc*cp(ioii 
of the denvative YGctoT of a vector ^ given as a, fiinc.lifUi of f.hu, 
points of a line (Ciiapter V, p. I^O). 

If B is the line, the contravaafimt components of the vector 
the derivative of are given l;y the ecpiadions 

(DlY=^£+i„{ih,r\ke e- 1,2,. ..V). (51) 
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lAn* co-ortlinates which arc Cartesian cither rigorously, or else 
locally along the line B, we Jiave simply 


imy 


da 


With the help of the vector it is easy to giv^c an explicit expres- 
s[(ni lor the elongation A, without nuiking any hypothesis as to 
its order of nmgnitiide, the equations (hO) and (50'), whicli we 
sliall use, being exact. 

On g we have identically 

It 

Clj,. X; = 1 . 


If we multiply on both sides by I -1 , and replace (in the a,/s) 


dsV^ 


da, 




the ads by their values (50) and the " a*/s by (50'), we find at 

da 

once (neglecting terms of the second order with respect to f) 
\da/ I da L o Xr 


We have, moreover, the well-known identities (Gha])ter V, p. Ill) 
dx^ I 

dsV 


If in the last sum of the expression for ( -1- ) wi^ replace tlie indices 

\da/ 

r, h hy h, I cund tak(‘- accoimt of the iflentity just Avritten down, 
replacing also, as in (52), 


^/i- ^hii, 

I 1 1 


by h,, Ig, bj,, 


we find, on account of (54.-), 

Ct)' 1 + 
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The vector is infinitely small at the same time as the 
and their derivatives. We have, therefore, by extracting the 
root, neglecting terms of tlie second order, and attending to the 
definition (51) of the elongation A, 

.... (510 

1 

which shows its infinitesimal character. 

Naturally admits in its turn a derivative vector Z)-^. Its 
contra variant components are defined, from (54), by 

iD%y = + i,, {Id, r} v~- {DDK 

da 1 

Introducing on the right-liaiid side the expressions (54) for (Z)^)'’ 
and {B^Y (after making some literal changes in the indices), we 
obtain 

V. Jtl n 

+ 2,, { Id, r !- D 7 + [U, r} {ih, 1] U' U e, (55) 

1 cia I 


the second members, like the first, constituting a contravariarit 
system. Bringing out explicitly the difierentiation with resj)ect 
to cr, and making some clianges of indices, we can write 


(-O’?)' 




^(r) 


da^ 


(55') 


where we put for brevity 
W0-) _ v... 




dx. 


l/'y^e+^ur{lh r)i 


k 

da 


H-2;,r} {iZ':, l)b^in'K 


We may note in passing that, in the auxiliary quantities 
the index r is purely ordinal: we have placcid it above, but in 
brackets, so as to avoid the suggestion that the form 

a contravariant system, which they do not. 
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For our purpose it is sufficient to replace in the derivatives 

i 

^ c// by their values 


S,, [ih,l}b^h\ 


as given by the equations for geodesics (Chapter V, p. 134), so that 
we may write 

1 OX/, 


+ S,,, [{Ih, r} {iJc, 1} - {Ik, r\ {ih, 1}] b'-y^ e. (56) 
1 

If then we add to the two members of equations (53), attend¬ 
ing to (55') and to the definition of Eiemaiin’s symbols (§ 2), 
the equations take the invariant form 

- r h>- == - ( ir, JiJc [ y y e (r = 1, 2,... n). (57) 

eta 1 


IG. Geodesic deviation. Specification o5i the difierential system. 
First integral. Linear relation in finite terms. 

The system (57), taken along with tlie value of A given in 
(51'), contains n + 1 equations, with the same number of un¬ 
knowns; hut it is easy to foresee, from the method of obtaining 
it, that it cannot by itself determine completely all the unknowns; 
there ought to remain an clement of indeterminateness arising 
from the arbitrary nature of the law of correspondence between 
the points P of E and M. of (j. More definitely, we can prove 
that the definition (51') of A, or rather the relation derived from 
it by differentiation 




is a consequence of equations (57) themselves. To establish this, 
note first that, for any vector v whose contra variant components 
are v'\ we have 

(I xA , x-t dv"', . xA V dh,. 


1 n 
Cl(T I 


V fb/. “ ,.dy. 

h, -I- 

I da 1 da 




i!l6 


ABSOLUTE DIFFERENTIAL CALCULUS 


But the cleriva-tives '' of the moniciits of a geodesic B satisfy 
(IcT 

the equations (Chapter V, p. 13-f and j). 139 (52')) 

acr 1 

wliich express, we may say, tlie aiit()|)arallelism of tlie geodesic 
B in terms of its moments b,.. The preceding identity, after intm- 
change of the indices h and r in the last sum, therefore talces the 
form 

= 'L,(Dvyh, .(58) 

CIG 1 J 

In virtue of this equation, tlie first member of (51") jkjw biiccjiiies 
(if we replace the vector v by D%) 

j\ II 

acr I 

That this cxi^ression vanislies we can easily prove fr’om equation 
(57), making use of the pro[)(3rties of Kiemaim’s syrnhoJs, iis 
follows. Multiply both sides of (57) by 5,. and sum with respect 

)i 

to T, noting that 5,. U' = I. Tlie right-liaiid member can be 
1 

written n 

— S/w,,,, { ii\ hh) Oj,, h'>' If h’^ 

1 

We now sum with respect to r, tliiis changing the 'Rienuum 
symbol to the s}anbol of the first kind, and then make us(3 of the 
antisymmetry of U) in i aiidy; (p. 179), from wliich it follows 
that the sum is zero. 

Equation (5F) is therefore simply a particular inbgral (fir 
invariant relatio]]) of the system (57); its roh^ naluees to tluit 
of fixing one of the constants of integration. As the system (57) 
contains n -f- 1 unknowns, to make it determinate it is nec(‘.ssa,ry 
to associate wdth it some other condition—a circumstance eSnSg 
to understand from tlie geometrical [joint of view, since w (3 ha,ve 
still to fix the law of punctual corres|jondence between (j a,nd the 
base, 
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Eroin a loriiial |)oin(; of view tlie easiest way to coniplete 
flui system (57) is to cut out tlie luiknowji A ly putting 


I'lie equations (57) are thus reduced to the normal form (Chapter 
II], p. :](>) 

(D%Y = - y,,;,. {vV, hh] y b" e O' =1,2,... n)-, (1) 

and \vc koo tliat, on account of the identity (51"), Llie system (1) 
(((hints (lie first inlenral 

(D'^Y b^. ™ A = constant, . . . (II) 

I 

ex|)ressing the fact that there is a, constant linear dilatation 
wheji we pass Iroin any ai'c of B to the cona^sponding arc of //. 
iSiiice, oji account of the identity (58), the hrst member of 

li 

the integral (f I.) is simply tiie derivative of />,., it follows that 

1 

every solution of the differential system (I) givchs also 

Ao-+C, .... (JII) 

I 

wliere 0 is a second constant. 

II in jiarticular we talce A --- 0, we see that we can associate 
with the differential system the relation 

-- c. 

1 

This gives the traaislation ini.o analysis of the obvious geometrical 
Jact that we cam a.ssign the coiTesjxuiderjce between the jioints 
il7 of// and P of B in such a way that the. (irdinitely sma,ll) vo'ctor 
PM will have its orthogonal projection upon the ta,nge!it t to 
the ba,se at tlie })oint P eqiud to a constant 0. 8uch a hiw of 
corresj)ondence imjiliihs, in virtue of (11), that tlune is jio altera¬ 
tion oJ lengtJi (A ™ 0) a.s between the arcs of B a,nd the corre¬ 
sponding arcs of //. To particularize still further, if (J 0, 
we arrive at the orthogonal law of correspoiidencc (PAf perpeji- 
dicular to B) considered in § 15. 

( u GoG) 8 » 
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It is scfu'ccly necessary to add tliat, iti oi'dei' iio siibslilutc 
otliei' geometrical laws of eorresjjondcticc, we ]iav<i oidy l.o 
associate with the system (07) tlie ajialytical ti'iitislatioii of ilie 

law chosen, instead of the law = 0. For example, if we, wish 

da 

PM to be inclined to B at an angle i/> (constant or a given func¬ 
tion of a) the additional equation will he 


where 


i,eb, = ^COSi/r, 
1 



represents the length of the vector 

In a case like this, some sliglit siijoplenientary discussion of 
the complete system Avill be needed—its reduction to tlic rionnal 
form, determination of tlie number of constants of integra,- 
tion, &c. 


17. Reduced form of the differential system (I) in terms of 
the co-ordinates y. 

We now return to the co-ordinates y, and fix definitely on 
the orthogonal law of corres])onderice between the lia.se B a,nd 
any geodesic in its neighbourhood. As we have just seiui, siieJi 
a correspondence is expressed analytically by the din'erfaitia.l 
system (I), with the specifications A = 0 0 of the coi)sta,nfs 

of integration connected with (11) and (HI). 

As remarked in § 14, the co-ordinate y^^ of M is identicaJ with 
that of P. Since the other co-ordinates y^^ (a -- 1,2,... n - 1) 
of P are 0, the variations 7 ^* of the co-ordinates y are rcisjiectively 

= Va (a 1, 2, . . . n — 1), 0, 

thus justifying the name of Cartesian components of tlui normal 
displacement or demation PM = v] whicli wc give to the y\. 

Moreover, the parameters h' ™ of the ) 7 a,se B vajiisli 

da 

for i ~ 1, 2, . . . — 1; and — 1. ChristofTcrs syird)ols also 

vanish along P, as well as their first derivatives vvdth resp(ict to 
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a (or, Avliat comes to the same tliiiig, to and consequently 


{DriY ^ 


drj^' 

da 


Equations (I) thus become 


~ n^} 'jji, (a = 1, 2, . . . n — 1), (I') 

>1 - 1 

0 = — :i:p{nn, n^]yp, 

1 

where, in both sums, we have suppressed the term corresponding 
to the value n ol; the index, since every Itiemamds symbol 
wliich has its last indices ecpial vanishes (p. 177). 

Thr jirsf. (fronp (E) (comprising n —■ i linear equations of 
the second on lei’) (hji}irs (he u — 1 Cdffesuvyh ad^iponents of (he 
{iioiDud) dcv'iado'ti TM. The hist e((uatiou reduces to an identity, 
as may be seen as follows. Riemann’s syndjoJs of the secoijd 
kind are in ah cases connected to those of the first land by the 
relations ,, 

('ij, Ilk) = rq,.-[ m’, lihy, 

i 


we have, moreover, for the symbols of the first kind (§ 4), 
{Ij, hk) — (j/, hh). 


In our case tlie coefficients (i-^^ of r/.s- reduce, on B, to 0 (for r j) 
and to 1 (for rj). We iiave therefore, on the base, equality 
between syni])ols of tlic two kinds whose indices are the same; 
and, in particuL'ir, 

inn,nl3\ = {ri/n,'njS) = 0. Q.E.D. 

Of course, the integral relations (II) and (III) are of no further 
account, being now identities on account of the vanishing of the 
{i ™ \,2, . . . n— 1 ) and of the nth component — p" of 
the displacement PM, 


18. Case of n - 2 — formula of Jacohi. 

Eor n 2, that is to say for an ordinary surface, if R is 
the geodesic base, the a.rc cr, and ?/, (•— y) tlie normal 

distance from M to 7J, tlie systcun (T) reduces to the single 
equation 7 ., 

2 ,},. 
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Now (§ 9) for any co-orrlinates whatever, the (T'lrisHian ciirx'atiiM* 
K of a Vo is expressed by the ratio 

(12, 12) _ (21,21)^ 

a a 


a denoting the discriminant ol: the r/.s-^ of IL. 

For oiir co-ordinates, which are Chrtcsiaii aJong />, ((■ *I, 
and Rieinaim's symbols of the second kind an.* (§ 17) I1 h‘ same as 
their honiologues of the first kind. TIkj erjiiahion (hTtning y is 
therefore none other than the expiation of Jacobi (§ L‘>) 


dh) 

da^ 


-I- Ky 


0 . 


CHAPTER VITI 

Relations between two DiFEEiiENT hlETitu's iiEnEnnEj) to 

THE SAME PaEAMETERS; MaNIEOLJJS of (.'oNS'I'ANa' f T’nVA'rUE K 

1. Differences between Christoff el’s symbols relative to two 
different metrics assigned to the same analytical manifold. 

We introduced in Chapter lY motions of /cn-sor, ro/v/r/Vn/rr, 
&c., relative to an analytical manifold iaa to llio a,ggr(‘gai(i 
of n variables x^, q:o, . . . rrp we then, in tin*, thin! pa,id of (Ik^ 
following chapter, considered the metrical mariifoids obf,aim'd 
by associating with an analytical manifold a. sp(H‘ifi(‘d (but 
arbitrary) positive and definite dilTerential (pnidra.fii! form. 

There is clearly no reason against a.ssigning in turn f.o llie 
same analytical manifold two distinct metrical determinat ions, 
defined by tlie two quadratic forms ^ 


II 


1 

• • ( 1 ) 

= i:,v, dx; dx,. . , 

• • (!') 


LAs a geometrical interpretation, we vaiu lliiiik of two (ji^linol, wlio.-o 

points are in one-to-one coiTesjumclence, .so Lliiit ii .set of n viiliios a.-.-^iL-ncd <o 
Xu X2, ... X/i can bu represented eitlier by a point Pof one, or by tlio (;orr<‘.spf>Mf lin-^ 
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Fi-oni eacli of tliese forms we can obtain a set of C'hiistoflers 
symbols, wliicli we shall denote by 

( f/o rj and {fZi, r}' 

respectively, and from these we can construct Riemann’s symbols 
{fr,//Z'l and j /r, A/t* 

and the analogous symbols of the first kimb Iji this clmpter we 
propose to find the relations between the symbols relative to the 
two metrics, and then to apply the residts to geometrical con¬ 
siderations. 

AVe shall begin by forming the dilieiences 

{i7i, •)■}' — r] = p'i//. ... (2) 

we shall justify the ]'.)ositions of the indices on the right by showing 
that the p’s constitute a tensor covariant with respect to i and 
h and contravariant with respect to r. 

To prove this, consider an arbitrary contravariant system 
whose elements are functions of position, and a system (also 
arbitrary) of increments dx}^ of the independent variables. AA^e 
know (cf. Chapter V, p. 138) that the expressions of the type 

1 

constitute a contravariant system. The same result is of course 
true for the analogous expressions corresp)Oiiding to 

t "' = (W + < 7 % 

1 

and also for the dilierences 

n 

r T* = p]ji 
1 

The fact that this expression is contravariant means that, 
denoting by ‘U,, an arbitrary covariant simj^le system, the expres¬ 
sion 

—t')«, = 

1 1 

})(»iiifc P' of the other. E.g. a inu}) and the siirfaeo of the earth are two TV.s with 
different metrics (one is Euclidean, the other not), and to e\’ery pair of values, 0 
(for the latitude), X (for the longitude), correspond one point on the map and one 
point on the earth. 
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is an invariant; an{| if wai examine tli(‘. ri^ht-Iiand si(l(^ of tliis 
equality Ave see that its invariance recjiiires tliat p-/, should he 
a tensor of the Lind stated. 

It will be convenient for subsequent purposes to introduce 
also the associated covariant system 

n 

Pihi = .( 2 ') 

1 


2. Differences between the covariant derivatives. 


Given a generic tensor where as usual (/) and (//) thnioto 
the aggregates of vi. indices 'q . . . q, and p indices //^ . . . /q res[)(!C- 
tively, we can consider its covariant derivatives with reference 
to either the first or the second fundamental form, i.e. with 
respect to either or (h'-. A generic element of the systtni 
obtained by differentiation relative to the first form will ])c 
denoted as usual by and the analogous expression relative 

to the second by We Avish to evaluate tlu^ dilTerence 


«X 


A 


(OP* 


To find it we can use the ex])licit ex{)ression ([). l lh, 
formula (1) ) lor the covariant derivatives of a generic mixrnl 
system. These are linear in Ciiilstolfers symbols, so tlmt the 
diffeieiices in question avjII b(i linear in the p\s; the (nxpr'(*ssion 
for them Avill be 



These general formulaA can also lie obtaimal, without using 
any special memoria technica, from the origimd (hdlnition of 
covariant differentiation, Avith respect to a givriu fumhinuintaJ 
form, of a generic tensor. It is therefore well to remind tln^ inadru* 
that, for an arbitrary displacement rZ."/;-, we assigned fo the 
symbol d, when prefixed to a function of position, tlui usual 
meaning of the infinitesimal incivment (the diriemntiaJ) ca,used 
by the displacement (cf. Chapter VI, p. 145); wliile for a generic 
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vector ^ and its contra variant components we assumed 

di‘' ^ ... ( 4 ) 

1 

i.e. we defined tlie expressions as tlie increments dependent 
on parallelism. All of this referred to the metric (1), which was 
tlien siij^posed fixed once and for all. AVe can of course follow 
the same procedure taking (F) as the fundamental fonii; but to 
avoid ambiguity it will be well to denote by d' the increments 
of tlie ^'"’s due to the same displacement as before, so that we 
shall have 

d'^' = . . . (4') 

1 

It will also be useful to introduce the operator 
^ rr - d. 

Since for functions of position d' and d have the same meaning, 
we have 

dj = 0 

for any function of position/; for the contra variant components 
of a generic vector ^ we have, subtracting (4) from (4'), 

= - S,, p;., e dw, (r -1,2,... u). . ( 5 ) 

1 

Similarly, given the covariant components iif^ of some other 
vector u, we find that 


n 



Now, in order to prove (3), we need only consider the invariant 
multilinear form F whose coefficients are the elements of the 
given tensor we know that the co variant derivatives , 

o ^ (i)\k 

are merely the coefficients of dF and d'F respectively. 
If now we take the identity 

d'F ~dF d^F, .(6) 

and apply the operator d^ on the right, using the property 
d^f — 0 for any function of position/, and (5), (5'), then 
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equating coefficieiitH of like terms on eacli side we get 
formula (3). 

As a very simple application of this process, Ave slinJI deter¬ 
mine directly the values of the differences (A^,)/. — of 

the derivatives of a covaria,nt sinijjle system ^1^.. We start 
from the invn.riant J’orm 

.(7) 

I 

and consider the usual generic displacement, determined l)y the 
increments r/a;,; of the independent variables. AVe shah have, 
with reference to ds'^, 

(11^ --- 'hyi. Ay\^i, do'i/, .... (8) 

L 

and with reference to 

d'F .(S') 

i 

Further, applying tlui operator dd'' to F, a,nd remem])ering 
that d'^'Ay is zero, and that dd^^‘' is given hy (b), we get 

I 

The identity (G) therefore takes the form 

S,, [{AX - A,.X e <l.r, = - i,. A, p[, X da-,,. 

1 'i 

Keplacing on the right h hy /•, and interchanging i and r, 
we get the ty|)ical term on the right aJso in a form involving 
liciice, eqLiating coefficients, we hawe 

... (9) 

1 

This is the particular case of (3) which we sludl najuire in 
the next section. 

3. Differences between Riemann’s symbols. 

\Vo propose in this section to calculate the differenc-es 
K;,, - [irJAcY - {u,hk\. 
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wliicli, being difTerences of two like tensors, are by definition 
tensors of the kind indicated. The calculations could be effected 
directly on the expressions defining Riemann’s symbols (Chapter 
VII, P‘ 175), but the long formal expansion can be avoided by 
the following method. 

Let l)e any covariant siin[)le system, and i*' any contra- 
variant simple system, and considei* the invariant Form (7). 
Aj)plying to it the of)(irator ^ A — Sd —- dS with reference to 
ds- (cf. Chapter VII, p. 173), and remembering the fundamental 
properties of this operator, we sliall get 

AF - k.A.Ae, 

I 

or, expmuling by formula (4) of (fiapter VII, 

AF -n _ M:] A,dx„Sx,,. 

I 

Similarly, with reference to ds'^, we can introduce tlie operator 
A' — S'd' — d'S\ and write 

A'F 

1 

and subtracting tlie former ecpiation from this we get 

(A' ^ A)F ^ ^ i:,,, i?;,, A, dx, . (10) 

I 

We shall now obtain by a,nother method the expression for 
the same quantity as a quadrilinear form in tlie quantities 
AdiC/ihxi^. and hence, equating corresponding coefficients of 
the two forms, wo sliall find the expression for •/,/.. 

Note first that 

A' - A (SV/' - d'S') - (Sd - rfS) 

- {S'd/ ™ Sri) (d'S' -- r/S). 

Since the second expression in brackets is obtained from the first 
by interchanging d and S, we need only calculate the expression 

^ To {'ivoid {iinhiguity wo have lierts re}t]:ire(l Ukj syiuhols 0 ai»d 6', ii.sed in 
Chapf.er VII to denote two distinct systems of inercnientH, by d and (5 
respectively. 
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for h'df — M. Farther, in making' tin’s (‘-alciilntion \\i^ (*nn igiinrx^ 
all those terms which remain •anc]iang(ul on intorclnuiging d am! 
Sj since they will clisapj)ear wiien we tak(‘. the din’enaiei'; w(‘ shall 
denote them collectively by X{d, S). 

Introducing the notation 

d'- d d^, (V S S=«h 

we have 

8'rf' (S -I- §#),/' U'+ o H' 

= 8(d -I- + cT^V/' 

= Sd + 8d:^ -I- m', 

so that 

8'd'- 8d Sd* + 

We therefore get 

(A' A)F = Sd:^F + 8‘*d'F — (d8*F d- d'^XF), 

To calculate the first term we first apply tin*, opm’ator d’^' 
to the form F, remembering 0 and (o). We g(‘t 

rW --- 

I 

II 

PiA ^ d'J'ii. 

1 

Applying the operator S to this form we g(‘t, from tin) delinition 
of CO variant differentiation, 

M*F = — ^iiu-k{A,Pii,)i,i‘dxj^8x,, 

V r " 

~~ ^ ihrk Pih\k i S-'^/r — ^hM P\h r\k 

Observing that the second sum can be written in iJn* ff,rm 

^'^l^\k 8^/r i/A p‘u^ dxf^, 

1 i 

we have, applying (5), 

'll 

Sd'F '^ihrk Pih\k ^ dXji^ 8xi. -|- /i^ j,. 8‘J) (II) 
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To calculate the second term S'^d'F, we apply the operator 
S* to (S'), and get 

3'^d'F ^ (A^ e+ S,, (A,)' dx,. 

1 1 

In the second sum, we can substitute for (A^)'f, the expression 
given by (9), and we get 

m'F - i.,(AXes^dx, 

1 

+ S,, A,^, dx, - I,., pi, A, 8^e dx,, (12) 

1 1 

AVe must now add (11) and (12). In doing this, we notice 
that the first sum in (12) is symmetrical in d and S, since expanding 
F^dx, by (5) it can be written as 

n 

'^ykih ^ P 'ih dXi 8x,, 

1 

while the second sum in (12) and the second in (11) change one 
into the other if we interchange d and §, so that their sum is 
symmetrical. There remains therefore 

Sd^F + ^^d'F 

^ X{d, S) - p% A, dx, 8x, - E,., p:,, A, dx,, 
1 1 

In the last term we substitute for its explicit expression, 
so that it becomes 

^ ^irldh P\]c p\h 8x, dx,, 

1 

In order to be able to collect the terms in the two sums with 
the common factor A^.dx, 8x,, we apj)ly the substitution for¬ 


mula 


/r I i li h\ 
\l i T h lij 


to the indices in the last sum, so getting 


U*F + hH'F = X{d, §) - /»;,] eA,dx,M. 

1 1 

The expression obtained by interchanging d and S on the 
right (remembering the definition of X) is 

X{d, 8 ) '^ihyjc [p\h [k Pui p\k] ^ ^ dx,. 
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Interchanging li and h in the .second of these, juid sii hi ruci ing, 
we get finally 

(A' - ^)F 

n n 

== '^ihrk [p]li\k ~ P]k\h “ iplh P^k P\k p[h) \ h./).. 

1 1 

Comparing this with (10) Ave get tlie recpiired [onniila: 

R;,, = {ir/hk} 

■II 

— p]ii\i- ~ p]ii\h ~ {p'lhp'i/.' — p'ii.-p[iX ■ (I'’) 

1 

which expresses the differences between Iviennuui’.s sviiibdls of 
the second kind in terms of the diJl'ereTices between (.'lii'i.sfdn'er.s 
symbols. The analogy between tJiis fonnuin, iitul tlin(, delinitiy 
Riemann’s symbols (p. 175, formula (:5)) sliould be. noted. 

If we contract (13) by multiplying l.y and summing with 
respect to r, and then use the formula 

II 

Pi/ijli — ^r%Piy,l/.- 
1 

obtained by covariant diflerentiation of (2') with ri^.spect. to d.v- 
we get the covariant .system 

= Pajn — Pitji/, — 2; (pii,jpfi. — pujf/ii,). (II) 

It is to be noted that this doe.s not giv.^ Ifie. dilTerenee.s bet wee,, 
Riemann’s symbols of the first kind. In ract. .snlistil.ulim. on I he 
left the expression for (M) becomes 

■II 

^ n 

~ PiJljlk -™ Plkj\h ~ {pllijP^ik — Pikjp'ih), (li') 
and the first sum is not the same as (y, wliich w.aild be 

1 ‘ 

4. Case of two metrics in conformal representation. 

to I he ca.se in wbieh I lie 
er only by a faelor. .4.s 


We shall now apply the formida (bl) 
two fundamental forms (!) and (!') diil 
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both forms are positive, this factor must also be positive, so 
that we can denote it by e-'^i we shall therefore suppose that 

ds''^ = ds'\ .(15) 

or ds' = ds. 


The geometrical interpretation of this condition is quite 
simple, namely, that the correspondence between the tv^o mani¬ 
folds is such that infinitesimal segments are proportional, or 
there is swvilarilij of iiifinilesintal It follows that the 

angle between two curves (the angle between their tangents 
at the point of intersection of two infinitesimal elements) is equal 
to the angle between the corresponding curves; hence the name 
of confor^iial reprcseniaiion. 

In order to calculate (14), we shall obtain in turn, first, 
ChristoffePs symbols of the first kind for the two forms, then 
those of the second kind, from which we shall get the pjy/s, 
and lastly the and their derivatives. 

We start from the relations equivalent to (15) 

af = aij, ( 7 , h — 1, 2, . . . n) . (15') 


and shall calculate the sjunbol [ih, /]'. We get 


[ih, /,]' 


'dci;, 


1 4- 


dal,. 

dx 


a 

1.2t I 

^ \_dx,, dXi dxi\ 

L ox,, 


— p2r 


9t 

+ “wi ^ a 

0 X; d JL i 


( [ih, q + anT,, + 


aa?J 


9t 

where t/, stands for - -- , &c. 

dxi, 

To construct the symbols of the second kind, or 

{ill, r}' == I]\ 

\ 

we observe that the coefficients a'"'^ are, by definition, expressible 
as the quotient of a determinant of order —- 1 (the comple- 
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menfcary minor of in the determinant || a[i || ) by n. determinaiit 
Cl (namely; || ci^ || ) of order n. Remembering (bb'), we see l}ia,t 
in these determinants we can take out a, fa,ctor wliieJi is 
common to every element, so that we can wjifce 

a' ^-= 

where A,.i and a denote the determinants coria'spondiii^ir to A'j 
and Cl', but relative to the coefficients a^.i. VVci thus \vdVi\ 

a'‘-^ ==. 

and therefore 

u 

{•//(, r}' = Si«’'(['//;, /] + a,iTi, + %T,; - ( 1 , 1 , T,) 
i 

= -I '''*, »■[ -h S-T,, + 8;; T,: — a,/, t'', 

where the S’s as usual denote a factor which is 0 or I aneordiiitr 
as the indices are tlie same or din’erent. 

The difference {ih, rj' — {t/i, r] is tlierefori^ ^iv(a) by 

p\h “ S; T Tj ~ a,-j, tL . . . (i fi) 

Multiplying this by cij,, and summing with res[)(;ct t-o r, w(^ 
get (using (2')) 

PthJ '^h ffi 'T,: “ (Iff, Ty . . . ( I h j 

By covariant differentiation with j‘esj)ect to ds- wo get 

Pihjllc — <hh^jlc\ 

subtracting from this formula the analogous one obla.ined by 
interchanging h and k (so as to form tlie hrst pa,rt of (If) ), and 
remembering that t/,,, == we find tliat 

pih}\lc ~ pikj\h = ~~ %j'T‘,h ~ <-hh^jk + <hk'^i}r (^ 7 ) 

The second part of (14) can be constructed with the heh) of 
(16) and (16'). We shall first calculate 

n n 

y Plhj Pm ~ i^lj T/i + ttli j Ti Clu, Tj) (8j; T/,. -|- S[ T,- — (1,1 r) 

"" '^j + % -I - "h,r, T,, 

- a,„a,,jAT - aii,TjT/, - fii.y-T, -|- 
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vvlierc At = (tlio first difiCTcntial jxxrameter). The third 

I 

term and the ]a„st term cancel out. Denoting hy X the aggregate 
of tlie four terms underlined, which are unchanged if we inter¬ 
change the indices h and /r, we can wuite 

■u. 

PiU) p\k = — «//.■«/. / + «/-,/ T/- "0 

1 

We shall now subtract from this tlie formula obtained by 
interchanging h and h. We shall get 

ipihj Pi/.- Plki Pi/i) ~ (''h/. ^h'/'' 

L 

+ <hj Tic Ti — a/cj Tk T,: — «,/, Tj T;, + a,,, 

Using this and (17), we get the riglit-ivand side of (14') in the 
form 

— O'ih (TjIc — TiT,,) + a II, {Tji, — TjT,,) + aji, (tii, — T,-T/,) 

— •'V,- (tiu — nr,,} — {aii,aji, — a,-,, flj,,) At. 

The left-hand side of (14'), using (15'), can he written as 

1 

or e"-’’ iV, */«■)' - ('y> M:). 

Finally, formula (14'), for two metrics in conformal repre¬ 
sentation, can be written in tlie form 

e {ij, hk)' — {ij, hk) - a,,, (t,-,, - r, r,,) H- (t,-,. - Tj t;,)) 

-h «j/i {TUc — Ti T/,) — «y,. (t,-/, — T; T/,) — (rt,-/, fij-/, — «j;,) At. J 

Tliis formula was found by Finzi, by another method, as early 
as 190:5.1 

'Cr. “ ij)cr.sii[)cr(i(;iij a fcre dimonsioni cliu si ])(>sh()T 1 <» nipjireHentare conforine- 
iiieiiho siillff Mpii/.io oiiclidoi)”, in Atti <l('l II. /.s^. I vhictOy Vol. TjXtl, p[). 10n)-10t)2. 
The litter reseiirelies of Fin/i Jtnd Sctoiiten on the manifolds of uny lumiher of 
(liiiieiisions wliieli eiin b(; eojifortiiiLlly rejireseiited in a .Kiielideiin sjiiieeof the afiine 
number of dimetisi<jns, should also be UK:iiti<»nc‘(l. Of. Jlaiid. dcllti R. Acn. de.i 
Lincciy Vol. XXX (first half-year, 1022), ])]l 8-12, and Vol. XXXf (first half- 
yt;ar, 1928), pp. 215 21S, and Sehoiiteids book cited at Chap. VMI, p. 172. Cf. also 
I). »)'. Stkuik: Grwiuhiifjk dr?' 'itirhrdhnrjLulorudoL Piffervntutlfieomrtrie (l^erlin, 
Springer, 1022), Oli. iV, § 18, j). 150, where Schouten’s results are given with 
biill iograp1 1 i cid notes. 
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This formula can be given a simpler form by putting 


so that (15) becomes 


u — e-\ 

ds'"- = t ds\ 
u- 


We then have 

from which we get 

T. — 




5 

u 




Thus (18) becomes 
(:ij, hh)' — (ij, hh) 


= an. — 
ii 


- aj, ^ + aj, - (a,, ry, - a,, (IH') 

U U ll 'iir 


vr 


Ail 


At the end of this chapter we shall liave ocejision to point 
out an interesting geometrical application of this 

6. Isotropic manifolds. 

Leaving aside for a moment this order of ideas, we f)ropos(! 
to study those F„’s in which the Ricmatuiiau curvn.l.uro, as 
defined in Chapter VII, pp. 195-198, does not depend on fhe 
section, but only (if it is variable) on the point. This is c.\'f)re,s,sed 
analytically by the fact that the exjn'cs.sion for A" gi\'(‘n by (’il) 
of the preceding chapter is independent of the vds and the n’s. 
We shall see that these F,/s, which we shall call Ao/mpic. i.<'. 
with (locally) constant curvature, are charact(n’i; 5 <'d by a, parl.i- 
cularly simple expression for Riemann’s .symbols. 

We observe first that a fairly .sirnjjlc algidtraic combination 
of tbe coefficients which possesse.s the fundamental pi’operlies 
of Eiemann’s symbols, is the following: 

^y. 7a- = y(a,7,ffl/7- — aik»jh), 

where y is a priori any function whatever of po.sition. Everyfhing 
reduces to proving that when the.se quantitie.s arc .substituted 
for tbe symbols (y, hk) in (31) of the preceding chaj.tcr, the 



ISOTROPIC MANIFOLDS 


233 


resiiltmg value ot‘ K is iadcpoiKlent ol’ u and v. In fact, making 
the substitution, wt‘. have 


K = (''//, «>■/.• — "<v.' 

siJi-^a L 


- 

silica 


ik On, «’ ><!' (tj,, v'‘ — >:,v,t// u' '^ji, aji, v' w/‘ 


and since 


1 I 




;/A ' 


cosa, 


it follows that 


sura 


I 1 — cos'-^a] ™ y. 


Hence the Ei(‘iuaimiiin curvature oF a, whose Rieniantds 
syjnbols a,re th(‘. ex])r(‘ssL()ns is y, and is therefore indcipen- 

dent of the section. .But w(^ can also show iJiat tliis is the most 
generaJ (expression of Itieinaiin’s symbols which will make K ^ y. 
In fact, if we put 

™ %/</,•+ , 


where j,j. has thee meajiing assigned to it a,hove, we sinill show 
that 0. To do this, we insert this (‘Xpi’ession for {ij, l(k) 

in (31); the right-hand side can then 1)0 broken ii}) into two parts, 
the first of which, containing tine syml)ols /j., is, as we have 
seen, equal to y, a.nd the scecond, which is 


• > ^ 
sin^a 1 


A:;,/,/,' 


must vanish if wo are to ha,V(e K y. 

The sum just written can be simplified if we observe that 
since .Riemanu’s symbols arte antisymnadrical, the two terms 

-S;;, 

'o'' v’' 


can be collected into a single term; putting 

"///' V/ - V//"''?/' ™ Py,/,, 


this term becomes 
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Thus the sum for all the 2 wrin}{Uiti()m l\k becomes mer(4y a 
sum for all the simple combinations (A, Z*) of unlike indices, since 
it is useless to consider terms uitli a re pea,ted ind(‘X (Z* ^ A), 

because = 0. We shall denote the sum extended only b> 

H II 

simple combinations of the indices by S/j. instead of Tie*. 

1 ' 1 ' 

quadruple sum thus becomes 

•II II 

luij u' n' 8/,j. /t/cPlilr 
1 ' 1 

Proceeding in the same way for the indices i, j, we gad', idi i- 
matcly 

n II 

S/j S/i/r-®/:/, hk Vi) Thin 
1 1 

i.e. an expression bilinear in the j/s. Eacli siimma-tion will (‘xbaid 
to m = hi{n — 1) pairs; we shall number th(‘S(‘, (in a,ny ord(‘r) 
from 1 to and put 

Vi) — ^^5 Vhk ~ -S//, hh- 

{%j, A, /j == p 2, . . . n] 1,2,.., »/,), 

where p is the ordinal number of the pair ij and y tha,t of AZ’, 
so that the sum can be written 
111 

^,3y A/3), (v) ^/3 ^r 

It will now be clear that this expression cannot vaiiisli for 
arbitrary values of the z’s, unless all the B’p, are zero; wliicli is 
precisely what wo wished to prove. 

AVe may therefore conclude that for a F,,. whose, ciirvaljiiv 
is hcalhj constant (i.e. independent of the section) irnd (,(pnil fo 
a given function of position K, Eieinann’s synihols arc neces¬ 
sarily given by the formula 

(ijy hh) • . (1 h) 

Multiplying by a-"' and summing with respect to j, we, uet 
the expression for the symbols of the second Icind: 

{tr, hJc} =z K(aii^Sl — a,;.S';,). . . (!<)') 

The function K, however, cannot be arbitairily assigned; 
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we shall show in the following section that for n > 2 it must be 
a constant. 


6. Schur’s theorem. 


This theorem states that if the curvature is locaJhj constant, 

it IS also the same at all 'points. The case n — 2 is not considered, 

as there is only one section at each point, so that we cannot 

properly speak of locally constant curvature. 

"We shall therefore show that the K of formula (19) is constant, 

or that IT A 1 o ^ 

Ki =0 1, 2, . . . n), 


where Ki represents a generic covariant derivative, identical 
(cf. Chapter VI, p. 147) with the ordinary derivative. 

To prove this, we take the covariant derivative of (19), 
remembering Ricci’s lemma. This gives 

= Ei{aii,aj,,— a-a-aj,,). 

Taking three distinct values for h, h, I (whicli is possible, 
since n > 2), the other tAVo relations obtained from this one 
by cyclic permutation of h, h, I can be AAuitten hi the form 

O'. *0/. = Kh (an., ciji ~ ciii ay,), 

(y. = 14 («'/( “ «//. «ji)- 

Adding the terms on the left and on the right of these three 
equations, and remembering Bianchi’s identity (Chapter VII, 
p. 183), we get 

0 = Ki {a,u ctj,, - ail, aj,,) + K,, {an- a^i — aa aj,,) 

+ E,, {eta «//,. — «,7, aji). (20) 

By varying i and we thus get ln[n — 1) relations, of which 
we shall now make a suitable linear combination. Multiplying 
(20) by and summing with respect to i, j, we find that tlie 

coefficients of Ki, Ej,, Kj,, are all of the type 

n 

1 ■ 


where a, ^ denote two of the indices h, h, 1; or, maldng the two 
summations in turn, of the type 

1 i‘ 
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where tlie S’s as usual denote either 0 or J. Tli(‘S(i quantities are 
therefore always ;^:ero, uiiJess AVe liave siinultuiieoiisly a -- /q 
^ h (which ]ia])])ens in the cueliicient of the first term), in 
which case tlie value is 1, Our linear combination of the equations 
(20) thus reduces to 

0. Q.E.D. 

7. Canonical iorm o£ for a manifold of constant curvature. 

Given a Euclidean space we propose to find, if it (exists, 
a manifold with constant curvature /i, wliich can ])e con¬ 
formally represented on or in other \vords (cf. § ^J) such that 
its linear element is given by 


where ds is the clement of S,,, We shall sec that this is always 
possible, and the solntion of the pro])lem \vill lead us to assign 
two important forms for the ds^ of a manifold Avith constant 
curvature. 

Keeping the notation of § d, we sliall luave for Kieinann’s 
symbols for the Vl the expression (ef. formula (19) ) 

(■y, hk)' = K {ah, ay, — ah a',,) - (a-;,, Uy, — Uy,), 

and for 

(?y, 111 ) 0, 


since for a Euclidean space all Riemaiiii’s symbols arc zero (cF. 
pp. 173-178). 

We must now substitute these values in the eqiiahions (18'); 
these constitute a syst(3m of differcidial equations the intcigradion 
of which will give the function u. Making the substitution, (18') 
becomes 




u 


an, 




It 




■r ff,7, - - 


(«,A — One »}!,) 


An + K 




{i, j, h, h =---- 1,2,... n) 


( 21 ) 
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These — 1) equations can be satistied by putting 

= ca^ic (b i = i, 2, . . . n), . . (22) 

where c is a constant; in fact, substituting these values, they 
take the form 

\ {^hh «;/.• - «;;/,) (2ci« - K - ^u) =- 0 

(b j: h, h -- 1, 2, . . . n)] 

and in order tliat they may all be satisfied, \^'e need only make 
the common factor vanish, i.e. put 

2cu ~ K — Au = 0.(22') 


We have therefore substituted for (21) the system composed 
of the equations (22) and (22'), which holds whatever may be 
the co-ordinates x. If then we suppose, as we always may, that 
the a;’s are orthogonal Cartesian co-ordinates of Nb, so that 


a.y. — Sf, 





c-u 


C Xi 0 Xj, 


our system will take the simpler form 


dhi 

d d Xj, 




2cii ~ K — 



- 0. 


(23) 

(23') 


We shall examine separately the two cases c — 0, c 0. 
If c = 0, the system becomes 


d a*,; 0 Xj. 


- 0, 


K + S,, 



( 21 ) 

(24') 


and from the second of these it follows that K < 0. Such a 
solution is therefore possible only for manifolds of constant 
negative curvature, since we do not consider the case K = 0, 
which has no special interest, i.e. the case when is itself EiicU- 
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dean. Equations (24) then give, by an iininediiite 

int(‘gnition, 

n. 

u = S, X,. + t>, . • ■ 

1 

• (25) 

where the bjs, and b arc constiuitiS and ilicrclcK*, 

in (24'), 

ii 

Hiihslihil inii 

K + I,,.b‘^= 0. . . . 

j 

- (25') 

This shows that the hjs arc not all zero, a,n(l tlai.t tlirn^foru, 
by apjDlying an orthogonal substitution to tlui co-ordiiiatt'sd 
(25) can be put in the form 

u = k x,^ (k constant) 


so that (25') becomes 

K + /i;2 =. 0, 


ov k = x/— K, We therefore have 


11= V— if 

and therefore 

-Kx'i 

n 

, (2(;) 

This is tlic canonical form of the line (imnenl. of a vnuiifold 
of constant negative curvatare. It was found by .Heltra-nii^ in I.Sfj.s 
by another method. 

Another type of solution which holds for jiiiy va.lii(‘ of K 
whatever is obtained by supposing c =|= 0. (25) giv(‘.s iis two 

groups of equations 

d^u ^ • , 7 

SSTS; = 0, . + 7, . . . , (27) 

dhi 

dx;-~ ^ . 

• (27') 

V 

^ The liypersurfaoes u = constant, i.e. t)uX,> — conslaiit, arc ;i 

SrI, (,f 

hyperphuiea; we need tlierefore onl}^ clioose th(5 axis Xi, in iJie dir 
dicidar to them in order that their equations may take the form a 
and tlioreforo that u = /c xn- 

-Open' nuttcmatichv, Vol. T, p. 419. Milan, Hoi'jili, 1!KJ2. 

eetion pcrpt'H- 
■n eonstant, 
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The first group has for its general integral 

.(28) 

1 

where Xi is a function of Xi alone. 

The second group gives 

X i -= c, 

where differentiation is denoted without ambiguity by dashes, 
since the argument of Xi is only. 

From this, integrating once, we get 

x'i = c{x^ — x^), 

where the arbitrary constant of integration has been put in the 
form — caj, using the hypothesis c 0; and integrating a second 
time 


where is a constant. Substituting from this in (28) and putting 

n 

b = hi bi we get the following expression for ir. 

1 



containing n + 2 arbitrary constants. 

We still have to consider (23'); substituting in it this value 

of iL it becomes ^ 

’ 2cb — A = 0 . , , . (23 ) 


and therefore merely establishes a relation between the two 
constants c and b. 

We have therefore obtained a solution containing n -f- 1 
arbitrary constants; we can choose these to satisfy specified 
conditions at a generic but fixed point 0 of S,,. E.g. suppose we 
wish to take the a;-’s in such a way that all the ufs are zero at 
the origin. We have from (29) 

Uj ™ c {xj — a:^); 


hence every must vanish, so that (29) becomes (substituting 
for h from (23")) 


. „ ( 30 ) 
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We Ciin theji deterniijio c «(> tliat at the ori^io vf —•= 1; for 
iiiia we miiyt have c -- , and we thus get (inally 


ii 


K 

1 + ^ S.o;,: 
4 1 


(30') 


This value of u makes ds'- take the form given by Rieiuanii: 


S, dx^r 
dr- - - 


dx^+ dx,^+ ... -I- dx^ 



(31) 


We shall show farther on (§ 2, p. 24G) that tlie dn- of any 
wliatever of constant curvature K can be })iit in the form 
(31), and also if E < 0, in the form (26); this will justify the 
clioice of tlie term canonical Jirrms for these expressiojis. 

Here we shall also prove the almost obvious property that a 
liypersphere of radius R in Euclidean space of n + 1 dimensions 


constitutes a of constant positive curvature K = 


\ 

R^' 


To 


do this we shall talvo y.y^ • • • Vn fo denote orthogonal 

Cartesian co-ordinates in so that 




. (32) 


Without loss of generality we can consider only the liypcr- 
sphere whicli 1ms its centre at the origin, and is therefore repre¬ 
sented by the equation 

R- .(33) 

0 


We shall prove the assertion in tlic most direct way, hy 
expressing the -f- 1 co-ordinates y of the {)oud:s of the hyj)er- 
sphere, connected by the relation (33), in terms of n suitable 
curvilinear co-ordinates x, and showing that ds- ta.kes the required 
canonical form (31) wlien these parainetrie expressions of the 
?/’s in terms of the x^s are substituted in (33). 

The parametric representation of tlie y’s refm'red to is an 
immediate generalization of that given for an ordinary spherical 
surface by stereographic ])rojcction. In this case {n -- 2), if 
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we [}roject JVuin n peiSit v.Tose eo-onliiiates are //o ^ — B. 

— y.y — 0 ii])oa tlie taiii'eat ]ilaiie at the (lianietrieally 
opposite point, e^'ely point //o) ot the sphere projects into 

a point on the plane whose co-ordinates ./‘j. are coimeeted 
with the by the relations'*^ 


where 



It = 


1 + 




o 

P-' 


jj. a j,. 


(3-1) 


(35) 


For ai}ij value of n. we shall adopt the same formnlce, with 
the obvious modification that v is to vary from 1 to n. This does 
ill fact give a parametric representation of our hypersphei*e; 
for squaring and adding the equations (34), and substituting 

it 

for S,, a*,Mts expression in terms of n as given by (30'), namely, 
1 

4 

— {ii — I), we get back to equation (33). Wc have then. 
K 


diftcrentiating, 

= - 


1 

Vk 


Mu 



x^,du 

lir 


[v - 1, 2, . . . 7l). 


. . 4 4 

Squaring and adding, and substituting - {u — 1) and --du 

a n 

for y-and 2S,. respectively on the right-hand side, we 
1 : 

get finally 


els- 

which is the required result. 


11 

1 


^ These reLitioiis can easily be shown to be the same as those ordinarily used if 
we replace p, the radius vector itf tlie projection, by the colatitude ^ (►£ the point 

on the sphere. As by definition \/K ~ cos^, it follows that - = eos--^^-, 
p = 'lit taivo^. 


( D G55 ) 
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CHAPTER IX 

Diffebential Quadratic Forms of Class Zero 
AND Class One 


1. Forms of class zero (or Euclidean forms). 

In Chapter V, p. 123, we defined the class of a given 7,^ (or 
of the quadratic form ils‘^ which characterizes it) as the number 
N — n, where N is the minimum number of dimensions of a 
Euclidean space in which the can be immersed. 

We shall consequently say that a quadratic differential form 

'H 

.( 1 ) 

1 

is of class zero (or is Euclidean) if it is possible to substitute for 
the n variables x a set of n variables y (since N = n), connected 
with the cr’s by the relations 

Vv ^ ^ 2 . • • • ^ 1, 2, . . . n), (2) 

and such that (1) assumes the Cartesian form 

ds- - S, dyA .(1') 

1 


Given (1) we wis]] to find a criterion winch will enable us to 
recognize whether such a transformation is possible. We shall 
show that it is sufficient to construct Riemann’s symbols relative 
to (1), and to determine whether they vanish identically or not. 
We have already seen (Chapter Vll, p. 178) that tliis condition 
is necessary; we wish to j)rove that if, inversely, all Eiemann’s 
symbols relative to (1) a-re identically zero, then (1) can be trans¬ 
formed into (F); or in other words that the n functions (2) can 
be so determiued as to satisfy the + 1) equations 


where 




1> 2 , . . . n), 

1 



(-) 


(4) 


(cf. Chapter V, ]>. 122. forninla (35)). 
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By covariant clifierentiation of (3), we get 

n 

0 ^ ^Ayv\iLyv\k^ VviiVviki)^ 

1 

By cyclic permutation of the indices i, h, I, we get from this 
the two further equations 

n 

^Ayi'\inyi'\i yi'\kyi^\ii)j 

1 

n 

1 

Now add the last two of these equations and subtract the 
first. Prom the commutation rule (§ 6, p. 184), combined with 
the vanishing of Riemann’s symbols, it follows that the second 
derivatives are permutable, so that we get 

n 


Keeping i and h fixed, and making I vary from 1 to n, this 
formula gives us n linear homogeneous equations in the n un¬ 
knowns ( 1 ^ — 1, 2, ... n). The determinant of the system 
is certainly not zero, since it is composed of the terms 
i.e. is the functional determinant of the transformation (2); we 
therefore conclude that 


y,.\ik = i ''i: = 1. 


. n). 


(5) 


These equations, which we have deduced from (3), can be 
put in the form 


dx„ 


1 ' 


y..iH)= (6') 


in which we are concerned only to the extent of observing that 
the right-hand side is a known function of position and of the 
terms 

It is now easy to see that the problem is reduced to that of a 
mixed system of total differential equations and equations in 
finite terms which we have already considered in § 8, p. 29. 

In fact, considering as unknowns the n quantities y,,, and the 
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u- quautitieri we can collect together the eqiiation.s (I) am! 
(S') into a s.ystem of total cliffeTcntial (?()riiitlons 


/I 



wlule tile group (3) couHtitutes ^n(n-l~ 'l) in linijr 

terms between the -|- a- — n unknowns. 

The conditions for complete integrability, hy the iisim) rule, 
are as follows: 


00 


(^) 


a.'4 a 4 

?/r|a. ^ ^/i 

a.4 a 4 


(y, b /b 


1 , 1 ^, .. . '^ 0 ; 


(c) the equations obtained by differentiating tiie erpia- 
tions (3) must be identically satisfied in xurtiie of the 
equations (S), 

Introducing the covariant derivatives and onca; nifu-(^ a.fqtly- 
ing tlie commutation rule for the second derivatives, tlu' con¬ 
ditions (a) can be written in the form 

“ y,.}/,/,' = linear combinations of Riemann’s symbols, 

and it Avill then at once be seen that tliey are satisfied identicatly, 
since the left-hand side vanishes in virtue of (5), and the rigid- 
hand side also vanishes, since by hypothesis Kieinamds synd^ols 
are zero. 

A similar argument holds for the conditions (/>), wliie.li arc 
equiAailent to 

yn/wi “ I/rim = linear combinations of Riemarm s symbols. 

Lastly, taking the covariant derivatives of (3), \v (3 find the 
conditions (c) in the form 

II 

ami it Ccui at once be verified that all these are satisfied, in virtue 
of Eicci's lemma and the equations (5). 
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The mixed system is therefore coniplelc, and it will be possible 
to lind the functions (2), which will contain hi^ii + i) arbitrary 
constants, this being the diference between the number of un¬ 
knowns and the number of equations in finite terms. In geo¬ 
metrical terms, if the manifold is Euclidean there are in it 
(orthogonal) Cartesian systems. If Ave can find a particular 
solution 7]^, 7)2, . . . we can get the most general solution by 
a substitution of the type 

Vi = C + == 1, 2, . . . v), . (6) 

where the a’s are the coefficients of an orthogonal substitution; 
i.e. are connected by the d- 1) equations 

2,-a.,;a,„ = 8j (j, V = 1, 2, . . . ii); . , (7) 

1 

while the c’s are n completely arbitrary constants. 

This can be immediately proved from the characteristic pro¬ 
perties of orthogonal substitutions. In fact, from equations (6), 
dilferentiating, squaring, and adding, we get 

(hji = Iljaijd'rjj, 

1 

11 

1 ' 

n u 

1 1 ■ ■ 

summing the last of these with respect to i and using (7), we get 

S,. W = = kdv,..- 

1 1 ' ‘ ‘ 1 

The hypothesis that the t^’s are a particular solution of the 

n 

system is expressed algebraically by the equation ds^\ 

1 

hence we can write 

- ds\ 

1 

which proves that the ?y^s also constitute a solution. An easy 
calculation shows that the number of independent constants in 
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(6) is hi(;}i -|- 1), and hence the solution so obtained is the most 
general. 

It is obvious that the equations (G) are a generalization 
of the formulae for changing the co-ordinate axes in ordirniiy 
analytical geometry. 


2. Conformal representation of a manifold of constant curvature 
on a Euclidean space. Mutual applicability of ail ly/s with the 
same constant curvature. 


In the preceding chapter (p. 236) we solved the following ]>rob- 
lem: given a Euclidean space to find a nuinifold of given 
constant curvature which can he conformally represented on A,,. 
We now propose to prove that conversely, given a manifold V 
of constant curvature, it is always possible to represent it r.;on- 
formally on a Euclidean space B,,, In other words, if is iho 
line element of a of constant curvature /l, we wisli to jji'ove 
that a suitable function JJ = can be so chosen tliat 


ds'^ =: = }(h^ 

• * 

is Euclidean. 

The necessary and siifificient condition for this is that the 

equations (18') of Chapter VIII, p. 232, should all be satis!’u'd 

by putting r- Ji.\> n 
(y, Ji]d) — 0, 

(ij, hh) = K - a;,,aj,X 


and writing U instead of u. U must therefore satisfy tlic 
— ]) equations 


'AU 


Putting 


^i) («,7.' 




O'UcO'j}) 




= a,7, -di- 


V 


a,i. - 


U 


^jh 


Ua- 

U 


Ua 


{°-U + p), 


U,„ 

u 


( 8 ) 


where a and ^ are two constants, and following the same metliod 
as that used in § 7 of Chapter VIII, p. 23G, we see that tlicse 
equations are satisfied provided ultimately 


AU 




2, 
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If wc consider tlie equations (8) as defining all the derivatives 
of the n quantities Uj, tliei] together with tlie identity 

dU^iu^dx, .(S') 

1 

tln^y constitute a total diMercntial system in tlic n -|- 1 functions 
Vi- fJ; the equation in finite terms (9) is to l)e associated with 
it. It is easy to verify that w(‘. luiecl only ta.kc a — K in order 
that this mixed system may bo completely integrable (cf. Chapter 
1C p. 29). 

In fact, the conditions of intcgrability of the equations (8) 
are expressed by the commutation formula) (§ d, p. 184) 

n 

a-i,, = W,} . . (C) 

1 

and those of the equations (S') by 

e,,. - £/,, 

These latter conditions are at once satisfied, on account of 
equations (8). The left-hand side of (C), also by (8), reduces 
to 

aia^i, Ui — Ua UiX 

and the right-hand side, using the expression (19') of the pre¬ 
ceding chapter for Riemann's symbols for manifolds of constant 
curvature, becomes 

— e, — cia U,). 

The equations (C) therefore reduce to identities provided, as 
stated above, we talce a --- — K, 

Lastly, there is tlie equation in finite terms (9); putting 
a — •—/v, this becomes 

w Uj - - + 2/3/7. . . . (9') 

r 

Differentiating this, using formula (10') of p. 152, and taking 
out the factor 2, we get the conditiojis 

S-CZ-'D,: - -AW, + /3Z7,, 

1 

which arc also identically satisfied in virtue of (8). 
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liCitHui'.—IlaYing thus seen that systuni is conipiOOy 
integrahku we Jaiow (§ 8 , pp. 29-38) that ilu', solution eoiiE-iins 
n aTbitrary coustaiits Avliich we can clioos(‘- in vsnoh a way (liat. 
at a specified (but perfectly general) point 0 of the niaaiifoid I Ik; 
n fuuctions U; take values arbitrarily fixed in a,dvaaice. Jhirtli(‘r, 
the constant /S is still at our dis])osal. 

We get a first class of solutions if we take /? 0 , which 

makes ( 8 ) into 

The hypothesis /S ~ 0 is therefore a,dmis,sil)h‘. vh. /Ac rnd 
field only when K < 0; in fact, for ^ 0 the (‘fjuation ( 9 ') 

reduces to 

AU = - KUK 


In the real field the left-hand side is alwa,ys essentially posittv<i, 
excluding the case when tlie function U is a pni’ci constant, or 
in other words (on account of equations ( 8 ), wlii(h now rvdiice 
to 17,y. =3 ~Kajj,V) retaining the conditions K d- L. Since 
the right-hand side has the opposite sign to K, it follows tluit 
the equality is possible only if K < 0 . 

Ill order to have a generally valid solution, we must siipposfi 
^ 0. AVc shall then choose jd and the n otluu* consfants so 

that 


U: ^ 0, U 


(i - 1 , 2 , . . . n) 


iuid U will 


at the point 0, so that from ( 9 ') we see that /3 .r,. 
be completely determined. 

With the notation of the present problem (i.e. using da.slie.s to 
denote quantities relative to the EucMdmn .space) we proved in 

Chapter VIII, § 7, j). 236, that if a factor u e.xdstK sncli that Mk; 
manifold for which 




ds'^ 

m2' 


has constant curvature K, and if the conditions u I, n- ■ 0 

are satisfied at a specified i^int 0 (which may nlway.s be, snimo.sed 
taken as origin of Cartesian co-ordinates), then tins ( 5 xpre„s,sion 

K " 
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Further, we have now found tlifit tlie quantity — satisfies 

u 


all these conditions (in fact ^ ~ 1 at 0, 
at 0), and therefore we must have 






u - 


1 


u 


K 

1-1- " S.x, 
4 1 


2 


An extremely imjjortant corollaiy can be deduced from the 
foregoing residts. Given two 'n-dimensional manifolds with the 
sa-nie constant curvature K, both tlieir ds^, as we have seen, 
can be reduced by suitable clianges of variables to the same 
canonical form 

1 

' 

where 

K 

n ^ 1 

4 1 


It is therefore possible by a change of variables to transform 
one form into tlie other; or in other words, if two manilolds of 
the same number of dimensiojis satisfy the single condition of 
having the same constant curvature, then either can be conform¬ 
ally rej)resented on tlie oblier. 

3 . General remarks on hypersurfaces in Euclidean space. 
Second fundamental form. 

Let Eiicliden,n space and v/j, y.,, • • • Vn-i-} ^ system 

of Cartesian co-ordiiirites in it, so that 

it+i 

dy/ 

1 

Consider a hypersurface V,, (frecjucntly called merely a 
'' surface ” wlien there is no (hing(ir of ambiguity) immersed in 
+ L delined by the parametric ecpiations 

2/r Vu (•%* ^25 • • • 2, . . . n H~ 1). . (10) 

( D 055 ) ^ * 
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As usual, the functioiial matrix of these (‘(jiaitioiis must ha\'e 
n as its cliaracteristic (cf. p. 87). 

As an obvious extension of the ordiuaiy caise (ji li) \v(.‘ sliaJI 
first define the direction of whicli is nor/md to ly ah any 
given point P. 

Let a,, (i^ — 1, 2, ... n -|- 1) denote the cosine's of tli(‘ direc¬ 
tion we are in search of, relative to tlie axes y (i.es tlic' pa.i*a,n)el.(n-s 
or moments, which are indistinguisJiable in a, Euclidesui spac,e). 
These cosines will be connected by the usual qinidrahic ideality 

].(II) 


The geometrical property which we have to cxjiross is that 
the ejection whose cosines are a„ is perpend iciihir to ariy tangnmt 
to T„ at P , or, which is the same thing, to miy (hnnentary dis¬ 
placement f/P which is a tangent to V„ and tlulrcd'oro (ncglmding 
infinitesimals of higher order than tlic first) does not move- out¬ 
side the surface. For every such displacement tln^ ('(inations 
(10) must still be satisfied, but the increments of (lie ;r’s 
will be otherwise arbitrary. If dy^ denotes the coiTc.sponding 
increments of the Cartesian co-ordinates v/,„ the a’s must .satisfy 
the equation 

= 0 .( 1 ]') 

for every system of dy’s given by (10), i.e. by 

n 

dy^ =-- . . . „ . ( 10 ) 

with the arbitrary. 

Substituting in (IT) we have 




n+1 

ya.f/.p =0 (1 == 2^ _ _ _ 


(12') 


These equations, together with (11), determin 


e the a’s excejit 
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as to sign. The ambiguity of the sign is natural, as we are dealing 
with a direction and have made no hypothesis as to its sense. 
In Avhat follows we shall suppose the sense fixed in advance as 
may be most convenient. 

We know that the metric of F,, is defined by the quadratic 
form 

n, 

(fj -= fls^ -= 'Zji.aii.dxidx/^. 

I 

In addition t(i this it is useful to consider a second differential 
quadratic form ?// wliich (lifiei'S froin the first in that it depends 
on the configuration of F,^ in (or in other words is not an 
intrinsic element), or rather completely determines this con¬ 
figuration. 

To find this function we suppose an infinitesimal segment of 
constant length € measured of! along the positive sense (as defined 
in advance) of the normal at every point of the given F^^. The 
extremitic^s of all these segments will lie on a hypersurface F^j, 
which is said to be 'paralUi to F,,,; there is an obvious one-to-one 
correspoiuhuice ])etweeti points on one and points on the other. 
We wish to consider two infinitely near points of and to com¬ 
pare their distance a|)art ds with the distance ds' of the two 
corresponding points of V',. 

If the co-r)rdinates of a generic point of are {v — I, 
2, . . . '/i -|- 1), those of the corresponding point of F^, will be 

yl Vr + ot. 

From this, difterentiatijig and remembering that e is a con¬ 
stant, we get 

dyl -- d.y,, + eda,,. 

Squaring {ind adding, we g(d^ denoting it ])y (/>', we have 
<j) N,, 2ef/?;yr/aJ. 

I 

Now Yj^,dy^^~ cj), and since e is infinitesimal it follows that 

I 

e“r/a/Hs negligible companid with the other terms; hence 
<// — (/> == — 2eilj, 


(13) 




ABSOLUTE DIFFERENTIAL CALCULUS 


where we have jDut 

/i+i 

>p — dy,, da, .( 11 ) 

1 

Formula (13) gives tlie iucremejit of the first finKleiiKMilal 
form (f) in jDassiiig from the given V,, to an infiniL'Iy near parallel 
surface: this increment is expressed in t(‘.rnis of I he, (jiiantify 
0, which, as we sliall now see, is a quadrutfe form in tim d,/-‘s, 
To slmw this, we note that 

dy, == 

n 

da„ 

1 

hence, substituting in ( 14 ), and putting 

v + l 

~ — S' • (1-'”^) 

^^eget xls = inMnMdx, .(M') 

This is what is called the second fundamenlal form. Tt.s cdcdi- 
cicnts hi,:, given by ( 15 ), can also he expressed in another way, 
which will be useful farther on. Differentiating (1:1'), we got ' ' 

«-i-i 

^A°-v\icy,\i +«,,y,,|i/,) — 0, 
or, interchanging the indices I and 1 , 

901-1 

y Kp2/,.|j- + o.,yy\u) — 0. 

Taking the half sum of these two idcntitio,s, and Knnenibcrin'' 
the symmetry of the second derivatives, we get " 

1v' / , “+« 

- 2^aa„|A-2/„|i + a„|/2/„|,-) = 

Changing I into i, the left-hand side of tlii.s ecnnility (wicomiis 
the same as the right-hand side of ( 15 ), and tliereforc 

n + l 

bile = ya„2/„|.,,,.(jr/) 
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4. Forms of class 1 (hypersurfaces in Euclidean space). 

We now wish to iiiid a criterion to determine wJietlier a given 
differential quadratic form 

n 

i 


is of class 1, i.e, Vvh ether we can find n + 1 functions (10) which 
will reduce it to the Chrtesian type. We shall follow a method 
similar to that used in § 1, taking as unknowns the 1 functions 
y^, and their n{n + 1) derivatives making (n ~F f)^ unknowns 
in all. By definition these must reduce the given ds- to the 

n.-(l 

Euclidean form S,, dyj^; this is expressed by the + 1) con¬ 
ditions ^ 

ii-}-] 

.(16) 

1 

From these by covariant differentiation we get the equations 

^ = ^Ayriuyr\i.- +yr\iy.\H)- ■ ■ ■ (i7) 

1 


We have also the condition that the principal unknowns y^, 
and the auxiliary unknowns y^,^,- are not independent but are 
connected by tlie differential relations 


3 ;?/,, 

dxi 


y.\r 


(18) 


We have to determine the conditions of integrability of the 
system composed of (IG), (17), (18). 

First, suppose written down the two equations obtained from 
(17) by cyclic interchange of i, h, 1; from these three equations, 
by adding two of them and subtracting the third, we find, as 
in § 1, 

'/I "1-1 

y = 0 (i h I = 1,2,...«.). 


Keeping i and h fixed, we have n linear homogeneous equations 
in the n 1 unknowns [//,.. The matrix of the coefficients 
as in the preceding section, has n for its characteristic; 
hence the equations have (n -|- 1) — n ™ 1 independent solu- 
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tion; tlie others di ffer from it by a multi piNow we see from 
(12') that we get one solution by taking a,,; lienee, intro¬ 

ducing a multiplier we can write the most general solution 
in the form 

y,.\a = .(1!^) 

To find the significance of these 6’s, multiply (19) by a,, and 
sum with respect to v from 1 to 7^ + 1, using (11); we get 

comparing this with (15'), we find that the 5’s just introduced 
(which have the property 6/,. — bj.) are identical with the co¬ 
efficients of the second fundamental form. 

We have now to express the fact that the second covariant 
derivatives of the quantities satisfy the commutation formula 

n 

Vvyikk yr\i!ch ' * ' (^ 9 ) 

which takes the place of the ordinary condition of symmetry of 
the second derivatives. To calculate the left-hand side we must 
start from (19). By covariant difi'ereiitiatioji we get 

yi>\ikk ""k • • • (*^0 

and we have to calculate To do this, we note that on dif¬ 
ferentiating (11) we have 

= 0,.(22) 

and also that the coefficients can also bo expressed in the 
form 

^ ih (h 1, 2, . . . 9^), . (dd) 

which is at once verified by covariant differentiation of the 
identity 

1 

combined with the expression (15') for the 5’s. If h is fixed, the 
formula (23) represents n linear equations in the n + 1 unknowns 
combined with (22) they form a system which can deter- 
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iriiiie these unknowns. Tlie determinant of this system is in 
fact 




• «'n+l 

2/i|i 

2/-211 . 

* y /I+111 

2/i|« 

iJ'l 1 )i 



squaring this, and remembering ( 11 ), ( 12 '), and (16), we get the 
determinant || a, 7 .. ||, wliich is certainly not zero. 

It is easy to verify that the solution of the system (22), (23) is 

It 

.... (24) 

1 

where we have put 

2 /' = .(25) 

Hence (21) becomes 

71 

y.,\iirh = ^jba-bj^yi. 

The expression for y,is obtained from this by interchanging 
Lire indices h and h. AYe can therefore write (20) in the form 

a. {bikh — ^ihic) — 2; (6,7, bj,^ — 6,7, 5,7.) yi ='Ll j il, hi ( 26 ) 

1 ■ ■ 1 

III order to express the right-hand side too in terms of yl we 
apply Cramer’s usual rule to (25), which gives 

n 

2/Hi = ^j(^jiyi’ 

1 

and substitute this result in the sum; summing with respect to 
I wm have 

S/, [ih bh] y,,|j = {ij, hi) yl 

1 1 ‘ 

and therefore (26) becomes 

— a. {bikk — b-Mc) + yl, [(/>* bji, — bn, + (-y, hi) ] = 0 

]■ 

{v ~ 1, 2, ... n “b 1; h = 1, 2, . . . ?^). 
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These conditions can be expressed in a considerably simpliM' 
form. Multiply the equality just written by a„ and sum with 
respect to v from 1 to u + 1; renienilxabig (Li) and ob.serving 
that from (2-5) and (12') 

„ + I n ii-l-l 

1 1 1 

Ave get {biuit — = 0, 

or ill other words the coefficients h must satisfy the condition 

biht = Kh .(^») 

The condition (26) can then be Avritten in the form 

%yi9r,H,c=^ (n - 1, 2, . . . iH- .1), (29) 

1 

where we have put 

Vij.wc = {bikbjk- bikbji,) -I- (ij, hk). 

Keeping i, Ji, h fixed, the erpiations (20) constitute 
n + 1 linear homogeneous equations in tluj n unknowns 
'PiUhk (i = 1, 2, . . . n). The cliaracteristic of the matrix of 
the coelBcients yl is n\ in fact, taking any one of its (kiinr- 
minaiits of order n, e.g. 

y\ y\ ■ ■ ■ y" 
y\ yl • • • y'l 


it AAdll easily be seen Avith the help of (25) that it is cf(UiiI to tin; 
product of the tAvo determinants 

ypi yi\i ■ ■ ■ y\\u |«" . . . «'"• 

2/2|i y-i\i ■ ■ ■ y-i\u ir' rr- . . . 

Vnll Vnyi ■ ■ ■ ya\n »’*' . . , a'"‘ I 
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the second of widcli is certainly not zero. It follows that the 
characteristic of the iiiatrix //•/, is the same as that of the matrix 
which is n. From a well-known theorem on linear equations 
it follows that the system ( 21 )) has no solutions except 

Vi), hk ^ (v; j, K I' -=1,2,... n), 

which is the same as 

{ij,U) . . . (30) 

A more rigorous discussion would show that the formulse 
(28) and (80) express all tin's conditions ot‘ integrahility of the 
system. AVe can therefore conclude that: 

Tha neccHsary and safficieni vAyndiliom lIkU a given differential 
quadralie form may he of cla^s \ are that it shall he 'possible to 
determine a feal) syvime(ric:al donhle system hjj. such that 
Riemamis symbols for the given form can he expressed by 
formula (80), and also such that the system {(he covariant 
derivative of 1);,. with respect to the given differential form) is 
symnielrical (formula (28) ). 

At the end of hist chapter (§ 7, [). 280) we found directly, 
by assigning suitable explicit exjUHiSsions to the functions 
. . . x,f that every r/,s*“ of constant positive curvature 
is of class 1 . The necessary and sufficient conditions just 
enumerated must of course be satisfied. 

To verify this, we need only talce the auxiliary quantities 
in the form Vii a,*/., and remem])er that, as the manifold in 
question l.>y hypothesis is of constant curvature, Pdemann’s 
symbols (ij, ///•) take the form K{afi, a-^j. — a^j. The conditions 
(30) are therefore automatically satisfied. Further, by Ricci’s 
lemma, tln^ cova.riant derivatives of the quantities 6 ;/., i.e. of 
vaaiish, so thah tlui conditions (28) are also satisfied. 

For K < 0 , tluj hy])othesis h^. s/Ka,-/.. is of no use, as 

it would take us out of the real field, so that we cannot assert 
that tli(‘. aaia,logons proj)erty holds. AVe can in fact prove that 
for' n > 2 a ds^ of constant negative curvature is not of class 1 .^ 
For n™ 2 we know already (§ 21 , p. 123) that any and 
ther(tfore in particular a rA- of constant curvature, is of class 1 

Ulf. l>iAN(’Hi: Lvzionl (It (fcoiiwtria dtj]'ercnzi(tl(\ 2n(l edition (J’i.sa, Spoerri, 
1902), Vol. I, (JIj. XTV, ^ 205, p. 471. 
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(at most), or in otlier words belongs certainly to some surface of 
ordinary space. There are an iniinite niiml)er of surfaces of tins 
kind (pseudosplierical surfaces), with constant negative K, in¬ 
cluding surfaces of revolution of three ty]>es.^ 


5. Hyperspherical representation and curvature of a hyper- 
surface. 


Take any hypersurface and consider it as immersed in a 
Euclidean space and consider also a hyf)(‘.rs[)here of luiit 

radius and centre the origin.^ 

AVe can make eacli point P of the V,, corresjjond to a point 
P' of the hyperspliere by drawing from the centre of tJio hitter 
the parallel to the normal to tlie at P, arid taking the inter¬ 
section of this parallel with the hypersplrere as P'; 1%,, is tlnri 
said to be represented on the hypersjdiere. 

The chief interest of this representation is as follows. Ijct 
V denote the extension (Chapter VJ, j>. Hid) of a riigion r/j of 
and F' the extension of the corresponding liyperspherica,! ir^gion 


f. 


. F'. 

Then the ratio y is 


closely related to the curvatim'. [rropddies 


of F,p and is called tlie mean cumdiire 0 / \^„ 'in the reffion (/>. If 
tliis region reduces to the infinitesimai region round a, poinf 
P—or in other worrls if the maximum dimension of cj) tends to 


V' 

zero-then (if P is not a singular point) the ra,tio y tranls to a 


positive limit F, which is called the hyperspherical (if n 2, 
the spherical) curvature of the F,^ at P. 

To find an expression for this quantity, we shall first (‘stalilisli 
a system of intrinsic co-ordinates on the hypersphere. The most 
obvious way of doing this is to assign to each fioint P' of the 
hyperspliere the co-ordinates .xq, . . . . 7 :,, of tluj eorn^spond- 
iiig point P of V„, AVe shall call the line eieimnit of the- 
hyperspliere dcj, and shall try to find an expression for it in 
terms of the r/a/s. 


^/did., Oil. Vrr, 10 s, ]), 22 . 0 ; or 3rd edition (73o]o<^'ii:i, ZfUjicIiclJi, 15)22), 
Vol. I, Oil. vrj, 127, p. 33<s, 

“Tliut is to say, as explained in ^ 7, Cl)ii]>ter VTIF, p. 210, ;i, liypcTsurfacu 
On wlioHo e<piiLtion in Ciirteaiaa co-ordinates is 

tH-i 


1 . 
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If we denote tlie direction cosines of the normal to F,, at a 
generic point P by a,, (p 1,2.... n + 1), as in preceding 
sections, tlien the direction cosines of tlie parallel tlirongli the 
origin (the centre of the hypers]diere) to this normal will also 
be a^. The point P' lies on tins line, at unit distance from the 
origin; its Cartesian co-ordinates are therefore a,,. 

We then have at once 

71+1 

1 


'U+l 


and putting 

II 

• • (31) 

it follows that 

n 

do^ = Syj, C/j. day . 

• • (32) 


This is the first fundamental form relative to the hypersphere; 
it is sometimes called the third fundamental form of the given 
F„. By means of it we can at once calculate the extension V' 
of a liyperspherical region cj)': 

F' = j s/e dxj dx 2 . . . day, 

where e re])resents the determinant of the Cjuantities Analog¬ 
ously, for the corresponding field of we have the extension 
F of 0: 

F — da?2 • • • 

If the regions considered are infinitesimal, each integral 
reduces to a single element; taking the ratio of these, we get 

r = Lt h == . . . . (33) 

where in every case the radicals are of course supposed to have 
their absolute values. 

The coefficients 6/^/. can be expressed in terms of the derivatives 
of the ?y’s by means of (31), which on substituting for the 
values given by (24) becomes 

71, 71+1 

1 ■ 1 
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and by (f^5) aiKl (10) 

'ii 

1 

‘th 

1 

From this expression of the e///s in terms of tlie and the 
it is easy to obtain an expression for the determinant e ia 
terms of the determinants a and b. To find it, put 

/S' = ..... (3-J) 

t 

SO that the last of the formulae just given for e|^|. may be writteji 
as 

^hh- —■ Pk .(bd') 

1 

Comparing (34) and (34') witli the formula) for tlie gejieral 
term in tlie product of two determinants, we see that from tbem 
follow the two equations 

^ ^ bi .(3.5) 

a 

e= bp, .(3.5') 

1 

wliere = ||«'*'|| and we have jrat P = \\Pi\\, as can oa.sily bo 

a 

verified. Multiplying together (35) and (35') term by term we 
have 



Hence (33) becomes 



a formula expressing the liyperspherical curvature F in terms of 
the discriminants of the two fundamental forms. 

It will be seen that the curvature defined liere is not an 
intrinsic property, as it depends on the cocflicients 5,/,. 
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Let iis o^pply these remarks to an ordinary surface TL im- 
racrsed in a tliree-diniensioual Euclidean space. In tins case, 
as we know, tliere is one distinct Eiemann's symbol (12, 12), 
and (30) gives 

(12, 12) b,r = h. 

Hence (33') can be written in tlie Itn-m 

( 12 , 12 )^ 

a I 

Comparing this with formula (28) on p. 194, we see that 
for V. = 2, tlie curvature T coincides in absolute value w'itli the 
Gaussian curvature K. 


CHAPTER X 

Some Applications op Intrinsic Geometry 

1. General remarks on congruences. Geodesic and normal 
congruences. 

Consider a metric manifold 7.,^, and suppose that at every 
point of 7.,,, (or of a region of 7,,) tliere is fixed a direction X, 
defined e.g. by its parameters A'; i.e. that there is given a contra- 
variant system of regular functions To, . . . connected 

only by the usual (piadratic identity and otherwise arbitrary. 
On account of tliis identity one at least of the parameters A’ is 
certainly not zero. 

If then we consider the following system of n — 1 differential 
equations 

(k\ ^ (h\^ ^ ^ (1) 

Ai A2 " ■ ' ' A'^ . . . i j 

(considering e.g. one of the .r’s as the independent variable and 
the other n — 1 as unknown functions of the first), wo see at 
once that the integrals of this system represent lines of 7^, which 
at every point ai;e in the previously fixed direction X; in fact, for 
an infinitesimal displacement along one of these lines, the drr’s 
are proportional to the parameters of X. Through every point 
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of the region considered there passes one (and only one) oi tli(\se 
lines; this follows from tlie fact that the genend hitc'gral of 
(1) contains — 1 arbitrary constants, wliich can be m de-L'r- 
mined that for an arbitrarily assigned value of the bi(lejK‘nd(‘nt 
variable the other n — 1 variables have values which a-n*. also 
arbitrarily assigned. To fix the ideas siip]){)se tJiat in the 
considered is nut zero; then (1) can be written 


dx; A' 

dx,^ A'* 


- 1 ,^. n. 


considering as the independent variable. 

It follows from the existence theorem that tlic int(‘gral 
equations 

x^{xj (i = 1, 2, . . . n - 1) 

of the line can be satisfied by an arbitrary set of values {)f the 
n variables, which is equivalent to saying that th(‘. line ca,n be 
made to pass through a point arbitrarily fixed in arlvaiice. 

Such a system of lines is called a concjmcnce. The qnantiti(is 

• dx • 

V = - where ds denotes the element of arc of the line f)a.ssing 
ds 

through the generic point Xo, . . . are called tlu^ para¬ 
meters of the congruence, and the elements A/ of the r(‘.ci[)rocaJ 
system are its moamits. 

If all the Ihies of a congruence are geodesics, the congrinuier', 
is said to ha geodesic] e.g. congruences of straight lines in ordinaiy 
space. It is easy to determine the analytical conditiort whi(h 
expresses this property. AVe know that the cJiaracteristif*- cajna¬ 
tions of a geodesic can be put in the following form (cf. C)nipt(;t‘ 
V, formula (53), p. lU^- 

J\i n 

/ = ^ + = 0, 

where A^ = = Xi, 

ds 

^The jiri,n.iiiient may Ue made clearer by considering the exani]de of a field 
of force in (trdinary physics. In this case, wlien a direction X (that of the force) 
is physically defined at every point of tlie sjiace considiircil, thcji u, system nf lines 
(the lines of force) is determined whidi have at every ])oint the direction of tJie 
force at that jjoint and which, so to spenk, fill all space, as througli evt^ry point 
there passes one (and only one) line (jf tlie .'System. 
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Now we have 


dX< 

els 


« aA'‘ 


substituting in the previous equation and wiitmg everywhere A‘ 
instead of Xi, we get 

"■ /3A'' ’* \ 

2’’“? hi+ 

from which, by (5'), p. 147, we get 

y = 2:,(A'iA' = 0 (i = 1,2, ...iO. . (2) 


These are the required conditions. We can express them partly 
in terms of the vwine^dH by multiplying by a,;, and summing with 
respect to i, which gives 

p, = S,a,,(A%A* = 0; 

1 

and as by Ricci’s lemma 


we get finally 




Vk 


!• = = 0 


(h = 1, 2, . . . n). 


( 2 ') 


Another important special property which a congruence may 
have is that of being normal, i.e. that ol being composed of the 
orthogonal trajectories of a family of surfaces. It should be noted 
here that, given a family of surfaces, there always exists a congru¬ 
ence of curves which cut all the surfaces of the family at right 
angles and are called orthogonal trajectories', while there does not 
always exist a family of surfaces which cut at right angles all the 
curves of a congruence. This can be shown as follows.^ 

First, let there be given a generic family of surfaces whose 
equation is 

constant. 


^Tfc may l)o lUftud incidmitally that in cluii)tor V, p. 127 , we have already recog¬ 
nized tlie existence of the directions normal to the tamilies of co-ordinate surfaces 
Xi = constfint, and determined their moments. These results could have been 
used here, as any family of surfaces J = constant can always he turned into co- 
f)rdinate surfaces hy a change of varialdes. The line of argument followed in the 
text has the advantage of giving directly the explicit exjaession for the moments 
of the normal direetions when the equation of the family of surfaces is general. 
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CoiisicleT tlie surface wliicli j)a8sea tliroii^T a, si’ccifLa! point 
P wliose co-ordiinites are a-j, 'd\y, . . . it is unde:stood tlnit P 


is regular, i.e. that the first derivatives 


- - arc finite and con- 
dxi 


tiniioiis at P and arc not all zero. We wisl) to sliow that a direc¬ 
tion perpendicular to the Burface, i.e. to every displa,(H‘nuait 8a;,; 
belonging to the surface, is unicpiely associated with P. 

We first note that for every such displacement S.r,- we ha,ve 


J{x + 8a;) = J{x) 


or 



- 0 . 


(3) 


If we denote by A/ the moments of the hypothetical perpendi¬ 
cular direction, then the condition of perpendicularity to every 
displacement in the surface is expressed by the relation 

- 0,.(I) 

1 


which must hold for all values of the 8.r/s which satisfy (3). The 
coellicients in (3) aiid (-j) of each 8.r- must tluuefore be. ])ro|)or- 
tioiial (cf- § 3, p. 250). lu virtue of the quadratic identity 

\c ™ 1 


the moments cannot all be zero, so that we can suppose Umt, oiu'. 

of them, say A„, is not zero, and put ^ ~ n. Writim^- f 

d f ' ' 

instead of * ^ for shortness, the explicit relations equivalent to 

u Xl 

(4) take the form 

/: = p\- {>' = I, 2, . . . n). . . (5) 


The //r being known, these equation,s detennine tin; A/s, 
except for a factor, Avhich in turn is determined (except in 
sign) by the above-mentioned quadratic identity, wluch givcis 

■ The left-hand side cannot vanish, as by Jiy- 
pothesis one at least of the//s is not zero; we are tlierefore sure 
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that p =(= 0. Thus ^nviui the family of surfaces / = constant, 
the ortli(:)j:!;on;il diinctiou at eacli ]K)iut is uniquely determined; 
the positive sense on this direction can be chosen at will (cor- 
respoiiding tf) the (lonl)le sign of p). The A/s being known as 
functions of position, the reciprocal elements A' can be obtained 
from them, and thence, by (i), we get a congruence of lines 
whicli cut orthog(jnaily tlu^ surfaces of the given family. 

Vice vc'rsa,, given a 'priori a congruence of lines by means of 
their moments A,, (to b(i considered as given functions of position), 
tlien in onha* tluit the lines of the congruence may be considered 
as orthogonal Imjcchoih'S of a. family of surfaces / = constant 
the necessary conditio!! is that the derivatives of the function 
f{i\, x.j,, . . . .7y) (which is a priori Li!iknown) should satisfy (5), in 
wliich p (l(‘not(‘s a factor whi(h is not zero, but is a priori urn 
(ieternii!K‘(l. fhicli an / does not always exist; we have indeed 
already s(‘-eu that the necc^ssary and suiheient conditions for its 
existence are (Chapter IJ, p. 29, formula (2:3)) 



(v;//r - 1,2, ...n), 


where we must now take A,-, ~ A^, X/. = A/.. Only 

some of these co!!diLi<)ns arc distinct, e.g. those in which the index 
k has the fix(id value n (the conditioris (20) of p. 27), the others 
being deducib](i from them. 

2. Sets of n congruences. Determination of a vector by n 
invariants. 

W(i shah now consider n congruences of lines in a generic 
thus V (!iT‘(Khions X,, Xo, . . . X^, will be fixed at each point. 
We shall fiirth(‘r suppose that every two of these directions are 
orthogonal, a,iul w{5 shall tlieii say that we have fixed in V.,, 
a sel of n orfltoijoral co/a/mcncc-v. 

Tlie [)arajneters anfl moments of these congruences will of 
cours (5 ]iav(‘. two indices, tlie first of wliich represents the ordinal 
numb(a’ of tlui congnieiiCMa We shall use the term the congruence 
(If) to denote the congriKUice whose ])arauieters a,re A),, A/,, . . . A)), 
aud wliose moments are thcrefori^ the reci])rocal elements A;,p, 
(with resjiect to tlxe of the manifold). 
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In addition to the usual quadratic identities we shall here 
have the conditions of orthogonality of the congruences. Both 
sets are included in the forniiila 

{h,k= . . (7) 

if /a — this is the usual relation between ])ara-niet(‘.rs 
and moments, and if h k it expresses the fact tliud the 
directions and X/^, i.e. the congruences (A) and (/i.*), are 
orthogonal. 

The equations (7) also express the essential fact that the rr 
parameters X'j. of a set of n orthogonal congruences are the K^cip* 
rocal elements (in the algebraic sense) of the nioinents A;,|- 
of the same set of congruences, and vice versa (cf. Uluipter IV, 
p. 74; Chapter VJI, p. 200). In addition to (7) the equivalent 
formuhu 

2a A/, I (A,I =8-'. {i,j = . (7') 

therefore hold. Multiplying these by and summing with respect 
to j we get the important formula 

a 11 ^. — S/, A/,|^ (f, A’ ~ 1, 2, . . . n) . (7") 

giving the coefficients of ds^ in terms of the moments of any set 
of n orthogonal congruences. Analogously, nudtiplying (7') by 
summing with respect to i, and then putting i insteorl of j, 
we get 

u'*=i,,A;;Ai (7,/.; = 1, 2, . . .. (7"') 

A vector B of our F,, is determined, as we know, by its co¬ 
variant components or its contravariant components R\ 
Hence when a set of n congruences is fixed in the vector caJi 
also be determined by its n projections on the directions belongiiig 
to these congruences at the point where the vector is considered. 
By definition (Chapter V, p. 126), the projection of R on th(‘- 
direction \ is the invariant 

Of ~ R X X/p 
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wliLcli can be expressed in eibliei' of the two equivalent forms 

n 

\.\ p o o o c . ( 8 ) 

.(9) 

1 

Tims the vector R is dotcrinined l)y the n invariants C/^, If 
we wish to dexlucc from these, in n, givtm system of 7 *eference, the 
covariant or contnivaxiant com]jon(ints, we need only solve the 
equations (8) or (9), wliicli, together with (7'), give 

. . . „ . ( 8 ') 

1 

.(9') 

If in particular the vector R is the gradient of an invariant 
/(i.e. if the com])onents R, are the derivatives f. of / with respect 
to the variables a;,-), then tiie invariant Cf, rej>resents tlie intrinsic 
derivative of / in the direction of the congruence (A). In fact, 
if Si, denotes the length of the arc of one of the lines of the con¬ 
gruence (A), nu^asured from an arbitraiy origin, then for a dis¬ 
placement (isI, along this flirection the increment of / will be 
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correspondnig to (9'); and lastly, clianying to iJui 
elements. \ve i^et also 

. '' df . 

.(KH 

1 

which corresponds to (S'). 

In general, it would be easy to show that when a- S(‘f. of h 
congruences is fixed a tensor of rank can ))e {|(‘Lcrminc<| by 
-n'" invariauis, instead of by that number of coinfK)nenl.s, ciovairiaiif, 
contravariant, or mixed, the proof being ccjuipletdy a,iialogons 
to that given above for determining «a vt'ctor by nnsins of n, 
invariants. This result simplifies the study of (a'.rtaihi (|ii(‘sl.ions, 
so that we shall find it useful to carry somcwluit furtlKu; our 
investigations on sets of n congruences. 

3. G-eometrical definition of Ricci’s coefficients of rotation. 

We must now introduce a system of diderentiaJ iiiva.ria,ii(s 
which are closely connected with the set of n congruences. \VV 
shall reach the required result quickly fry tlie following 
method. 

Consider two very near points P and P' of V,,, At each of 
them the lines of the n congruences determine a yjjramid (a. genera,- 
lization of the notion of the trihedron) whose*, dircudions are. 
mutually orthogonal. If are the ‘}i dinjctions at l\ 

those at F will be =. X^ + S^X,, . . . X^ X,,+ 8'X,, and 
we shall say that we pass from tlie first to tlui s(‘con(i by invul 
displacement, i.e. by the law previously fixed which regulates ( he 
behaviour of the lines of the set of n congriienc(!s. Bnl, 

the j^yramid of directions can also be movaul fi*om to P' by 
parallel displacement] we shall then get at P' n miitiia.lly orflai- 
gonal directions X^ X^ + S^X^, . : . x; X„d~S'X„, whiel, 
will not m general coincide with those obta-imul by loenl dis¬ 
placement. We shall thus have at P' two pyra,niids infiniiely 
near one another, since each is infinitely ju*a,r tlui [wraniid 

^ 2 ^ • • • This means in particular tliat tJuj ftli din'd ion of 
one makes an infinitesimal angle with the ith din'ction of (Ik; 

other, and an angle very nearly equal to ^ with tin*, ivumining 

^ — 1 directions of the other. We juopose to examine fhes(j 
infinitesimal difierences. 
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Consider tAvo diiA‘cii()ns X;. of the pyramid at P; tliese 
either coiiicule (A /■) or jire ortljogonal, so that vve have 

co.s\X,, --= Si- 

Let them he displaced to Ph the lirst by local and the second 
by ])ai’allel (Jisphicernent, so tlia.t the first will coincide with 
X/, and the second with X,. We sliaJl cadciilate the resulting change 
in the cositie of' tlu'- ajigle between tlieni, i.e. the cpiantity 

AAA 

S cosX/,X/, cosX/,X/. ~ cosX/,X;,. 

This is an infiiiitesinad of the same order as the distance ds 
between P aaid and wcj shah therefore Avriti^. it in the foria 
jJiiicds; thus Pi,!, will giv(‘ us a, hind of measure of the rate at which 
the cosine in cjiiestion clumges for a displacement in the direction 
PPh To calculate it, wo start IVom the formula 

A />■ 

cosX/^X;^ = Lj A/, j AJ- 


and differentiate it, remcml>ering tliat we have to operate on 
A/,[,- witli th(‘- synd)ol S' (local displacement) and on AJ. with the 
symbol S’ (parallel (iisphic(nnent). We shall get 

P/,/,d,^‘ ScosX/,X/, i],. (S'A/,jyA;, + Aap‘S'A'). . (11) 

1 


"We have also from the ordinary rule of the differential cal- 
cidus 


8'A. 


7,p: 


r^y^l'Scc:, 


where Su'j denotes the increment of tin*, eo-ordinate ccj in passing 
from P to P', a.nd from the law of ]:)a]'allelism 


s“ a;; 




Substituting in (VI) wo get 

3 A, 




/ K 


dx- ■' 
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In tlie second sum interchange the indices i and I, so as to 
got the same factor Aj. as in the first. We can then write 


144* 


Is = ir, P 
1 ■ _ 


9 \ I / 

dxj 


S/ [ji 




K 


or, rememberiiig forniida (5) of p. Tl-7, 

n 

p/,k(l-s == . . . (ll'j 


Denoting the parameters of the direction PP' by 

t.; ^ 

^ ds’ 

we have the formula 

.... (ir') 

I ■ 

which holds for any direction whatever. 

It is to be noted that jOj,!., as given by the original definition 
(11), changes sign when tlie two indices are interclianged. Tin’s 
can be proved without difficulty, either from the final expression 
(IF'), by going back to (7) and taking its covariaTit derivative; 

A 

or more geometrically, by using the jjroperty that any cosX/,/l/. 
is unchanged by either local or parallel displacement, so that the 
formiilsB 

S'(s,:A„|,Ai) =: 0, 8* (s,:A„„Ai.) = 0 

both hold. 

Carrying out both differentiations and using the results to 
transform (11), we get 

~ + AjyS A/,|,). 


Further since cosX/^X/,. can also be expressed in the form 

n 

(ff) equivalent to 


2hkds ™ 
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Intcrclui.ii^tn,^' h n.iul /•, and a,(l<rm<i: to tiie previous equation, 
we got tlu‘- ro(juire(l identity 

1>H- -I- VkL = 0 1-= 1. 2, . . . n). . (12) 

We sliall Jiow oxarnine the ca,se when the direction of dis¬ 
placement coincides witli one of the directions belonging to the 
set of congruences, say tlie Th. We shall then have 

-- a;. 

and, denoting by the value of p;,/, in this particular case 

A 

(i.e. the rate of variation of cosX/,X/, for a displacement in the 
direction of X/, in which X/, is moved by local, and X,, by parallel, 
displacement), we shall have from (IT) 

{Khl= . (13) 

1 

The quantitk^s y were introduced by Ricci, and named by 
him the of rolalion of the set of congruences. They 

have various important properties. 

In the first j)]a,ce, they are invariant, as follows from (13) by 
the law of contra-ction. We have farther, as a particular case of 
02), 

y/.. + y./a 0 (A, h I - 1, 2,.. . .0, . (14) 

which for h — Ji reduces to 

yhhi. ^ .(1'^^) 

Vv^e can also give a, direct formal jaoof of (14), on the lines 
already suggested for the more general case of the p s. Starting 
from the idtmtity (7), aaid talking the covariant derivative, we 
shall get (lamrembering (bapter VI, p. R)2) 

+ = 0 . 

1 1 

Multiplying by and suinmhig with respect to j from 1 
to a, we get 
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The number of these hivarimitH y, vvhieli (h^peiid on thrive 
indices, is (/ priori ii-'i but they iire coinu'cted by tli<‘ U/‘^(n -| 1) 

relatioiivS (14) of antisymmetry. Hence tlie jiuinber wliicli are 
algebraically distinct is at most 

3_ y(»H- a ‘>'H» — n 
2 2 * 


The minuend is equal to the Tiuinb(‘r of the <lerivaii\os 
of the Cjuantities and the sidTralnuid -| 1) I<> 

the number of the relations given al)Ove an rtniiH/nig from (he. 
dilferentiation of the equations (7) aiid (‘.onne.c-liiig tln^ d<‘riva- 
tives. We can accordingly express the deriva-tives A/,j/./ UaS fiinc- 
tioiis of the quantities A/,|/, and y, hy solving tlu^ ('(jiiations (1‘)). 
To do this, multiply (13) by A/,|i/A^jy, and siini with lo 

land I We get 

u 71 n . It 

Yhld K— ^0 ! 1 } K I Z / 

1 1 ' 1 ' 1 ■ 




oy <57 
0 . 0 . 

I j 


j I'j'i 

or finally, replacing i' and / by i and/ 

■a 

” ^^Jd 7 hu\\i\\j .(Id) 


This result shows that in order to study tin*. dinVrrntiai pro¬ 
perties (i.e, the properties depending on the \va,y in which f In^ 
As vary) of the lines of the given congi’iuMHa*^ wo ne.<*.d 00 1y 
consider the invariants y, in terms of wliieh all the dniviilivos 
of the A’s can be expressed. 

The geometrical significance of the y’s, which W(‘. ha<vc, ah’ea.dy 
illustrated, is particularly expressive in the case of ordiiiiirv .spa.ce. 
In tliis case the three cougruences define at every poiid, a. triplef, 
of orthogonal directions, and p.^^, arc the eoinponents of 
a vector a; such that Ws is the ehmenlarij ru/al/lov, of tlie triplet 
m the local displacement from P to P'd 


„ ,-^Vf A>iAi.ra: Lrdonidi \ „l. I, 

fuitlar t., .1 imp.... by ,S,g„„nna C.uii'ANffiH: “I'anillolisrii., ,■ in ui.a 

vaiiuta .jualuiKine , m rf; V„l. XXVifJ, IIU!), ,,j,. M7 ir,l>. 
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4. Commutation iormula for the second derivatives along the 
ares. 


Tlie invariants y occur in aiiotJicr important formula, which 
vve shall now establish. 

We wish to compare tlie two second derivatives 

«„,1 -? V; 

067 , ds,, ds,, 067 , 


we shall find that they are not c(jna], but are connected by 
a more com])licated ridation involvitig also tlie first derivatives 
and the y’s. 

We have in the first place from (10), dihcrentiating the 


0 /’ 

invariant with respect to Xj and aj)plying to tlie right-liand 

OSj^ 

side the rule for dilTerentiation given in Chapter VT. p. 152, 


0 0/ 

9:/;^ dsi, 


1 1 


We next rephice/' in the first term on the right by the expres¬ 
sion given for it by (H)'') (putting I instead of h for the index of 
summation), multi[)ly lioth sid(js by Aj,, and sum with respect 
to j. W(^ thus get 




d 

fj X; 


9/ 


u 


3/ 


J o Si 


+ '^uAi K, K- 


By the definition (10) of the intrinsic derivative, the left-hand 

9 9 /* 

side of this equation is precisely ' ; the first term on the 

r)sj. ()Si, 

right, from the definition (13) of th(‘. invariants y, reduces to 

9/ 


V 9/ 

yidk 

J Os I 


yihk -r. ” - 
i a Si 


We therefore liave 

9 9 / _ 

0 s,, 0.S,, 

(j> Gf>r>) 


9 / 


-V 

1 OSi 1 
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To get tile otlier second derivative, we interchange h and k, 
which gives 

dSf, dSf, 1 ds^ 1 


Now talvB the difference of these two expressions. The second 
terms on the right cancel out, as on interchanging i and j th(3y 
become identical. ITence 


dsj, dSf, dsj, dsi, 


r-. 

1 OSi 


{yihk yikj)- 


(17) 


This is the commutation formula required. 


5. Case in which one of the congruences of the set is geodesic. 

Suppose that one of the congruences of the set is geodesic 
(cf. § 1); without loss of generality we can always suppose that 
it is the ntli. We propose to investigate the special characteristics 
of the coefficients of rotation y in this case. 

From formula (2') we get the following relations for the 
elements of the direction X,^: 

= 0 (i = 1,2, ...n). . (18) 

We now multiply by AJ, and sum with respect to i\ rcmeinl)(M‘- 
ing the formula (13) defining the y’s, we get 

y,,, - 0 (A - 1, 2, ... ^); . . (18') 

this is equivalent to (18), as can be shown by multiplying by 
Ay,j,-, summing with respect to 7/, and using (16). 

The n equations (18') are invariant not only for all possible 
changes of co-ordinates, but also for any change whatever of 
the n — 1 congruences (1), (2), , , . {n ~ 1), which together with 
{n) form an orthogonal set; in fact, to establish the eqiiaiions 
(18) we made no special liypothesis as to the choice of these 
n 1 congruences. 

In particular, if the space is Euclidean, the equations (18') 
are the intrinsic equations of a rectilinear congruence. 
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6. Geodesic curvature oi one of the congruences of the set. 

Returning to the case where the congruence (n) is general, 
we wish to show that the n invariants {h — 1, 2, . . . 71 ) 
have a simple geometrical interpretation. It will be remembered 
that the left-hand side of (2'), which we denoted by pj., is a co¬ 
variant component of the geodesic curvature p (cf. Chapter V, 
p. 135). If the congruence considered is (n), we can therefore write 

n 

Plr. \ Ji'l ^> 1 * 

1 

Now in accordance with § 2 tlie vector p can be represented 
by the 71 invariants 

'ti 

Cj, 'Ijj. Pj. X/^^ 

1 

whicli give its orthogonal projections on the lines of the 7i con¬ 
gruences. 

Carrying out this operation on tlie expression just given for 
P/., we find, by (13), 

“ yiiJnil 


this shows that the invariants (h = 1, 2, ... n) represent 
tlie orthogonal projections on the lines of the set of congruences 
of the vector which is the geodesic curvature of the congruence 

(7l), 


7. Case in which one of the congruences of the set is normal. 
Complete normality. Differential relations satisfied in every case 
by the y’s. 


Suppose tliJit (n) is a normal congruence. We know that the 
equivalent analytica,! condition is given by (6) where we take 
= A,, I ,;. We thus have 


|/: (^n I P’ ^//. |_//) 1 I ^n|//;y) 

~\~ \J i^ii I In' \ //.') ' ' ^ 

(7, .7,/: ^ - 1,2, ...n). 


(19) 


W(5 now imilti{)ly this (^.qiuition by Af,|//A'^ j,7, where F and 
i' are two uc-w indices chosen ajnong 1,2,. . . ^ — 1, and sum 
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witli respect to i and h from 1 to n\ remembering (13), we get 

^n\jiyn]c'i/ T/ii'/r') ... (f) 

As j ma}^ liave any Amlue, we can always choose it so that 
4 : 0 ; thus we have 

Ynki. ynUc (L ^ 1, 2, . . . J), . (20) 


where Ave have AAuitten f, h instead of v7, h!. Reci])f‘< really, if tlie 
equations (20) arc satisfied, the equations (19') .follow from them, 
and therefore also (19) as a necessary consequence. Tlie equatiojis 
(20) therefore constitute the required cojidition. 

It is not without interest to find this condition ])y anotlun' 
method, starting from the remark that if tlie quantities are 

to be proportional to the deriAmtives ^ of a single function /, 

axi 

these derivatives can be substituted for them in the conditions 
of orthogonality 


- 0 (A - 1,2, 


1), 


so that the hypothetical function / must satisfy the linear system 
of partial differential equations 

= 0 (/* = 'J,2, ...n-]). 

I OXi 


Reciprocally, if there exists a function /which satisfies these 
71—1 equations, its derivatives must be proportional to tlie 
quantities A,,|^. 

Hence the conditions in question are the necessary and suffi¬ 
cient conditions that the given n — 1 equations may constitute 
a complete system (cf. Chapter III, § 9, p. 52). 

To make the notation agree with that in Chapter III, we intro¬ 
duce the linear operators 

(A = ]), 

i dx,: 

noting that (10) shows that these opierators are identical witli tlie 

derivatives — Avith respect to tlie «n.rcs, ’We thus ha-ve the system 

ds,, 

A// - 0 (h - 1,2, ...ri- 1), 
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and wo have to oxprt^ss tlio condition that, for /c = 1, 2, . . . 
n — 1, Poisson’s ])arontlloses 

(Z„Z,)/= Z,Z,/-Z,Z;J 

are linear combinations of tlie terms XJ'. 

Now, repeating the stops of tlm calculation in § 4, or better, 

0 0 /* 

borrowing from it the value already found for ' wo have 

057,06*/,, 


Xh Xi-f 


0 0 / 

067, 067, 


s 


0 / , 

lya-h^- n“ ^,j 

1 dsi 1 


■JoKA- 


Interchanging h and l\ and subtracting, the second sum dis¬ 
appears. In the first, we must separate out tlie term correspond¬ 
ing to tlie value n of the index I, and put Xif again instead of 

We thus get 
067 


)i -1 

(X/,, X/,)/ “ H/ (y/;,/, Xij -|- (y„/,y, 

1 



This must reduce to a liruiar coml)ination of the quantities 
XJ {I. -- I, 2, ... n - I). 

0 f 

As - is iiid(q)endent of the X/s, its cocfFicient in each of 

06„ 

the pjirenth<‘S(‘s included in the above expression (i.e. for 
h, h I, 2, . . . n — 1) must vanish; this brings us back to (20). 

It may be noted that if all tlie n congruences of the set are 
normal, th(‘, y’s with distinct indices are all zero. In fact, 

choosing throe distinct indices h, k, wo have the following 
identities: 

ynik yuch^ 


yuki yivUci 

ykth y/chly 


adding the first two ami subtracting the third, and remembering 
that the y’s aj*e anti symmetrical in the first two indices, we get 


yuik ” ” ynih 

or ^ 0 (?;, h. Is = ], 2, . . . «) 

for every triplet of three distinct indices. 
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If we put 

Yij, hk = yijh ~ ^ ^‘■>‘^' ) ’ 

OSj. OSi^ 1 

we get at once, by definition and the antisyinnuh'^ry of tin* (‘o- 
efficients of rotation y with respect to the Jirst two indi(M\s, 

yij,hk yij,kio yij, Ilk “■ yjijiir 

I add, but without giving a proof, tliat tlie eyclie. i(lentil.iVs 
Yij.ht + Yih.10 + Ync.jh = 0 
also hold; and from these it follows ultimately that 

yijM- = Vhk,!} (ii> h,h = J, 2 ,... «,). 

Ricci discovered all these results as f«‘i,r hack a.s LS1)5, ])asing 
his researches with regard to the fonrdndex y’s on tln^ a,na.logous 
properties of Riemann’s symbols of the first kind (of. Clia,pter 
VII, p. 179). A particularly simple and direct pnxd’ lia.s is-eently 
been given by Dei.^ 

8. Canonical system with respect to a given congruence. 

In many questions a congruence of lines is eit]i(.‘r a-inong tlu^ 
data of the problem, or is closely connected with them. In ord(‘r 
to deal with these problems it is often iisidul to asscxa'ate, with 
the given congruence n — I others, forming with tli(i given oiw 
a set of n mutually orthogonal congruences, so tiuit ili(i givaai 
congruence can be considered as the rddi of this s(T. Tln^ eJmie.e, 
of the n 1 auxiliary congruences is a 'jyriorl a-rbitra.ry; in n)a.ny 
cases this arbitrariness may be taken advantage', of to introdiiew, 
some simplification. This is possible, as we shall now s(X‘; and 
the conclusion we shall reach is that given any congnuaicf^ whiit- 
ever, there is always at least one way of choosing the other n 1 
so that the relations 

ynjd + ynik ~ ^ 4= h h I = 1 , 2 ,... n — i) ( 21 ) 

may be satisfied. 

The system (or any one of the systems) of n — 1 congrinaurs 

^ “Sulle relazioni diUerenziali die le.i^ano i di n.tazii.in* d.-l lOVci ”, 

in JRend. della R, Ace. dei Lincei^ Vol. XXXIX (Hr.st half-year, Ihli.”}, j>p. IX-l- l/U 
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which, possesses this cliaracteristic is called a canonical system 
with respect to the given congruence. 

To prove that such a system exists, we associate wdth the 
given congruence a system—for the moment any whatever— 
oin — 1 other orthogonal congruences, and fix our attention on 
a generic point P of the manifold; for shortness we shall denote 
by w the pyramid of the n — 1 directions X,, . . . X,, drawn 
from P, orthogonal to X,, and to one another. Suppose this 
pyramid rotated round the direction X,,, by which we mean that 
we pass from the pyramid rn to another m' formed by n — 1 
other directions X^, X^, . . . also drawn from P, and ortho¬ 
gonal to X^i and to one another. We wish, if possible, to 
determine the rotation so that after it has been effected the 
relations (21) may hold. For tliis we shall start from the relations 
connecting the X/'/s with the X//s, which express analytically 
the rotation described. 

Let a;,/, {h, h — 1, 2, ... !^) be the cosine of the angle be¬ 
tween the directions X/^ and Xjj,. Naturally, if only one of the two 
indices h, h coincides with the corresponding a is zero 


X',, and the corresponding angle is 


while 


1 . 


The formulae for this are 


— ^nh — ^ 


(h, h = 1, 2, ... — 1); 


We have in any case by definition 

~ ^hlc h ~ 1 , 2 , ... 5 ^), 

1 


and thence, multiplying by A/^|^ and summing with respect to h, 


a: 


7rji 


n 


^hlc \ \ r 

1 


Limiting h to the values 1, 2, ... — 1, for all of which 

= 0, we can take the sum on the right only to n — 1, so 
that we have 




{Jc == 1, 2, .. . n ^ 1); . (22) 
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i.e. tlie moments of w' are connected witli tlioso of xn by n liiuvar; 
substitution, a-s could have been anticipated, and tlu^ ar(‘ 
the coGiheients of tliis substitution. It is aJso to bo antici|-)a,t(Mi 
that the substitution is orthogonal. To prove this, wo taJee- tJic 
equations (7''); putting h = i, they give 

~ h *^3 • * • ^0* 

1 

The coefficients a-; on the right de])end on tln^ co-ordiiuiL's of 
reference, but not on the choice of the congru(nc(^s jissociateb 
with (n). 

Since = 0 for Ji n, it follows that for auj/ voluo of 
i (4= bhe expression 


/(.-i 



is invariant for rotations of the pyra,mid ttj, a,nd ih(‘roforo. (Ik^ 
substitution defined by tlie a’s is ortliogonaJ. Wo lia,vo now to 
arrange this orthogonal substitution of oi'dor n — 1 in sucli a, 
way that the relations (21) may be satisb{}(L 

To do this we start from (16), from wliicli w(‘. get. a,s a, f)a.rti 
ciilar case 

n 

^/?py "^Idynkl^lc\i\\j Cb d ™ 1, 2, , . . n. • 1). 

The terms of this sum in whicli h — n vanisli, })y (15); tfiosii 
in whicli I = n can be separated out by writing 

n ~ 1 )i 

^11 1 ij Xf^ 1 1 A/1 -[- A^^ j j 'Ij/. X/. I y. 

The last sum can be suitably transfornuid by r(‘.[)Ia,c*,ifig 
by the expression given by (13); we tlien get successively 

n n, 

yiltol V|i = ^/,VKy ^//|)«/W|i 
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We can tliei'L‘l'oi’(; wi’ite 

//--! )) 

I i} “ '^kl y>lki K 1 1 1 / + I / ^<i I UJ 

1 ‘ ■ 1 

Now ill tins .formula, it is to ])o remarked that the leftdiand 
side and the liist haau on th(‘. li^dit dejiend on the [larameters 
and moments of the direction X,, alone, and do -not dejicnd on the 
other ‘H, — 1 associated directions; the same must therefore he 
true of tlui rimrainin;^ i.e. of tlie sum 

/I -1 

^-iY/ikl h 2, . . . 'Ji i). . (23) 

1 

We can tinu’efore conclude that those expressions arc invarianl 
for any rokition wliati'.ve.r of the pyramid vi. 

Of tlie (if,-- I)- fpiadrjitic forms included in formula (23), 
which are o})ta,in(id hy cJioosing the indices v, j in every possible 
wa.y, we a,re intia-i'stcfl in iiny one in which i ~ j. Nixing the 
index i oncii for all, and ])iitting for shortness 

A,i; - (>• 1,2, . . 1), 

the corresponding rpmdra,tic form is 

7/ - 1 - I 

^kiynM'^k'h i (y h/./ H“ ynZ/-)• (23') 

L 1 

In this the coidhcient of the product is + y,,//,, i.e, 
the leftdiand sid(‘ of (21). if we wish to satisfy (21), Ave must 
make ail the coellichmts of the tei'ins in ^vhich h ~\~ /, 

vaaiish hy nasi,ns of tin*, ordhogonal sulistitution (22), wliich we 
shah writ(3 in tlu^ foiaii 

.( 22 ') 

1 

this is ecpiivalent to rt^dticmcj llie invaridnl quadrfdir form (23') 
fo (hr rauo}hir(d forui 

'^kPk^dd •.•••• (23") 

J 

hy an ortlioyonal suhslifiUion. This algebra,ic problem is always 
soluble. In tli(‘. cases n — 1 - -- 2 or 3, it corresponds to the pro- 

(D Uo.)) ^ 
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blem of finding tin', axes of a conic or a, qiia.dric, and is discussed 
in ordina-ry a-na-lytical geonietry. In the general cast*- tlie iln^oiy 
leads to the foUowing result. 

Consider the equation 

+ = 0, . . . (24) 

which is of degree v/. — 1 in the unknown p, and is caJlc'd a 
scodaf equation. Its -n — 1 roots are always T‘eal (it is understood 
tliat we suppose tlie quantities real), and give the n — 1 
coefficients p,, of the canonical J’onn (23").^ 

We can therefore always choose, at any point P, th(^ pyramid 
10 and therefore tlie system of the n— 1 congruences ( 1 ), ( 2 ), . . . 
(n — 1 ) so as to satisfy ( 21 ): i.e. there always exists at least one 
canonical system with respect to a given congruence. If tlie 
n — I roots of ( 21 ) are all difi'erent, tlie canonical system is 
uniquely determined; if tliey are all equal, any system of 7i — I 
congruences which are orthogonal to one another and to (n) 
satisfies ( 21 ) and may therefore be called canonical. In the 
general case where the number of ditl’erent i*oots is p {1 < p < 
V? — 1 ), then ‘}t — 1 — p coefficients of the orthogonal solution 
are arbitrary, and tliere are therefore canonical systems. 

9. Congruences of straight lines in Euclidean space. Geo¬ 
metrical signihcance of the canonical system. 

In ordinary (i.e. Euclidean threc-dimciisional) spa,ce f)arti- 
cular importance attaches to congruences of straight lines, which 
pi'csent themselves for consideration in various questions of g(‘.o- 
nictrical o])tics; since the rays of <‘i light pencil (in a liomogc^neous 
medium) form a rectilinear congruence. 

We shall now discuss a geometricai property of these con¬ 
gruences, which will be seen to be connected with the discussion 
in the preceding sectioTi; or rather—since it involves no greater 
complication—we shall discuss congruences of lines in a llluclidean 
space of any number n of dimensions. 

Consider a generic point P, and let r be the ray through. P 
of the given rectilinear congruence; lot X be the ]iyj)erp]ane 
(in ordinary space the [)lane) ])erpendicnlar to r at P. Take a 
displacement in X represented by tlie infinitesimal segment 

^ ('ompanj (Jluipnr VI.1., p. 005, wheru rofcruiices are given. 
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PP' = € in a.Gy direction; throii^li P' will pass another ray 
/ of the crjiigruence. In ^’cnera!, the two rays r, r' are skew; 
if for ii [)ai‘ticiilar direction of the dis[)hiceinent PP' it Iiappens 
that they [)otli lie in. the same plane, i.e. that they meet or are 
para,ll(‘l (more precisely, thah the minimum distance between 
them is mi infinitesimal of higher order than c), this is called a 
focal dircctiov. We sha-ll now show that in general there exist 
•a — 1 foca,l (lirecti(.)ns, all or some of wliich may be imaginary, 
coincident, or indeterniinate; we shall tlien point out an impor¬ 
tant [urrticuda-r ca.s(^ in which these directions coincide with those 
of the ca.noideal system. 

]j(d; PP' then be a focal direction; there wdll be a pioint C 
(which may be at an infirate distance) common to r and /. 

Denote the length CP by ^ (so that we shall have the particular 

OJ 

case of the rays being parallel at the limit when to ~ 0), and 
let us take as axes of reference n orthogonal Cartesian axes 
(e ” - 1,2,... n). Let be the cosines of the direction n (i.e. 
its paranietows or moments, since in Euclidean space A„|,, — Aj'). 
The ])rojection on the axis y^, of the segment CP will then be 

given by -- A^^i,,, and thab of CP' will be 

CO 

to \a> ' / 

while the ])rejection of PP' is dy^,. If then we express this last 
term as the difhu'cnce of the other two (PP' being the third side 
of tile triangle CIPP'), we have 

dy. = + bzA„|„. 

to CO 

Wo now wish to use the methods of the absolute calculus. 
We shall theodbre associate witli the given congruence n — 1 
otlau’ congni(‘nc(‘S, orthogonal to it aial to (‘ach other, which we 
shall distinguish by the indices 1 , 2 ,... n — 1. In mldition to 
th(.‘- j)roj(‘.cti()ns of PP' on the axes we ii^quire also its projections 
oti the set of n congruences so defined; for this we must multiply 
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the last equation by A); (li — 1,2,... n) and sum witli J’espect 
to V. First, let h tlie projection of PP' on t\w, direction 

n is zero, a.s PP' by hypotliesis beloiin;s to the ]iyf)er])lane A"; 
lienee the left-liand side is zero. Furtlier, in coJisequence oJ; the 
identity 

n 

1 

it follows tliat A;i dA,,|,. = 0; 

1 

1 

lienee finally we get d ' 0, 

a) 

which expresses the a priori evident fact that CP = CP' 
(of course neglecting infinitesimals of liiglicr order than tlie lirst). 
Putting h in turn equal to 1, 2, ... n — 1, and denoting by 6/^ 
the projectioii of PP' on tlie dirc'ction //, we find 

S,, A/^dA^,[^ (A 1, 2, ... n — 1). 

CO L 

We sliall now ex])aud dA^,|,„ remembering that since Chris- 
toiM’s symbols are all zero, wo can replace the ordinary by the 
covariant derivatives, and also that since eo, . . . am the 
projections of PP' on tJic directions of the set of coiigruences, 
and chj/, (k ~ 1, 2, . . . n) its projections on the axes, wo there¬ 
fore have 

r/y, = sh.Aj-. 

1 

The last formula thus becomes 

= -yrfrA'/V„|r/,- 

CO 1 1 

“ 1 11 

or coe/, ™ Sy ey A,, j A/, A] . 

l‘ ' 1 

Remembering tlic definition of tlie y’s we liave the system 
of n ~ 1 equations 

}) ~i 

UFii/ij 
i 


(oe/, ==^ 


{h ^ 1,2,... n 1), . (25) 



CANONICAL AND FOCAL DIRECTIONS 


2^5 

which we ca,n also -write 

"s' - Sico)e; = 0 (h= 1). (25') 

1 

This line<ar homogeneous system must determine the. focal 
directions PP' (if they exist) in the hyperplane by giying 
their projections Co, . . . ^n-i orthogonal directions 

1, 2, • • • — 1 which we haye associated with the ray /. 

The necessary and sufficient condition that the system (25') 
may have solutions € which are not all zero, is that the deter¬ 
minant of the coefficients should yanish, i.e. that on should satisfy 
the equation of degree n — 1 

II y,;,. - Sloj II = 0 {h,j == 1,2,... n - 1). (26) 

To every root co corresponds at least one set of values of the 
e’s, i.e. a,t least one focal direction PP\ Hence in general there 
are n— 1 of these directions, Avhich, however, lik'e the correspond¬ 
ing roots of (26), may be real or imaginary, distinct or coincident, 
or (in the case of multiple roots) may be capable of having an 
infinite number of determinations. 

In fact, the properties of the secular equation, as noted in the 
preceding section, hold for sj}}}}metrical determinants of the type 
(24), while the ieft-hand side of (26) is not in general of this 
form. There is, however, an important category of congruences 
with this characteristic, which we shall now consider. 

Normal congruences of rays.—li our congruence (>/) is normal, 
then by (20) 

ynhj ” j — 1, 2j ... Vi 1). 

We can therefore substitute -1 fory,,/,;, so tluat (26) 

at once becomes identical with (24), which defines the canonical 
directions. It follows that the canonical and focal directions 
coincide. Hence on the one hand we have the geometrical inter- 
pretatio!! of the canonical directions; and on the other, from 
the properties noted at the end of the preceding section, we have 
the property that the foca.l directions are always real, and are 
in general determinate and mutually orthogonal; and further, 
that in the case of indeterminateness, when there is an infinite 
number of them, it is always possible (and in an infinite number 
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o{ ways) to choose n — 1 of them whicii shaJI imiLi.'illy orllio- 
goiuil. 

As -we are dealing Avitli a normal congruence, I'xisTs 

(by definition) a family of surfaces 

Xo, . . . xj = constant, 

wliich are cut ortliogonally by t1}e sti'aight lines of iJn* (-on- 
gruence; these lines therefore constitute the eoniinon iiorninls 
to all the surfaces of tlie family. If we fix one of tlit'se surfaces, 
and associate with every point on it the n — 1 focai! dir(‘etions, 
we shall get n — 1 mutually orthogonal congruences of (itu'S on 
the surface. These lines are called of cvmilihr, by an o/)\u’oiis 

generalization from the lines so determined in tlu^ (anse of sur¬ 
faces in ordinary space {n = 3). In fact, givcui such a- siiihuxi, 
say a, the normals to it form a normal congruemuj (since, t,li<‘y cut 
a and the surfaces parallel to a orthogonally); a,nd if we, e,onsi(h*r 
the two focal directions at every point of a W(\ arrival af- precisely 
the ordinary definition of the linos of curvatinv, a,s thos(t lines (if 
cr along which the normals to cr generate a developahh^, ruled 
surface. 

General Case.—li the congruejico (n) uii(l<'r consi(l(w;ili(»ii is 
not normal, then in general, as we have seen, the )'o(^■l.l ami 
canonical directions at a generic point P of a r'jiy r do not coincide. 
In order to find an interpretation of the cammiciil direciions in 
this case, we should therefore have to exaniiiu! in gtvater detail 
the behaviour' of the rays of the congruence which are inliniteiy 
near r. 

For n = 3 there is a classical discussion 1)7 Kuinnier,’ giviia' 
a very illuminating interpretation of tlie Ciiiionical diree.tions,'^ 
and ijomting out in particular that tlie diroefions wliicli bisect 
the angles between the canonical directions also bisect the angles 
between the focal directions (when the latter are re;d). 

We shnll leave the question at this point, merely pointin.r 
out to the reader the possibility of analogous interpretations f.u 

■il X * 
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PART III 


Physical Applications 


CHAPTER XI 

Evolution ot Mechanics and Geomethical Optics; 
Their Relation to a Four-dimensional World 

ACCORDINC4 TO EiNSTEIN 


1. Hamilton’s principle for a free particle. 

We start from tlie equations of motion of a material ])article 
in a conservative field. Let V be the potentuil for unit mass. 
The equations of motion, in Cartesian co-ordinates (referred 
to fixed axes) y. 2 , ^ 3 , are 

y,: = (i = 1, 2,3). . . . (1) 

where as usual dots represent differentiation with respect to the 
time L. If we denote the square of the line element described by 
the moving particle in the small interval of time dt by 



i 


and if ^ is the velocity of the particle (in absolute value), then 




1 


L = u 

‘2S7 


Putting 
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it U known tliat the 
equation of variation 


equations (1) can l)c siiuiuhmI up in {he, 
SjLdl = 0.(-J) 


wliicli oxprecise.s Hamilton’s pi’inciplo. 

Let us iix our attention for a moment on (2). II. implies .-iii 
interval ot integration fj). fixed arljitnirily in ad\’.ni('i'; and 
tlic vaiii.^liitig ot the left-Iia.nd siih; ol (2) for \'a.rial ions o/y, ol 
the tj s. zero at tluj extremities but otherwise arbil ra i'\’, is is j 111 \ a 
lent to the equatimis (1) lieing satisfied in the same, in(.ers-al. 

This case, in which t does not vaiy (i.e. ht 0), in (In- 
siiUplcst a])piication of TLunilton ,s principle. Various generaliza¬ 
tions, however, in which t also varies, eitlua' freely or siibjeef lo 
certain conditions, have become cla,ssical. Wo shall shortir ha i e 
occasion to discuss one of these fioiioralizations whieli eomaan 
the equivalence between the eipudioiis (1) and (2). lileaini-Jiil- 
we may note that if the co-ordinates a-re clia.nged i,, anr- 
way, so that the Cartesians y,„ y.. .,,rc repla.ced b\' an\' 
set of three curvilinear co-ordinates, or more geiiemlly by llins- 
agmngiaii parameters a-q, aq, aq, connected with v/,. //,„ y., b\- 
relations which may involve the time and which are nyndar'and 
reversible m the field ooiisiderod, namely, 

(Ts); irq = y,, y) (y ,,, 3, 3), 


or, solving with respect to y- (f = 1, 2, 3), 

V; = y,{x,, X., ,2.q, l) (./ === p 2 , 3); 


then if we insert these expressions in L, it b.'com.-s a funrlmn 
^ pi .'MO of the arguments x,„ 4 {/, ipnidn.lio 

(m general not liomogeiieons) in the xh 

(-) 111 1 hold ior the Lagraiigian parameters ,r, a.nd we have only 

bv na t i'd * ''“Nation and inte.graf ino 

by parts 111 the usual way, we easily find 


SjLcU = . 

' i 

where for shortness we have put 

d dL dL 




HAMILTON’S PRINCIPLE 289 


(Lagrangian binomials). Tlie dynamical equations then take the 
form 


r, 0 (A - 1, 2, 3) ... (4) 


(known as Lagrange’s form); and it is to be noted that, in virtue 
of the invariance of tlie left-hand side of (3), the quantities 
consl/itiite a co-variant tensor, as pointed out in a similar case 
in (hapter V, ]>. 110 . It follows that the equations (4), i.e. 


d dL _ dL 
di dxj^ d 


(h - 1, 2, 3), 


(4') 


are invariant (ef. Chapter V, p, 110 ) witli respect to the transfor¬ 
mations (T 3 ) which leave L invariant. 


2. Time as a fourth co-ordinate. Space-time. World lines. 


An obvious consequence of Lagrange’s equations (4') is the 
identity 

dt [ d dxi '/ dt 


0 . 


Now suppose that in the interval q) the independent 
variable t is also made to undergo a variation whicli is zero 
at the extremities and is otherwise arbitrary. Since tlie a:/s are 

dXf 

dt 
dSt 


unchanged by this, while the derivatives x,- = undergo the 


increments 


SX: 


'' dt' 


it will at once be seen that, by an obvious integration by parts, 
the contribution of the variation of t to SlLdt, namely, 


f''L8dt + ['‘dt 
J'o J to 


idL 

(dt 


St + hi 
1 


dL.. ] 


can bo put ill the form 



<jdL_d^ 
(dt dt 



S,- 


1 


dL 

dXi 


whicli, as we have just pointed out, is zero in consequence of 
(4'). 
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It is therefore possible, in dealing with the Hamiltonian 
equation ( 2 ), to apply exactly the same treatment to the s[>{ice- 
co-ordinates a’g, .T 3 ami the time /. 

To simplify the argument, consider the fonr-diimmsioiiaJ 
manifold F 4 corresponding to foLir parameters the imuii- 

fold, in which space and time are siniLdtaneonsly rej)r(?sent(id, 
may be called space-time. 

A set of three equations 

Xi = Xi (t) {i = 1, 2, 3), 

or, in terms of hhieinatics, a motion, coiTes[)onds to a ciirv(i 
belonging to F 4 , and reciprocally. Such a curve is catled a- 'irorld 
line; it is an obvious generalizatio]] of the [)Iane diagra,m (in 
which the abscissa is tlie time and the ordinate tlie space (i(‘scribe.d) 
used to reprcsc7it the circumstances of motion in a given tr<ij(a*,tory. 
Adopting this expression, we can say that tlie integraJ curves of 
the equations (4') are all those world lines of F 4 , and only those, 

for which the variation of the integral jLcU vanishes, tlu 3 ex¬ 
tremities being fixed. 

3. General transformations of co-ordinates in space-time. 
Simultaneity. 

The most general transformation of parameters in F 4 ob¬ 
viously includes three equations of the type (^^ 3 ), wliicfi substitute 
for the Cartesian co-ordinates y.^ tJiree independent com¬ 
binations of them, x^, x^, also involving 1; and a fourth 

equation which substitutes for the time t a further combimiHon 
y 2 ’ yz> l) (iudejjendent of the three precerling equatif)ns). 
This new parameter is sometimes called the local Lime, as it 
depends not only on the original time, but also on the jjoint in 
question. A transformation (^^ 4 ) is thus represented by the 
formula: 

(T\ = »o(yi. &'2=?y30), 

An obvious but important property of such a transformation 
is the following. If two events are cliaracterizcfl by dilbvc.nt 
values of ?/,, y^, r/,, but the same value of t, it will iti gttiKu’al 
happen that after the transformatioJi is effected, not only tlu! 
space co-ordinates .r,, x„, .t, of tire two events will be different,, but 
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also the time co-ordinates This implies that two events which 
appear simultaneous witli reference to the system y.,, y.^, t 
are not in general simultaneous witlr reference to tlie system 
of the a;’ 8 ; simultaneity is therefore relative to the system of 
reference. This evidently does not happen when the first of the 
relations {T^ is of tlie type ^ .Tq(/.), or in particular ™ t, 
so that the (T^) reduces to a (T^). And it is precisely in order 
to avoid any conflict with the intuitive concept of (absolute) 
simultaneity that only ti'ansformations of the type (T.^) are 
considered in the classical [)hysics. But a more acute criticism 
of this intuitive concept sliows that, far from being a logical 
necessity, it has an empirical origin based on experimental 
results which can only be taken as a first apjnoxiination; it is 
therefore reasonable, in view of the speculative nature of our 
considerations, to admit tlie possibility of a more general con¬ 
ception of simultaneity. 

4. Einstein’s form for Hamilton’s principle. Its invariant 
character under any transformation of co-ordinates. 

So long as L is taken to be invariant, the form of the integral 
j Ldt h evidently not invariant for a transformation (T^), since 
in general dt is replaced by an expression linear iti all four 
variables x. We might try to replace the base L by something 
more general; it would then be possible to reach the required 
result, but the method would be complicated and infertile, and 
the loss in simplicity both of concept and of form would be 
much greater than the gain in generality. 

But it is not difficult to arrive at a significant form which 
shall be invariant for every (T 4 ) if we regard Hamilton’s principle 
as an approximate result, tlie degree of ap]Uoxiniation being of 
course sc high that in ordinary applications, astronomical as 
well as technical, the difference between it and the rigorous 
hypothetical principle shall be imperceptible. This will evidently 
be the case if the order of magnitude of the difference between 
the two, with resjiect to the values given by the ordinary theory, 
is not higher than the hundred-millionth 

A concr(ite application of this criterion is as follows. Let c 
denote a constant velocity, lai'ge in comparison with the greatest 
velocity attained in the motions we propose to discuss. We 
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shall consider quantities comparable witli fS ~ as small quan¬ 
tities of the first order, and we shall consider quantities of the 
second and higher orders as negligible in comparison with unity; 

we shall also suppose tliat the ratio ? is similarly negligible. 

We note that this will in fact be the case if c is c(jm])arable 
with the velocity of liglit, not only for ordinary probh'jns of 

terrestrial motion, but also in celestial meclianics. In order to 

see this, we need only suppose that v is a ])la,netary velocity ajui 
V the Newtonian potential which determines it, so that by a 

well-known result U (in the field of motioji of the ])lanet) is of 

the same order of magnitude as 

We may take 30 kilometres per second, corresponding to the 
earth’s motion in its orbit, as the order of magnitude of v. In 

round mmibers, c = 300,000 km./sec., so that we have ^ == 
(approx.), and tliereforc ^ 

and ^ = 10”^ (approx.). 

C”* C" 

We shall see farther on, in §§ 8, 9, and IG, that physical con¬ 
siderations learl us to take for c precisely the velocity of light. 
Since St must vanish at the limits of integration, wo have 

sf\n - 0 , 

J t, 

so that L can be replaced, as the integrand of (2), by 
c2 - i = c^/l - -1/3'^- ?). 

u 

The terms — though negligible in comparison with 

unity, are essential in order to prevent the equation of variation 
from reducing to an identity. Terms of higher order may however 
be neglected. We may therefore write 

c^ — L = c^-sj 1 — 

C”' 
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so that, omitting the constant factor c and witing —instead of 

the equation of Hamilton’s principle (Avhich, as just pointed 
out, is equivalent to Sj {cr — L)(lt — 0 ) can be replaced by 

or, putting ds^ — {c-— 2U) dt-— dl^^ . . . (5) 

by Sjds = 0 .(6) 


Since the value of referred to Cartesian co-ordinates is 

3 

the ds^ just introduced is a quaternary differential 

1 

quadratic form; it is indefinite, since for real and infinitesimal 
values of dt, dy^, dy,^ it can have both positive and negative 
values. At the same time it is to be remembered that, Joy the 
'phenomena of motion at present under consideration, we have always 
ds‘^ > 0 . 

To show that this is so, note that, taking out the common 





c 2 dt^ i 1 




2 U _v\ 

C“ C“/ 


this proves the assertion, since the quantity in brackets is cer¬ 
tainly positive when the quantitative relations stipulated at the 
beginning of our argument hold. 

We may now note that if the ds‘^ expressed by (5) is con¬ 
sidered as the square of the line element of the manifold 
(which contains both space and time), then ( 6 ) represents the 
characteristic equation of geodesics of (cf. Chapter V, p. 130). 
It is true that the metric of this manifold is characterized by an 
indefinite quadratic form, but, as was pointed out on p. 142 of 
Chapter V, this does not introduce any real complication so long 
as we limit our considerations to lines wholly constituted of 
elements for whicli rfe- >> 0 , as it is in the presejit case. Vve can 
therefore say that the proposed modification of Hamilton’s 
principle imposes a metric limitation on the space-time manifold 
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and that the mechanical pi'oblem of the motion of a free 
particle under the actioji of forces derive(j from a jjotcntial lias 
been transformed—with an alteration of the laws of dynamics 
which IS quantitatively very sjnall—into the purely geometrical 
problem of tlio determination of tlic geodesies of a certain four- 
dimensional metric manifold. 

If for the arguments g y.,, //., we substitute any four inde¬ 
pendent combinations of thenn wliatcver, ;/‘q, r/y .To, r/n, by nicaais 
of a substitution il\), r/s-- will lose the special form (5) and assume 
the general type of a quatermary (.punIratiCj 

3 

ds- = .... (5') 

0 

whose ten co-efficients f/,y,(= g/-;) will naturally be, in gomoral, 
functions of the a;’s. 

The essential point is that, ds^ being invaihmt, (G) is also 
invariant for ajiy choice whatever of co-ordinates in Tliis 

constitutes a marked superiority of (6) over the originaJ form of 
Hamilton’s principle. From tlie concoptional point of view it is 
also to be noted that this cliange realizes Einstein’s fundaincntal 
concept of general relativity^ which requires that it sliall be possible 
to express the laws of any physical ])licnomenon whatever in 
a form which is invariant for every possible choice of co-ordin<atcB, 
bo til of space and of time, without the time having to liold the 
privileged position assigned to it in tlie classical tlieorics. 

6. Mass and energy: views suggested by the modification of 
the dynamical law. 

We shall examine in detail the form taken by the dynamical 
equations of the free material particle when the classical Lagran- 
gian function L is reidaccd by the function 

L * = _ cv/c2-,,2_ 2C/; 

which we shall write briefly in tlie form 

... 



putting 
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Substituting — c^K for L in Lagrange’s equations, they 


become 


d dK 

dK _ ^ 



dt dy^ 


or since 


dK _ 
‘^iii 

Vi 

cm 

we have also 

^ Vi 

1 dv 

{i = 


dl K 

~~ K dy] 


( 7 ) 


Remembering that K difl’ers by very little from 1, we see 
that quantitatively tliese equations differ by very little from 
the equations (1). Considering them from the point of view of 
form, and comparing them with the cardinal equation of classical 
dynamics 


do. 

dt 


F 


(where Q is the momentum and F the force), we see that the 
momentum per unit mass of the old theory is replaced in the 

new by the vector whose components are -Jh For a particle of 

mass and velocity V the vectorial expression for the momentum 
will therefore be 


Q 


K ‘ 


If we wish to retain the formal property that tlie momentum 
is the product of the mass by the velocity, we must take as the 
mass not the constant niQ, an intrinsic property of the body in 
motion, but the quantity 

m = 

which will be seen to de]>end on the velocity a,nd the field of 
force. Neglecting the latter so as to fix the attention in the first 
place on the motion as it depends on the velocity, we reach the 
expression 


m 
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from wliicli it appojirs tluit iiicmises as tlu‘ velocity increases 
and would tend to infinity if tiic velocity could j’cacli the value 
c. In this sense we say that the typical velocity e, introduced 
to give an invariant form to Hamilton’s principle, is a limiting 
velocity. 

We now proceed to examine the concept of cjicrgy iji tlic 
liglit of relativity mechanics. 

In the classical mechanics, given a generic Lagj*angia,n func¬ 
tion L{y I ij) (where L does not explicitly contain the time f), 
the corresponding expression for tfic energy is 

.... ( 8 ) 

1 ^Vi 

in the case where L can be broken up into a part T{y | y) lionio- 
gcneoiis of the second degree in the ;<y’s, and a part U independent 
of them, this becomes, by Euler’s theorem, 

H = T{y I y) - V{y]. 

It is known that T can be interpreted as the kinetic and 
— 17 as the potential energy. Since we have replaced the classical 
L by the expression 

L* = _ c = - eVi, 


we must now determine the new expression for the energy 
per unit mass. 

Applying (8) we get 

dL* 

n* = 2, -y y,: - L* 

„ f" 9 A . 

= -c- pi y,-K\ 

I ' oVi 




substituting from equations (7) and using tlie exju'os.sioii for K 
we get finally 


H* = 


c^-W 


K 


c?~-W 



(9) 


We see therefore that the energy cannot be divided into a 
part due to motion and a part due to position. Further, for 
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q) z= V ^ 0, tlie energy does not vanish, but remains equal 
to cr: a ren Ulrica hi e fact, the iiiterj)retatioii of which will be 
seen in a moment. 

Expanding the radical in series we can write 



and therefore, retaining only terms of the second order, 

ir* = c^(i- ^(- 1 - 

^ c-~U -I- J vK 

To this (l(3gree of a])proxiination, tlier(‘for’e, the energy is 
coni|)os(M! of a kinetic ])art expressed as usual by be-, a paib due 
to j)osition whicli is still given by — IJ, and in addition a, c{)n- 
sta,nt part (i.ee a, pai-t imh'pendi^nt of both position a,nd velocity) 
e(jual to C-; i/liis hist j)aT‘t is called the 'nilrinsic energy of unit 
nuiss. A material [)a,rticle of mass (at rest or moving under 
no forces) will thus hav(i ititihisic ejiergy Now considera¬ 

tions of a didVnnt nature ](md us to assign to this intrinsic 
enci'gy a much, more profound significance tluin that of a mere 
additive consta.nt ()f conventional value; it is in fact taken to 
represent the (dTective atomic and 3 n(.>lcculai‘ energy stored up 
in the body to the extent of 2b million kilowatt-hours for every 
gramme of matter. The possibility of the existence of this enor¬ 
mous quantity of latent energy is shown lyy phenonuma of 
radioactivity; a sufficient example is the iact that ajiy small 
mass of radium is ca})able of giving off for years and ycuirs, 
without percef)tible modification, enough licat to raise an equal 
ma,ss of water from 0° G. to boiling-])oiut in every hour. The 
suj)])ly of heat would last for a veiy long time; more than 2500 
years for radium, and for other radioactive elements a period 
comparable with goologic^il epochs. While radioactivity is Jiot 
a general ])r()perty of <‘il] l)odies, yet it demonstrates the fact that 
(at h^ast in C'(‘rtain (ta,s(*.s) matter contains a,n enormous store of 
energy, and in this IV)rm tlui assertion crin be generalized so as 
to exbmd to ev(‘.ry atom of [)ondcu'al)]e matter. 

Admitting th(‘. possil)ility of the existetice of this intrinsic 
energy, the foregoing considerations result in our assigning 
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to it the vabe If instead wc return to tlio (>.xf)resHioii (0) 

for tlie total energy, and sup])ose tJiat tlio [ioteritinJ U is 
Ave find for the total energy (kinetic and intrinsic) lo(‘ciliz(id in 
a body Avliose mass Avlieii at rest is ■///(„ the expression 



and remembering the expression for tlie mass m as a fund ion 
of the velocity we can also write this as 

E — me-.(10) 

This result shows us that there is a ])roportional rcTition not 
only between the mass of tlie body wlien at rest and the intrinsic; 
energy, but, more generally, between the mass and the; IoImiJ 
energy localized in the body. It also suggests the hy[)otli(;sis that 
to any form of energy there must be assigned a mass conn(H;t,(*d 
AAuth it by the relation (10); and, vice versa, that ewery nmss ai 
corresponds to a quantity of energy nic-. This ]iy[)otliesis is 
supported by other considerations, and ](‘.ads to tin; view, of 
primary philosophical importance, that energy and ma,ti,(;r may 
be considered as different manifestations of one singhi (udity, 
which appears as ordinary matter when it is, so to sptude, sidli- 
ciently concentrated, while it appears as energy in widely different, 
forms when there are no condensation nuclei present. 

6. Einstein’s form for the principle of inertia. Restricted 
relativity. 

The equations of motion in the original Newtonian form (I) 
imply, as is well kiioAvn, a state of uniform motion wduiu the foi’(;(^s 
are zero or, which comes to the same thing (excey)t for a. rion- 
essential constant), for f/ -= 0. Equation (2), which is rigorously 
equivalent to (1), therefore defines states of uniform motion for 
U = 0. This property also holds for the new Einsteinian form 
(6) of Hamilton’s principle, though it is not rigorously equivnhuit 
to equations (2). Before proving this we may point out tha,t, for 
U = 0, (5) gives 

dsy rzr c- dl- — 


(11) 
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By a ijiore cliaiigc of the unit of measurement of time (tlie 
advantage of wliicli will be seen sliortly), i.e. by ])iitting ct — 
tliis quadratic form becomes 

ds:^ - dy:^ - di,^, 

and referring tlie space to orthogonal Cartesian co-ordinates, 

= dijJ- — dy^" ~ dy^ — dy.r. . . ( 11 ') 

This is analogous to the ordinary expression for the ds- of 
a Euclidean in orthogonal Cartesian co-ordinates, except for 
tlie signs of tlie co-efficients, which make it indclinite; in this 
case tlie index oE inertiaT is 3. Hence the with a metric of 
tins kind is called 2 ^^(-'‘'^fdo-Eticlidean; the system of co-ordinates 
y/o, yi, y/o, y/ 3 , whicli gives this form to &*-, is called pseudo- 
Cartesian or Galilean. 

It will sometimes be convenient to jnit the expression for a 
pseiido-Euclidean ds^ back into the general form (5'); for this 
purpose we introduce the symbols 

( 1 for i = h ^ 0 , 

I 1 for i = h ^ 0, 

[ 0 for i 4 = 

(the notation being similar to that introduced in the note on 
p. 55 of Chapter III). We can then say that in pseudo-Caidesiaui 
co-ordinates the co-efScients of ds^ are 

Oik = 

We then have also, as is easily verified, 

- Oik - .. ( 12 ) 

Returning to the property enunciated at the beginning of 
this section, we note that, for U 0 , the expression for 
becomes 



^The index of inertia is tlie imiiiljcr of ni;i(iLtive tiocliicionts of a ((inidratie 
form wlien ox])resHed {in iiny way) in Uu-* eanonical form (i.e. so that it eontains no 
product terms). 
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and that (G), wliidi becomes 

Spho =- 0 ,.( 6 ') 

can be written 

S j Ll fU “ 0. 

The coiTesponding Lagrangian equations, from tlic fact tliat 
Ll does not depend explicitly oJi tJic at oiico give tlie tlirec 
first integrals 

Si* 

= constant ™ 1, 2, 3), 

oVi 

whence there follows the constnney of all the ?/-’s (the principle 
of inertia). Now consider a ]>a:rticular, bnt very inij)ort;int, 
category of transformations (.7\^) sped lied as follows. From 
the set of four co-ordinates (/., y^, ijo, v/.^) we pass to a, new set 
(L y7i? V'ly V'.d whieh tlic form (11) of remains uncliangc^l, 
tliis being understood in the semse that the transformation 
iormula) are to give ideiiticafly 

dsv - c2 d/;- - i,: (lyr - dl^ - S,; dy.\ 

1 1 

The equation (O') tlnai ensures that in die new co-ordmaleH 
aLo, interpreting t as the time ami y^, y 2 j Cartesian co-ordinates 
the motion tv ill appear uniform {redricted relativity). 

Transformations of this kind were effectively constructed 1)y 
Loremte, so that they may lx*, eall(?d Lorentz transforniaiJons; 
w^e shall denote them shortly by (yV) and discuss them fully 
in Scetioti 8* Meanwhile we may indicate the ciniractci'istic 
pr(q)erty, pointed out by Professor Marc(jlong(j, that, if we piih 

— 1 so that dsf takes tlie fhiclidc^an. form — 

4 1 

a Lorentz transformation leaves nnclianged tlie form and 

1 

thus (Iiere too apart from any (juestion of imaginari(^s) is sub¬ 
stantially identical with motion in a four-dimensional Euclidean 
space. 

To close these remarks on the effective existence of tliese 
s^jccial transformations (A) wxi may Jiote an important corollary. 
Every (A), as we have said, transforms a gemuie iinifor]ii moifon 
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into a new motion which is also uniform; but it is not possible 
to assert that the velocity is unaltered by the transformation. 
There is, however, at least one case in wdiich this ha])pens, namely, 
motion in which the velocity is that very large constant velocity 
c which we originally introduced in order to modify Hamilton^ 
formula in a way which should bo quantitatively imperceptible, 
but fertile in its results. 

In fact, for a motion in which the velocity is c (with respect 


to the parameters t, y^, 7 / 3 ), wo have obviously 


therefore 


ds,; - h-' — dl,^ 0. 




and 


In view of the invariance, not only of ds^;, bub also of the 

special form c- d(^ — S • d:y^^ which we have given it, we liave, cm 
1 

passing to the new variables ?, y^, y^, ^3 by a Lorentz transfor¬ 
mation, 

c^dl--~^;dyr ^ 0 

1 

for tire transformed motion as well as for the original one, and 
therefore the vehx'ity is c. 


7. The kinematics of rigid systems. Ordinary method of 
approach and possible variants. 

In the foregoing sections we have been led to modify (very 
slightly in ordimuy conditions) the dynamics of a material 
particle P, i.e. the relation between the motion and the disturbing 
force. Nothing however has been, or need l^e, modified as regards 
the kinematics, i.o. ihe description of the plienomenon of the 
change of ])Ositiou of a, point P with respect to an assigned 
o})S(‘rver N, or in other tfams with respect to a C'jirtesian system, 
in a. certain interval of tinun For convenience (the reason for 
this choice will })(‘. clear in a moment) we shall denote these axes 
of r(‘fer(uice l)y () y^ Tf., vy.j, and the time hy I, 

The efjiiahions of motion of ]\ 

yr-^ yi.i^) . . . (13) 

the velocity V as a vector of com])onLmts {i 1,2, 3), the 
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acceleration, &c,, will all be as in tlie ordinary case. In particular, 
tliere is uniform motion when V is constant, i.o. the /y/s are 
linear iiinctions of t. In this case, taking one of the axes, say 
that of the y^’s, parallel to V, the equations (13) can be put in tlie 
simplified form 

Vi = y\+vl, fj., = f/l y,, = yl . . (Id) 

whei'e V obviously denotes the velocity in the scalar sense (the 
component of V along vy,), and yl, yl a-ro the ijiitial values 
of the co-ordhuites y^, y^, y-^ of the moving [yoint. 

As is well known, there are in ordinary kinematics two Avays 
of defining rigid motion and of investigating its pi'oblems; these 
are briefly as follows: 

(1) A rigid systcTii is defined as a systein consisting of any 

number of pohits P, P', . . . of co-ordinates fj;, y[, . . . 

{i ™ 1, 2, 3), which move in such a way that their mutual 

distances apart remain unclianged; i.e. so that for any two p(jints 
whatever of the system, P and F\ and for any movement of 
these points, the relation 

kirn 

1 

holds, the quantity (F on the right being constant (geometrical 
characteristics of the moving system). 

In these relations and in their dill’erential consequences 

are summed up all tlie properties concerning simultajieous 
positions, velocities, c^c., of the various points of tlie 

system. 

(2) The ground covered by the equations just given for the 
relations between pairs of points is, so to speak, divided into 
two parts, the first expressing the intrinsic circumstance (i.e. 
independent of the system of reference H) that when the 
moving system changes its position Avitli resj)ect to S it keeps 
its configuration unchanged. This is equivalent to the ])os- 
sibility of ])lacing at the points P, P', . . . an observer S 
rigidly attaclie<i to the body, wfio caui be repre.s(!nted as usual 
by an ortliogonal trihedron Ovy^y/oV/o^ witli n^spect to which 
the position of each separate point of the moving system remains 
unchanged. In other words, the co-ordinates y., ?y., . . . of 
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these points with respect to these axes attaclied to the body do 
liot vary wilJi the tiiii<‘-. 

At this stage th(i Jirguiueiit usiailly is jis follows. In order 
to determine the position, with respect to the original system of 
reference N, of the whole moving system at a generic instant, it 
is only Jiecessary to ]}lace tlie teihedron 0 (attached to 

tlie body) in its ])roper position with res])ect to Oy-^ y.^y.;^. 
Tims 'wc a(j(un Jiave lo deal with //mnsforinallon foiiii.ulcc (variable 
from moment to inonient) hdivetai two sysLcais of oytlioyomd Car¬ 
tesian aj'eSy a.nd therefore of tlie type 

yy, .. V a_,.2//,.-|-</^a0 e- 1,2,3). . (15) 

i 

where a, 7 , denotes the cosine (va^riable with the time, if the motion 
is not one of [)nre translation) of the aaigle between the fixed axis 
Oyi and the moving axis Oy,., ajid <:/>,;(/) is a function of the time 
(linear if tlie motion l'cmIuci's to a uniform translation). 

The proposition in italics, or the equivalent group of formulae 
(15), constitutes tlie conifilement of what may lie called the 
intrinsic rigidity of the body (the existence of the ti’ihedron 
attached to the body); the combination of the two gives ns once 
again the kinematics of a- solid body in its classical form. 

But if we analyse this complement a litthi further, we find 
that we ca,n modify to some extent the ordinaay idea of the 
motion of a solid liody without giving up eithe-r intrinsic rigidity 
or the validity of .Euclicham geometry. 

VVe need only introdu('(i the hyjiothesis (indej)eudent of both 
the geometry and the lei nematics of the point) that the measures 
of the distances between the jioints P, P', • • • therefore also 
of angles) of our solid may differ according as they axe made 
by au observer attached to P, P', . . . or by the fixed observer X. 
While granting that ili<i two observers may disagree as to the 
measures, it is to 1 x 3 borne in julnd that, by liypothesis, the 
m( 3 asurements aa;e nnida by each of them in accordance with a 
Euclidean metric, and that (a,s in the classical scheme of things) 
the rigidity of the motion must always be respected, from the 
point of vi(3w of the fixed observer X as well as ol; the other. 
This re(juir( 3 S that every distance a-[)art of two points P, P', 
. , . of our system must remain uncluinged iu time, whether the 
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clistcUico is citlculaL'd by N or by fbo oI-Ikm*. ib)r iJiis il is ik'c.cs- 
sary and sulbciant tbat Lie L’ansforniiition Jorniiibo bc-f.wssai ilic 
fs and tlie y’s, 

ifi “ fh iVv 2 / 3 ? ('^ ^ 

where tlie/-\s are a priori unknown functions, slioiild Ix*. siieli as 
to make 



independent of t at every instant, wliatovoi* may Int tlie. dinVren- 
tials cly-. 

We get an obvious case in which tliis condition is sadisli(‘d if 
we supi^ose that tlie transformation fonnulai a,r(‘ !inea,i’ in the 
y's (though not necessarily with respect to /), a>nd in parUcnIa.r 
that they are of the form 

y. = 'Si;.C;f/y/. c/)f{l), , . . . (bS) 

1 

where the c's are completely arbitrary constants, std^ject ordy 
to the qualitative condition tha.t tlieir debaaninajd. || || dors 

not vanish. It should bo roinendxa’ed tlnit in the e(|nablons (Ibj 
the coetHcients a,/, were in addition dii'cction o.osincs (in some 
cases variable ivith the time) for two S(‘ts (jf ortliogonaJ 
axes. 

A transformation of the type (18) |)(dween the y/’s nnd tJn^ 
y/’s is, at every instant (i.e, for any assigmid vaJm^ of /), linear, 
and therefore homographic, or ratlua’ alfine, so tliab straighl. lines 
are transformed by it into straight lines. Fi-om our ()oint of x’iew, 
this means that curves which apfXian to the obs(‘r'ver N to hr. 
straight lines are so also lor the observin' N, and inversely. 

It would not be hard to sho\v tlnit, d \vr im[)os(‘. on a. tf'ans- 
lormation (IG) the double condition of making d/' or I he rigid;- 
hand side of (17) indepemhait of L, and aJso of lv(u‘ping gerulesies 
unchanged, we necessarily reach, if not a,n alline. tm,nsformn,l ion 
(18), at leanst the product (in the S(‘nsf!; ol a [)rodii{‘t ol opemLjrs) 
of an affine transformation by a. rigid najtion in tin* ordinary 
sense of the term. By a suitable choice) of the triliedra of r(‘ferenee, 
the passage between the y/s and the ;fs (^an (hus b(‘ rihrird by 
applying in succession the two following traaisformations: 
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(1) An aiiine transformation given in its canonical form, 

1. e. by means of (equations of tJie tyjjc 

yx = hyi, = y'i = Ky-i, ■ (i9) 

where the Z;’s are positive constants; 

(2) a trailsiormation (15) between the yy’s and the ?/'’s. 

We sliall not spend time on tlie elenientmy considerations 
which lead to tliis conclusion, and shall merely point out that the 
coefficients /; of the equations (19) determine the (lrfor})iation 
consequent on the affine correspondence between the y’s and 
the ?/'’s, while in the second change, from the 1 / ’s to the ^’s, there 
is no further deformation. 

It follows from this, taking (19) into account, and considering 
the two observers S and S, that a segment having the s<(mc direclton 
as the axis Oyj, and of length 1 ivith resjiect to the observer 2) atlaeliecl 
to the body, will aj^'pear to the observer 2 as having the length IcJ; 
hence the factor is called the coefficient of elongation. Tlie 
elongation ’’ of unit length is accordingly h; — 1; this represents 
au expansion or contraction according as Z;,; > or <; 1. The 
formula} (19) of course provide, more generally, information as 
to the alteration in length of segments (and therefore of vectors) 
in any direction whatever. If the coefficients a,; ( 7 ' 3, 2, 3) 

are the direction cosines with respect to the axes Ovy^ 7/;j of a 
generic segment and I the length as it apjiears to the observer 

2 , we obviously get, for the length T as estimated by 2 , 

I I \/ Jef af -|- hf af -f- Lf af. 

Eeturning for a moment to the ordinary equations (35) of 
rigid motion, we shall fix our attention in particular on the most 
elementary case (which will serve as a guide and a Ijasis of com¬ 
parison in the argument of the next section), that of uniform 
transla,tory motion. We can then take the trihedj-on of reference 
with one of its axes, say Tjy, parallel to th(‘. direction 
(by hypothesis constant) of the velocity, and we shaJl take the 
trihedron Oy^y.py^ attached to the body as coinciding with the 
fixed trihedron at the initial instant t 0. 

The motion being translatory, the axes attached to the body 
remain parallel to the corresjjonding fixed axes throughout; and 

(i» 055) 11 
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if V is the velocity of translation, the formula) {letenniiung tiie 
motion evidently reduce to 

— 2 /i + ^2 “ 2/25 ™ ^ ) 

We have thus again reached the typical ecpiations (11) for 
each point (^j^, ^ 2 ? 'l/ 3 > constant) of the body. 

8 . Romerian units. Study of Lorentz transformations. 

The equations (15'), which define in the simjdest form a,n 
ordinary uniform translation, can obviously be associated witli 
the identity 

t == L 

We thus get a quaternary transhn’ination between (//j, y/^, y/u, 1) 
and (iji, '^ 3 , i), wliich we shall denote Ijy T. 

We next observe that the most general representa-tion of a 
uniform translation, with arbitrary choice of the two trila^ira. 
(one fixed, the other attached to the body), subject to ilu*. sole 
condition that the origins coincide initially, caji be redinuul to T 
together with two rotations iDde})endent of t. In fact, (huiol-ing 
as before the two trihedra of reference (fixed a,nd moving with 
the body) by S and Z, we shall denote by R a rigid rotation of N 
(round the origin 0) which brings its axis Uyy, into the direction 
parallel to the velocity of translation. Let It' be a,n aaialogons 
rotation (round 0) of the trihedron S; and It the inverse rotat ion. 
Then the transformation formula) between (y/j, yy^, /.) a,nd 
(iJi, ^35 t) are represented by the symbolic product 

RTR. 

Now consider the well-known kineniatical deducthm from trie 
classical method of re])resenting rigid motion, naanely, that, if 
we consider any velocity cu whatever with resjiect to Li {r being 
the modulus and u the verso]-), this becomes cu -|- v with i’(‘sp(;et 
to S, if V is the vector representing the velocity of translat ion of 
S with respect to E. This, as lias Ijeen observed, is in contra¬ 
diction with the results of experiment, a,t least a,s fvga,rds flic, 
velocity of light, for which c in crn. ]jer second ha.s tln^ [ja.r- 
ticiilar value 3-10^^, ivldch Teniains 'uudUe.mi, (waai wlnai com¬ 
pounded with a uniform translation (Michelson-Mor)e> ('Xj)eri- 
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ment). The wisli to restore concord between theory and experi¬ 
ment leads ns to modify the equations (15'), and with them, if 
necessary, the equation ^ ~ in such a way that the relation 
~ rfo/ (not merely dl'^ ~ dP) shall be rigorously satisfied; 
i.e. so that there shall be an identity between tAVo quadratic 
forms involving not only the space co-ordinates but also the 
time. 

imperial iransforvuUioits, We ]jro|.)Ose to try to modify these 
transformation fornuibe (as usual very slightly, at least for small 
values of v) so as to make dH^p invariant. For this purpose we 
shall ha\^e to re 2 )lace t sojnetimes by the variable 

and sometimes by the iniagijiary variable 

= lcL (t = V — 1). 

V 

With this change, 2 )utting also - — the equations (15') and 
I ~ L become either ^ 

Vi = Vi -I- ^^/u. V'l = */2. 2/3 = 2/3. 2/o = z/o • (20) 

or 

Hi = 2/i - fh = Z/2. y-i = 2/3. 2/4 = 2/4- (20') 

The real variabhi v/,^ introduced here is only the time measured 
by choosing as unit the time taken by light to traverse unit 
space. Thus the velocity of light is ] and the dimensions of time 
become the same as those of letigth. The cfiaracter of a primary 
magnitude ordinarily a.ssigned to the time thus disappears, the 
unit of time being linked up with the unit of length by means of 
the ])henomenon of the f)ropagation of light. It will be convenient 
to apply the term Komerian ” ^ to measurements of time 
made in tliis way; we shall similarly use the term Ronierian 
velocities ” (which are pure numbers) for velocities referred to 
the Romerian time y^y it obviously follows from tlie equation 
cL tlmt a Rr)merian velocity is only the coiTcsponding 
ordiiiary velocity divided by c; in particular, the quantity 

• (). lioMioa (If) 11-1710), who was tho first to discover and determine 

tho v^^Iocity of J lis luothod was based on observation of tlie eclipses of 

.Fiipitcr’s satellites. 
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P = ~ just introduced is only tlic Roinorian velocity of tram- 

c 

Jatioii. 

In accoixlanco Avitli Marcolongo’s rcuiark quoted on p, 300^ 
tlie traiLsfonnatifnis we are in search ol: iiiiist leave invariant the 
difTerential quadratic fonn wliich wc can writ(3 (introducing 
the imaginary variable in tlie form 

— A,-’ = (li/i- -I- dy.f + (ly.? H- . 

In order to obtain particular transforina.tions satisfying tl\i^ 
condition, we shall first consider linear homogeneous trans¬ 
formations. These will at once result, as we have alrea,dy pointed 
out in the preceding section, in the condition (17) being satisfied, 
which interprets the transformation as erpiivalent to a ligid 
motion (if not in the ordinary sense, at least in the intrirjsic sense 
there sjfccified). As we are dealing with linear (a,nd homogeneous) 
transtoimations, the invariance of the differential form — 
implies that of the algebraic quadratic i’orm 

™ q 2/l' + ?y-/ + " H- ?y.ih 

and reciprocally. 

Starting fi‘om the equations (20') we shall examine wliether 
^ve can reach the required result if we keep the co-ordinates 
^25 ?/3 invariant, i.e. if we suppose 

92 “ 2/2) 2/3 “ 

We have thus to find a linear transformation between the 
variables (yi, and (y^, y^) wliicli will leave invariant tlie expms- 


J-Ience (apart from the question of imagitiaries) we have to 
discuss a rigid rotation, round the origin of co-ordinates, in the 
plane /y^, and therefore of the form 

fix = Vx CO# - Vi 
Vi ^ Ih + Vi 

If we intrcKlucc tlie real variables y/^j, instead of it 

will be seen tluit the necessary and sidfichint condition for the 
disappearance of imaginarics from the idtimat (3 formuhe is that 
the coefficient of yi should be real and that of y /4 imaginary in 



LORENTZ TRANSFORMATIONS 


309 


tlie first ecjUfition, and vic.e versa iu the second. To ol>taLn this 
result, (j) must he a [)iire jina|»’iiiaiy; in fact, puttin,!!: 

c/> = Li/j (with ijj real), 

v/e get 

cos</j ~ costi/f — cosb/f, 
si nr/) sintj/i = tsudu/f, 

wliere cosla/r and sinlu/r as usual denote tlie hyperbolic cosine and 
sine. 

Hence our transformation forrnuloe take tlie form 

Vi ' * Vi coslii/i “h v/q sinli?/f' 

y^^ .(21) 

V'j Ih 

Vi) Vi + Va cosb/f. 

If wo remember that in tlie eijuations (20) the ])ure number 

^ is in ordinary cases fairly small, we cee that in these cases the 
equations (21) diller quantitatively by very little from the 
equations (20), provided we suppose i/j sufficiently small for coslu/f 
and sinla/f not to dilfer by very much from 1 and 0 respectively. 

But w(‘. get a firecisii kinenuitical interpretation of the para¬ 
meter ijj on which the transformation (21) dejlends if for instance 
we fix our attention on the origin 0 of the moving axes, i.e. on 
the point whose co-ordinates are — vy., — y,i = 0, for a 
generic value of this last parameter denoting the time 

(Romerian time) as it appears to the observer For the tixed 
observer il, witli resjxict to whom represents the time (likewise 
Romerian) and y/u y^i f^l^^ position, we have, coiTesponding to 
0 and a generic value of 

Vi '!A) y/o =- y/o cosiii/., 

while y, and v/o vanish. Hence tlie motion of 0 is rectilinear, and 
the ratio 



whicli IS oliviously constant, is. the (Romerian) velocity. Denoting 
this ratio by /3, we have in the equation 

tanlii/; — j3 
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the required Iciueiiia.tica] significaaico of the ])ara]ueteT‘ ijj. More 
geiicmlly, the .same quantity yS stcUid.s for tlie Rchneriau velocity 
of any other point P rigidly attached to In Jlict, if y^>, y>^ 
are constants and a generic value, the result of differentiating 
the equations (21) is to give 

(ly^ :=z sinln/f %Q, (hjo = (ly>^ ” 0, (1% ^ cosla/; dy^^, 


whence it follows tliat 

— tanlii/; = y8. 

(Ifh 

Q.E.D. 

Applying the ordinary formidse 


cosh— sinh 

V 1 — tanli*^ 


tanh 

s/l — tanh^ 


we can put the equations (21) in tlie form commonly used (the 
special Lorentz tran.sformation) 


n _ 2/i + ^yol 


Vx 

Vz 

y-i 

% 




Vi 

y% 

Vi 

Vo + ^?/i 


(21') 


or, using the ordinary instead of the Romerian unit of time 
(i.e. i and t instead of and y^^, with — cl, = cL), 


2/i = 


ih-\-vl ] 



yx = Vt 

Vi = ?/3 


i + lyi 

C“ 



.. (21"j 


It will be seen that the necessary condition for these formulae 
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to be real is / 3 “ < 1, or v < c\ which once more demonstrates 
that the velocity of light c is a limiting velocity. 

It can be easily verified that the formiike obtained from 
(21') or the equivalent (21") by solving these equations with 
respect to yo, ^3, and or t differ from the first set only by 
the cliange of v into — v (and therefore of /3 into — ^), and of 
course of the two sets of variables; precisely as happens for the 
equations ( 15 ') and (20) which refer to an ordinary translation. 

If in particular we suppose i.e. (but not necessarilv /S), 

negligible in comparison with unity, the first three of the equations 
( 21 ") reduce to the formulae ( 15 ') of the ordinary translation, 
while the fourth gives rise to an additive term denoting the 
difference of time between the two observers S and S, expressed 
by the equation 

t = ^ 

c- 

It will be seen that the additional term depends on the 

c-' 

position of the point at which H has to apply his own measure¬ 
ments of the time; for this reason i is called the local time. It 
was associated by Lorentz with the ordinary uniform translations 
( 15 ') with the intention of explaining to a first approximation 
(i.e. neglecting / 3 ‘^) the character of electromagnetic phenomena 
for bodies in motion; this requires explicitly that the relation 
dlf — cIsq^ should hold to the same order of approximation. 
Later on Lorentz himself discovered the equations (21"), which 
result in the rigorous invariance of ds^^. Einstein rediscovered 
them from the point of view of this invariance, which is the 
mathematical expression of his principle of relativity in its most 
elementary form. 

Let us examine the formulse (21"). They contain the best- 
known results (to some of which eminent students of relativity 
have assigned paradoxical consequences) of the kinematics of 
relativity. In the first place, the non-invariance of t, as noted 
above in § 3 in general for any (T^), points to the necessity of 
abandoning the ordinary concept of simultaneity in tlie absolute 
sense. In fact, two instantaneous events, taking place at two 
different points of space, may correspond to the same value of 
t but not of i (a sufficient condition is that the y-^^ should be 
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diEereiit), and may therefore be simultaneous for one observer 
who uses S as his system of reference and not (‘or another wiio 
uses S. Hence the time ceases to be an absolute quantity ajid 
becomes relative to the system of rel;erence and connected ii]) 
with the space co-ordinates; it is in fact load /imr, to use the 
term already referred to as having been introduced by Jjoi’entz 
in his researclies on tlie electrodynamics of bodies in motion. 

Suppose tliat two events take place at the same point P ol; 
the body (and therefore witli tlie same y^, but ]U)t a.t the 

same instant, being separated by an interval ol time A/ (in(‘a.sui‘(;d 
in the system E): for the observer S the interval v\dll l)e At, a,iid 
the relation between the two is given at once by the fourtli of 
the equations (2T'), noting that y^ is constant, so that 


A? = 


At 


Hence for the observer who accompanies the point P where 
the phenomena take place, the interval of time At is slu)rter 
than for the fixed observer S; i.e. we have a slowing down o(: 
the time with respect to S’s measure, as if tlie unit of mea-sure- 

ment had become —times that used by S. 

Vl - 

Similarly two events which happen at what is for S the. same 
point (i.e. Avith the same y~^^, y^, y^) but separated ])y an interval 
of time A/", will appear to S to be separated by a. l()ng(‘.r intiirvaf. 
This folloAvs at once from the fact pointed out abov(i that the 
inverse formulae of (21') and (21") are found by clianguig v into 
— V and therefore ^ into — /3. 

We shall noAV try to determine the difference, if any, in the 
estimates of lengths made by two observers S and eacli at a 
specified instant of his own time. Suppose, for instance, W(i wish 
to carry over to the observer S measurements made by 
Substituting in the first three transformation formuhe of (21") 
the value of t in terms of i given by the fourth, we get 

vi = 

2/2 = 2/2 
% = 
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wliicli may be considered as resulting from the product of the 
a ffino transformatioi i 


Vi 



Vt 


Vs 


i/3 


by the ordinary translation 

Vi ^ '!/] + 2/2 ^ 2/25 :^/3 == ^ 3 - 

In this form of the ecpuitions the cliange in length is at once 
obvious. We need oiily refer to the conclusions of the preceding 
section, noting tliat the clojigation coefficients h, of the 
formulae (19) are in this case represented by Vl — 1, 1. 

Hence if the fixed observer estimates distances at a generic 
instant 1, and if his results are compared with those of the observer 
attached to tlie moving body, who is also estimating the same 
distances at any instant whatever of his own time, then the former 
observes a contraction, in the ratio Vl — : 1, for longitudinal 

segments, i.e. in the direction of motion, while there is no change 
for transverse segments, i.e. perpendicular to the velocity of 
translation. 

The inverse formulae, for the change from H to N, differ, as 
we have already said, only by the change of v into — i\ Hence 
the same rules hold good; e.g. fixed segments in the direction of 
motion will appear to the moving observer as contracted in the 
ratio : 1 in comparison with the measurement of them 

made by the observer S; and so on. 

General transformations. We ])ro])ose lastly to prove a result 
analogous to one shown above to hold for the translations of 
classical kinematics, namely, that the most general Lorentz 
transformation (A) (i.e. a linear transformation between two 
sets of four varialjles y; and ij; {i ~ 1, 2, 3, 4) for which the 
quadric q remains invariant) can be represented in the symbolic 
form 

R /j R, 

where R and R are ordinary orthogonal transformations (rota¬ 
tions) between {y^, y.^, y.^) and (;yi? ^ 3)5 ^ ^ special 

Lorentz transformation of the type studied above. 

(D 005) 


^ 1 ■;? 
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The transformation (A) Avill be <i (jiuitertuny orfh()jj;(jiial 
transformation of the type 

4 

;/7/, S/, a/,/,?/,, .(1^2) 

1 

whose coefficients a/,/, constitute an ortlio^oiial inntrix, i.e. siuh 
that 4 

^k^hk^jk ^ . (-'0 

4 

^Ic^khO^lrj = .(u:;') 

(h,j = 1.2,3,d). 

In order that the variables y^, y.^, y.^, y,,^ y,^^ imiy ])e 

real, and y^ pure imaginaries, we must (wideiit/ly fijiv(* a/,;, 
(It, h < 4) real, and {h < 4) pure irnagiruuhjs, iiiul a.j,, real. 

We shall of course interpret y^, y-^ as Uirte‘sia-n (U)-onliiiai(‘s 
with respect to a trihedron K rigidly attaclied to and v/j as 
the time variable; and similarly for the y/’s. 

The directions of the trihedra K and K arc a priori ai’bitrary; 
we shall now determine a rotabiori R for K and a, roialion R, 
for K such that we shall have 

A - I/'K. 

To do this, we consider, with ref(n'(inc(‘. to K, tlie verdnr whose* 
components are a 24 ,_a 34 ; let i d(mote the r(*la.tiv(i v(*rs()r. If 
we turn the trihedron K round in such a way tlnit its axis y/^ 
takes the direction of i, we shall have 

^24 ^1; 

we shall take this as the rotation 

Now from the identities (2b) and the va.liKiS just given it 
follows that .j 

^/t ^2k ™ ^‘Ak “ 1 5 

1 i 

S/. a2k = 0, 

1 

so that the two vectors determined (with r(*spe,ct to K) by the 
components a^i., {k = 1, 2, b) a-re of unit hmgth a,nd ortho¬ 
gonal. We shall call them j, k, and shall take as the. rotathm 11 
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the rotation whicli turns the trilledron K so that its axes 
coincide in direction witli tlie vectors j, k, so that we get 

= 0 . 

As a result of the two rotations R and R the form of the 
matrix of the a’s comes to lie 


^11 

ai2 


%4 

0 

1 

0 

0 

0 

0 

1 

0 

^41 

Ct^j2 


<^44 


and, from tlie group ])roperties of ortliogonal substitutions, this 
matrix must also corresjiond to a substitution of this kind (since 
it is the result of the product of tlie original substitution by two 
rotations). A consequence of this is the vanishing of four other 
elements of the matrix: in fact, the conditions that the first line 
of the matrix shall be orthogonal witli the second and third lines 
res[)ective]y are _ 

(Xyj, ~ Uj-j - U, 

and similarly, taking the fourth line with the second and third, 
we g(l .. 

= aj3 - U. 

Thus we finally get the matrix in the form 

j 0 0 ^14 

0 10 0 

5 

0 0 10 
0 0 a44 

which corresponds to a, transformation of the type (21), i.e. to 
a special Lorentz transformation We liave thus shown 

that, through the two rotations R, (for the trihedron K) and 
R. (for K), the general transformation (A) reduces to a special 
traa IS format ion jC,. 

So far we have considered only linear transformations. The 
qii(‘stion may be raised whether we sliould not get greater 
generality il this restriction were removed. In this connexion 
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we shall merely s.ay ^ that the linear transformations studied 
here are the only oiies which, in addition to retaining the 
invariance of ds^^\ make iinite values of the y’s corresponrl to 
finite values of the and vice vrmi. 


9. Relative motion. Composition of velocities. Kineinatical 
justification of a formula of PresnePs. 

In order to show tlie relation between the various a,sj){‘-cts of 
a single motion—let us say specitically the motion C}f an assigned 
point P—-with reference to two difierent ohservci’s iS a,nd S, it 
is only necessary to use the transformation tormul^c between 
the corresponding co-ordinates. This holds both in ordinary 
kinematics and in relativity kinematics, witli the reminder that 
for tlie lattei* the time is among the co-ordinates affected by 
the transformation. 

Consider in particular a Lorcntz translation, wJiich, as we 
have seen in the preceding section, is defined by the formnlic 
(2U'), suitable choice being made iu advance of tlie two trihedra 
which represent the observers and are denoted by S and 

Now su])pose that the motion (which we cn,n call rdalive) 
of the point P in relation to S is given; i.e. that the expr(‘ssions 
Vi ( 2 / 0 ) '^0 three space co-ordiimtes a,re known 

formally as functions of (the Eomeriaii time). To obta/ui a 
representation of the absolute motion, i.e. the motion with 
reference to 2, it is obviously sufficient to find the (‘^xpressions 
for the co-orrlinates /b; {i ^ 1, 2, 3) of the point P as functions 
of the new time varkible y^y The transformation formuhe (21') 
give the I’equircd. result at once; in fact, if we insiut in tlnun for 
the y/s tlic expressions (^ 0 ) beloiiging to tin'- Jiioving point P, 
all the ^’s become known functions of y^y and if we suj)pose this 
parameter found from the fourth equation 


2/0 


Vo + pyi 


and substituted in the first tliree, we get tlie equations of absolute 
motion in tlu'ir ex[)licit form. 

^ For the proof, ef. C. IMunaio : “Sojira. iiiia (!spri;s,sivii- intorprola/.ioiK! ciiio- 
matica clol Priucipio di RoliM-ivinU, in to//, ddltij U, dec. dd Lined, Vol. XX I IE 
(1914), p. 781, 
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absolute and relative 


e vector rule no longer 


The resulting iHTition 1)etwe(ai the 
velocities is especially interesting. 1 
liolds that the absolute velocity -- the relative velocity -i- the 
velocity of the moving origin (the latter, in tlie case of trans¬ 
lations, of course reduces to the velocity of translatioJi, whatever 
naiy be tlie instantaneous [position of P). Tlie relativity com¬ 
position of velociti(‘s is a little more complicated. In order to 
see what happens in the clearest case, vve shall consider a relative 
jnotion jjarallel to the translation v. AVitli this hypothesis the 
co-ordinates v/o and y/^ of the point P aan constant, and, from 
(21'), fj.y and /y.j a-re also constant, or, in other words, the motion 
with respect to S is also in the direction of the translation. 
Bili’erentiating the first and fourth ecpiations of (21'), we get 


dfh 


#0 


Vl 




<l '!k -1- 

Vf- 


0^ 


Putting for th(‘> sake of shortness 

<>!h 


A. 


'///o’ 


0- 


'///o’ 


so that P„ and a-r(^ tln.^ velocities (scalar and Eomerian) of the 
point P with respect to S and N respectively (al)solute velocity 
and relative velocity), tlu^. foregoing formuloe, on dividing the 
first by the second, give 

A + iS. 

i + m- 


A = 


(24) 


this is whiit is called Einstein’s law for the composition of 
ve]ociti(!s. Multiplying' by c and reineinberiiiff that ?/(, = ct, 
c/T, we can evidently replace the Ebmeriaii velocities 

ft = ^^//' ft - ^^//', by the cori'cspoiuling ordinary velocities 

'///o’ '///() 


dfh 

(II. 


dlh „ 


(It 


, V, and write 
^ ~ 1 -1- 


(240 
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If both the velocity tv of P (with respect to L!) a,n(l tli(‘ v(h)city 
of translation v are small in comparison with r, the (haiominahoj* 
dili’ers from unity by a term of the second oi’der; if we n(‘p,h‘ct 
this difference we get back to the fundamental relation of ordiiiajy 
kinematics (which, may be called Galilean) 

% 

in view of the criterion we are applying, this result was of conrs('. 
to be expected. In general the equation (21) shows tluit, foi* | /I | 
and I I less than unity, | | also < I; while, for | /I | or 

I /3^. I equal to unity, | | also ™ 1. To prove this, not(^ tJia,t, 

whenever | ^ | < 1 and \ Pr\ 

(1 + -ip + = (1 - (] - 13,:^) 

is always positive, so that 

I ^ I = 1, or I I = 1, ,8,," = 1; wliicli jjrovcw tlio r(^((uin‘(l 
result. We thus find once more the limitinfr character of tlie, 
velocity c of light; however near t;,. may he to r, providcil it is 
less than c (P, < 1), if it is compounded with iMiotliia' velocil-v' of 
translation v, less than c, but as nearly ef|ii!il to e as we plca.sc' 
(| ^ I < 1), the result will always be less tluui c, or in other 
words I l^always < 1. Vice versa, the velocity c for hi remaiiis 
c for any S, whatever may be the vcslocity of the, (l^oreiitz) 
translation with which the two observcr.s arc moving with inspect 
to one another. 

AVithin the scale of velocities of ponderable bodies (ve.loe.if.ies 
small compared with c), the relation (24') reduces sensibly to i,|ie, 
Galilean formula = -y,, + v, as wo have alnsiidy sa,id. Ibil, 
when the phenomenon of motion under consideration is I.Ik' 
propagation of light in a transparent medium, so tlnif. the V(4oeity 
has an order of magnitude comparable with that of c, l.hmi 1 he 
divergence between the Einsteinian and the Galilean kineniiitics 
becomes striking, and lends itself to experime.ntal vcn’iliciition. 

Einstein has in fact drawn from this a nurgnillcMmt a.rgiuni'fir/ 
in support of the theory of relativity. Pie deduced logically (by 
a purely Idnematical proofs) from (24') a formula of Eresnel’s 

“ Even before Einstein, Loreiitz had given a tlieoroitiisil jnstilloiition of KroHncl'.s 
ormula, Uised on has celebrated electron theory of the clectroniaeni-tie iilienomena 
of bodies in motion. Einstein’s explanation i.s plainly more altriietive. 
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concerning the movement of light waves through transparent 
media in translatory motion; a formula which was experimentally 
confirmed for the first time by Fizeau (1851), whose experiments 
were re]:)ea,tefl with improved methods by Michelson and Morley 
and by Zeeman. 

The argument is briefly as follows. In a medium of refractive 


c 

index /X, it is known that light is ])ropagated with velocity if 

the medium is at rest. Su])pose instead that the medium has a 
velocity v in the direction of propagation of light (in the same 
or the opposite sense). Ordinary kinematics would lead us to 
expect tha.t the velocity of [)ropagatiori (with respect to the 
c 

observ(u’) would become - + v; Fizeaii and the others, how^ever, 

by delicate experiments on interference phenomena, found that 

c 

the amount to be a,d(led to - (or subtracted from it) is not the 

. . 1 

whole of V, but v multiplied by the coefficient (< 1) 1 — —, 

so that the velocity of pi'opagation is 


-1- v{ 1 




?)■ 


(25) 


Tlie factor 1 — is known as Fresmd^s convection coefficient. 

Tlui (‘.xf>ressio!is (25) arc evidently not in agreement with the 
Galilea-n kimamitics. But they are in excellent agreement with 
the J^linsttunian kinematics. In fact, let us consider, to fix 
idea-s, tin*, case in which the motion of the medium is in the same 
sense as tlie ])ropagation of light, so that we take the -|- sign in 

(25). Tlum (24') holds when we put ^ for v,, and therefore ~ for 


Hence it gives 


^ I 

- —|— -y 




I-l- 




or, neglecting terms of the second order in /3^ = ^ 

( 1 +') 


+ 1 


ix 
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The last term is also of the second order vvitli respect to the 
first, so that we are left finally with Fresners foi'inula 




+ (1 




V. 


10. Further generalization of the metric of F,p still coinciding 
to a first approximation with ordinary dynamics. 

We now propose to see whether it is possible to assi^gn l.o tlif^ 
other metrics slightly different fi'oni that c]iar{ud,eriz(‘{| by 
(5), but such that the dynamical principle underlying them is 
still equivalent, to a first approximation, to Hamilton’s priiiei()h\ 
We return to the general form (5') of c/.s*", and obs(u-v(* first 
that the particular form (5) just considered is a- (ja,s(‘, of (O') 
obtained by identifying the time co-ordin(it(; ;/■, with d a,ud tlu' 
space co-ordinates x,^ with the Cartesian (lo-ordiieites 

Vv 2 / 2 . 2 / 3 . and putting 

W 

^00 — 1 — = 0, gij. ~ (?., h --- 1, "1, b). (!2n) 

If now we wish to consider a metric whose coUiioicjiiis (j 
differ by very little from the values (2fi), we ca,n put 

9m — 1 2f/>, “ y.^ (20') 

where j, 

witi the understanding that tlie quantities y (whicli as regards 
dimensions are pure numbers) are of the second order (^like 

or higher order with respect to wliile i/r (whicli also has t he 

c 

dimensions of a number) is to he considered as of at least iJie, 
third order. 

With these values for the coefficients, and taking tJu^ varinblns 
2 /i. 2 / 2 . 2/3 be co-ordinates differing very litth*. fnmi Cartesijins 
we can write ds^ in the form 

= (1 - • 14 )dy -^_ 2dy^ y. y; dy, ~ L, (Sf -|- dy,,. (27) 
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If we denote derivation with respect to by a dash, and put 


■y" 




1 


T, 

T. = 


( 28 ) 


we shall have 




It is to be noted tliat since y\ 


1 _ 2c/) - 2^1 - 21 \, - 

^ is of the first order. 


c dt 


it follows that is of the third and To of the fourth order at 
least. 

To shorten tlie work, we shall introduce the qnadrinomial 

r ^ c^ + + To ~h m 

observing that it is cojn])osed of terms oF the second order, 

which can be written (Iv- -|- U), plus terms of higher order. 
We tlien have 


Cr 


ds'^ 


== l-2r, 


and we can extract tlui square root, neglecting powers of T 
higher than the second (i.e. terms of order liigher than tlie fourth). 
To this degree of apjuoximation we get 


ds 

%o 


1 ™ r - 


i.e. rewriting c dt for r/?/,,, and multiplying by c^dt^ 
c.dH -- c?dt - c^d^(r-|- W-). 

iSubstitiiting this expression in the variational equation of 
dynamics 

8 jc ds 0, 



322 


ABSOLUTE DIFFERENTIAL CALCULUS 


and remembering that St vanishes at the limits of integration, we 
see that tliis equation reduces to 

8/c2(r+ j-P)* = 0, 


and that the corresponding Lagrangian function is therefore 
L - c^(r+ 


or expanding, and neglecting terms of order liiglier than tlie 
fourtli (in the sense just defined, i.e. ignoring the presence of tlu^ 
factor C“), 


I \ / c- 


(29) 


The first two terms of the expression on the rigid (reduced 
to zero dimensions, i.e. divided by are of the second order; 
they constitute the Lagrangian function of the classical mechanics, 
from which we began our investigations. 

The successive terms of (29) (reduced to zero dimensi(.)ns in 
the same way) are of higher order: hence they will r(‘,present 
small corrections to be applied to the equations of motion. The 
metric (27) which we have here assumed still gives, therefore^, 
to a first approximation, the same laws as are dcfluced from 
Hamilton’s classical principle. Besides the potential f/, it 
contains the ten functions j/r, y., y^,. of the four variables y (pf)sition 
and time); these are small, as we agreed, and as we have repeatedly 
had to remember in making the various transformations, but 
are a jiriori arbitrary. We shall see farther on how the la,w of 
universal gravitation and a criterion provided by tlu; t(msor 
calculus lead to the determination of these ten functions (from 
ten differential equations), and so to an explanation of soim^ 
slight divergences which have been observed between th(‘ r(*.sults 
predicted by the Newtonian mechanics and the true motion of 
the heavenly bodies. This more exact corn;s[)ond(U)ce IxTween 
theory and observation provides a ])hysical justification of 
Einstein’s new method of approach, which furtluu’ incontestably 
represents an enormous speculative adva,nc(‘. through its cha,ra,c- 
teristic of securing invariance for all transformations of the 
co-ordinates, not only of space, but also of time. 
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11. An important particular case. Corresponding trajectories 
and their identity with those ol an ordinary mechanical problem. 

AVe shall now apply tlie expression (29) for i to a special case^ 
the interest of which will be seen in next cliapter (§ 8, p. 394). 
Suppose that we have 

Ti =3 0, 


(either exactly, or neglecting terms of order higher than the third 
and fourth respectively), where x function of the ;i/’s of at 
least the second order. Suppose further that 0 and bke U, do 
not explicitly depend on the time. We shall meet later on a 
characteristic example in which this condition is satisfied. 

The ex])ression (29) can now be written 


L - 





(30) 


It is to be noted that 




in the last term is of the 


fourth order, while the principal part of L is of the second order; 


hence, in this last term, we may calculate 


only to a first 


approximation. But we know that to a first aj)proximation the 
classical mechanics holds, and that therefore the integral of vis 
viva exists in the form 


— U ~ Eq = constant; 


hence the last term on the right of (30) can be re})laced by the 
constant or even suppressed, since a constant contributes 

nothing to the variational equation. 

The remaining terms of L can be separated into two groups, 
according as they do or do not depend on the velocity, by putting 


T = (1 + + x) 

u= U+c^ 


and therefore 


L= T+ U. 
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Tins form of tlic Lagrangian function corresponds exactly 
to tlie form foLUid in the classics,! na^nlianics (for a system with 
three degrees of fr(Hal(.)m, if ]iot for a material particle), if we 
consider T as correspomliiig to the'?;as* udja and U to the j)ofentiaL 
Further, it is hnowii ^ tliat, whenever (as in this case) T is a 

quadratic form in the quantities iji = not cx])licitly C(3n~ 

taining t, and £7is a function only of the Lagranguin co-ordinates 
?/, then the diflerential ecjnations arising from 

81 ( T' + [/) (U -- 0 

admit of the integral (of vis viva) 

T~ U== E, 

where E is a constant (the total energy), and the trajectories 
corresponding to a given value of E are ideubica,] with the g(M)desics 
of a manifold such that tlie square of its line elemeLit is delined hy 

ds^ - 2{U+E)Td(:\ 

(Principle of Stationary Action.) Applying all this to our case 
we shall have the integral of vis viva in the form 



and, for any value of E fixed in advance, we can assert tliat the 
trajectories coincide with the geodesics of the manifold 

^ (u + dhj; + F^l (l -I- ^ + x) dl,;\ 
where === 

1 

or with the trajectories of the motion, in onlinary spacfg of a 
material [jarticle with total energy zero, and acted on hy forces 
derived from the potential 

t/, = + + + 

^Cf. for uxjiiiiple LMvr-OivrrA and .Amai.oI: hKiiani dl nurcanhut raiion.idr, 
Vol, 11., Chapter XT, No. 1(5 (llnlo^na, Ziiniclii'lli ; in t.ln* jirnsH); nr Win'l''i’AKF,u: 
Ana(i/tleal 1)1/71(17)licH^ ‘Jiid (.Hlition, Ohuptt.;r IX (CatnlaTd^r University l*rnsH, 1017). 
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will'oil can also bo written (neglecting constant terms and terms 
of liiglicr order) as 

U^^ ~ U + c-ip -h -[- Vx + E (31) 

J2. Qualitative characteristics of relativity metrics* Geodesic 
principle for the dynamics of a material particle. Stationary and, 
in particular, statical line elements. 

In accordance with tli(i remarks at the end of § 10, the 
metric of the space-time manilold iu the region round a generic 
point must he reganUnl iji concrete cases in close coimexion with 
the pliywical phenomena wliicli take place in s[)ace and time, 
yiarticularly in the meghbourliood of the point and instant con- 
sicha-ed. Tlui qmintitative dependence will be duly established 
in next chapter. At any riite, in ordinary cases, as has been 
seen, w(‘. can nevm’ go far from a pseudo-Eiicliflean metric. This 
l(‘.ads to the (condition that in the real world of jdiysics the metric 
of is to ha,VC tln^ same rpuditative jdroperties as those belong¬ 
ing to the ps(Mido-Euclirl(.‘a,u metrics. In particular, the index of 
inertia, iTiiist lx'- b, which inpdies (as could be proved) that in every 
s(d of four orthogomil directions drawn from a generic point, 
three a,re spa,C(‘Jik(‘. (r/.s- < 0) and one is timelike {ds- > 0). 

.By ‘‘ nhitivity imdiric ’’ we shall from now onwards mean an 
ind(dinit(‘ nndiric suhject to these qualitative restrictions. 

In a, with a didinite metric there is no qualitative distinc¬ 
tion to ])(i nm,d(i betweeti the various lines in it, while in a relativity 
as w(‘ ha\a‘. a,h’(sidy f)ointed out, we have at every ])oint 
tiire{‘ kinds of (lif(‘ciion, n,c(‘<ording as < or > or = 0, and, 
corresponding i,o th(‘S(‘, tlinx^, kinds of line—s[)acelike, timelike, 
and lines of zero haigth. Naturahy the classification is much 
]nor(i complicat,(‘d for manifolds of two or three dimensions 
imm(*rs(td in a, \'\ with jin indefinite metric; and the same choice 
of tln 3 va,riahhbs of refenaice (which is geometrically equivalent 
to tile choic,(‘, of co-ordina,te hyj)ersnrfaces) would in general 
refjiiire, pi^dimimiry close study of the local belniviour from this 
point of viow. 

We sluill a,void afiy <liscussion of this kind, and shall iinj)ose 
some limits on tin' a,r!)itra,rim‘.ss of the choice of co-ordinates 
hy ta,king as a, mode] what happens in the case of a pseiido- 
EucUdoari rXb*" referred to ordinary time i (or a linear function 
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of t) and three space co-ordinates which are entirely 

arbitrary. Of tlie four co-ordinate lines one {ij^) will then be 
timelike and the others spacelike; further, on any hypersurface 
2/0 = constant we liave 

= conat. ^^*"5 

where dP is a positive definite differential quadric, so that we can 
say that a purely spacelike metric, like that of ordinary geometry, 
holds in every timelike section of the space-time. We shall 
constantly refer the relativity manifold to co-ordinates 
aq, x^, for which this qualitative property holds. 

Granting these various preliminaries we reach the following 
geodesic derived from the particular cases in sections 

4 and 10 by an obvious generalization—which, in Einstein’s work, 
appears as a fundamental law of the dynamics of a material particle 
in clearly specified physical conditions (i.e. for an assigned ds^)\ 

The world lines of a generic free material particle <are identical 
with the geodesics of the corresponding and more j)rccis(}jy 
with the timelike geodesics. In other words, these world lines 
satisfy the variational equation 

Si'ds = 0 , 

making at the same time ds^ > 0. 

Among the relativity metrics sjDecial interest attaches to those> 
in whiciL it is possible to choose a system of reference sucli tiuit 
the ten coefllcients g,-,. shall all be independent of the timeJike. 
])araraeter metrics of this kind ar(i called statiovorg (in 
relation to the particular system of reference chosen). The 
justification for this name is obvious if it is remcmbcu’cd that in 
])hysics a phenomenon wliicli takes place in a continuous medium, 
and is determined by a, certain number of parameLus which a,r(‘, 
functions of position and of the time (e.g. the motion of a, fluid) 
is called stationary if these parameters do not deptuid (explicitly 
on the time. 

In particular, a stationary metric will be called statical wlum 
the coefficients {i ~ 1,2, d) of the three product terms in 
dx^ vanish, i.e. when in the expression 

== J/OO + X^ J x[ . . (;',2) 

1 i 
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(in wliicli dashes denote diflerciutiation with respect to the 
terms ol the first decree in .v' a,re missing. The justiiication for 
the name is somewliat more indirect, and will appear from the 
following considerations. 

It is known, and enn in any ca,se be verified at once, that when 
L is an even function of the :r'’s (as in the case we are considering) 
the Lagrangian ecjnations (T) define a 'reversible motion, i.e. such 
that if P P(/) re])resents the motion starting from a certain 
initial [)ositi()n P^j witli an initial velocity then on changing t 
into — t (i.c. cmisidering the motion defined by P “ P( — ^)) 
we have the solution corresponding to the same initial position 
and the same initial velocity but in the reverse direction. Further, 
in the classical mechanics it is known that the motion of a particle 
is reversibhi whenever the field of force is invariable with respect 
to the time, i.e. when the field is statical (in the ordinary sense of 
the word). Hence the application of the term statical to a relativity 
metric whose geotbasics are reversible with respect to the timelike 
variable 

In the statical case it is usual to put 

.'/(Ml = (Ju, 


so that (32) becomes 


— V" 5 


(32') 


this coeflicient 7^ has an im[)ort:u)t mechanical meaning, which 
we shall now ex])lain. 

If at a given instard the velocity of the moving ])oint vanishes, 
i.e. if each ;/•• 0 (ca(S(^ of initial motion starting from rest), 

we have in ])a(iticuiar from (7) a,nd (32') 

A If j ^ . _ 1 9 o\ 

Pi’ 2 - C'’-' — 

1 a X.i 


(the two dasluis of course (kmoting double differentiation with 
respijct to ;/;()); tlu^se d(.dine the cpiantities x- as functions of 
position. The terms on the right, 




j 072 
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being deiivatives of a single function — evklcjitly constitute 
a coAairiant system (for any transformations wliatever of tlu^ 
space co-oi‘(LinatGs). Hence tlie A"/s constitute tlui covariant 
components of a spacelike vector F == grad ( — Tlie 

contra variant compon cuts 

A' - 

1 

of this vector, from tlie preceding formulae, are identical with tlio 
initial accelerations. Hence the vector P obviously provides the 
statical measure of the force (per unit iruass) of th(‘. li(‘ld (the 
initial acceleration of a free material particle, or, if j)]‘(‘.ferred, 
the force per nnit mass which must be overcome to maintain the 
particle at rest). 

Consider, lieside the point P of co-ordinates X;, a neighbouring 
point P' of co-ordinates Xf -\~ dxi and the (invariant) triiujinial 

X^clx^, = - UV^ 

I 

Defining, as is natural, tlie virtual work of P for the displace¬ 
ment PP' as the fnoduct of the displacemejit liy tin*, ortlio- 
gonal projection of the force (just as in ordinary Euclichuin 
space), the jneceding identity shows that —-CP constitidvs 
the potential function of the force acting in the held in statical 
conditions. 

As has been seen just above, in the statical case tlui forc<^ in 
the field can be very simply expressed by nujans of tlui single 
coeflicient = F-. In more general conditions, the wliole of 

the mechanics of the p{)int is summed up in Einstein’s g(‘od(‘sic 
principle, or, as an alternative form, in the conserpunit L{igra,ngijin 
equations (-L); an analogous argument can also (le devefopc'd for 
the initial motion, and the exfnession for the forc(i in tlui fi<‘Jd 
(at a generic point and instant) nn a function of the //’s d(;diic(‘d 
from it, but the results are by no means so simple and (•x[)r(*.ssive 
as in the statical case. To put it briefly, the concepts (jf ma.ss, 
force, and energy arc all contained in the four-diiiKaisionaJ me.tric, 
but, at least in general, the task of distinguishing bebwcuui tluuu 
and associating them witli the coeflicients of ds- seems to be neither 
easy nor fruitful of further results. 
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13. Versors in a with pseudo-Euclidean metric. 

An important fact in connexion Avitli a versor (unit vector) 
in the space-time manifold is that it can always be made to 
correspond to a vector in three dimensions. This follows from the 
fact that it has four ])aramcters (or moments), only three of which 
are independent, in virtue of the quadratic identity expressing 
that the length of the vector is unity (cf. Chap. V, p. 91). The 
interpretation of a vector of this kind as a velocity gives par¬ 
ticularly interesting results. 

Let ns consider-—limiting the case to a pseudo-Buclidean 
F 4 —a generic motion defining y^, as functions of and 

giving rise to a world line in F 4 . If, as we sliall first suppose, 
the velocity of the motion < c, we shall get a timelike line, in 
which the con*esponding 

ds^ = 

1 


is positive. If, on the other hand, the velocity > c (i.e. ^ > 1), 
is negative, and we sliall have a sj)acelike versor (cf. Cliap. V, 

dll • 

]). 142. In either case, denoting as usual the components of 
3 Romerian vt 

A 


the Romerian velocity by and the direction cosines of this 


velocity by a; = 

dlh 




, we obviously get the expressions 


r - 


j dsQ I X 

dy^ j ds'Q I 


ft 






{i = 1, 2, 3), 


for the parameters of the world line (i.e. of the versor ^ tangential 
to it). 

Given the three com])onents of an ordinary vector (3, these 
formula} determine the four parameters of a four-dimensional 
unit vector (versor) and vice versa. Given /?, the versor (in 
tin} oi’dinary sense) a belonging to it is of course fixed without 
aml)iguity (provided ^ d). It will sometimes be convenient 

to describe a as the versor reduced from the four-dimensional 
versor For /S ~ 0 the versor ^ has its components 
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all zero, and is accordingly called purely timelih’. If instead we 
consider the case of a very large velocity in a. direction a (ia^. 
if we make ^ tend to infinity, Avliile tlie ratios between the ^'’s 
remain determinate), then we have = 0, while tlie otlier 
components f' reduce to the direction cosines a' of the redneefl 
versor. In this case the four-dimensional versor ^ is caJled purely 
sjjacelilic; it is tangential to tlie three-dimensional manifold 
(space) = constant, or rather coincides with the vt'rsor a 

belonging to this manifold. 

All this can easily be extended to the case of a of a,ny 
metric whatever, referred to any co-ordinates Xq, x^, Xo, .''/-.j, fh(‘ 
first timelike and the other three spacelike, and characterized 
by the form 

ds^ == dx^pL^^ 

0 

where D' denotes, as in § 12, the exjoression 

0 

and, as usual, ^ . 

dxQ 

Given a generic versor of parameters 

^' = rSi = 

we shall have 

eo „ ^^^0 _ ^ 

I ds I L' 

^ dx,: ^ d^ dx^^ ^ ^ dx,: 

I ds I dx^ j ds I L L dl' 

14. Digression on geodesics of zero length. 

Let T denote a parameter of any kind such that the co-ordincites 
X can be considered functions of it, and put 

(dots denoting differentiation with respect to t). Consicjitr the 
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equati(jns of motion of a material syKtem as summed up in the 
variational cqnation 

S j 2T(/t = 0 .(33) 


We know from ordinary mechanics that if r denotes tlie time 
and T the vis viva of a material system, then the Lagrangian 
equations im[elicit in (33), i.e. 


d dT _dT 

dr d Xi d Xf 


{i ^ 0, ], 2, 3), 


(34) 


define tlie sponLineoiis motion of tlie system and have as a first 
integral the equation 

T — E — constant. 


Whenever the value of the constant E is different from zero, 
tlien by using the equation T E it is easy to eliminate the 
])arameter r from (33) and ol)tain from it a variationad equation 
capable of defining the trajectories. We have in fact, from the 
definition of 7.\ 

j2Tclr = is, 

so that the expression for the cirlimi, i.e. the integral j2Tdr 
wliicli occurs in (33), car) be written 

f->/2£J J2 T(It = >X2E\^2TdT = V2E[ds. 

Hence, for E 0 , tlie variational equation (33), by elimination 
of tire parairuiter r, gives the erjiuition 

h\ds = 0 ,.(35) 

whicli is tlie characteristic equation of tlie geodesics in the F 4 
whose line element is dn. From this equation we can <lcduce, as 
in § 21 , |>. 131, the dilTerentiaf (*quations 

+?:} = 0 .... (36) 

0 

of the geodesics, where dots denote difiVnentiation with respect 
to ,s*. The same equations would also lie obtained, Imt with r 
instea,d of .s*, by writing out (34) in full and solving for the 
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To sum up, for E 0, it is a uui(f.(‘.r of iiifliUVrciicc \\'}i(‘.ilK‘r \\(‘ 
define tlie geodesics of \\ iis trn.j(‘ctor‘i(‘s ffom Mm‘ \ui‘i;ir 

tional equation (33), or hy uu^ans of fh(‘ tyj)i(\‘if prop<‘rfy (-id). 

We now propose to examine s<‘pani,tely the, essi* E 0; 

since T = E and cls^ ^ 2T(lr^, this is ('(jiiivitlenl^ <o ds 0 

along the whole of the line in question, whieii jJi(‘/'efor(‘ in (his 
case takes the iianie oi f/eodesio of zero looflJi. (Siieh lines nr-r of 
course real only if r/.r is an inch^linite form.) In ifiis eas(‘ (-‘lo) 
is no longer suitable for dehnijig geo(I(‘si(;s; ifu'. mefiiod just 
referred to and used in § 2f, p. 131, to of)in.in Ifie dilTcf'etM i.\ I 
equations also breaks down, since it assium'.s .s* ;is (lie independi-m' 
variable, and therefore excludes the possibility of ds being identi¬ 
cally = 0. The equations (34), howevcu’, k(‘(‘[> Mieif signilieanee, 
and therefore offer a means of defining geodesi(;s of zero Imglh 
by a process of passing to the limit (in conditions of con)[)Iel(^ 
analytical regularity) from ordinary geod(‘si(\s. We. shall (Inis 
apply the term “geodesics of zero length ” to I.he lim's represcfd.ed 
by solutions of the Lagrangian sysbmi (3d-) for the, vuIik' zero of 
the constant E. 

The differential equations (30) of ordina,ry geodesics giv(^ 
aq, directly as functions of a paranudnr r (or in pari icular 
of s). We can suppose the parameter (diniinadnd alf.er integral ion, 
giving, for example, aq, x.^ as fund,ions of But. it is also 
possible to eliminate the parameter fK‘for(diand, by obtaining 
from (35) three differential equations AvhicJi d(din<‘ ./y 
as functions of Xq. Io do this, we introducai as t he independent, 
variable in (35), so that it takes the Jbrm 

SjLdx^ — 0, . 

where, as in § 12, we have put 

= 9m) -I- x, x,^. 

I I 


From (35') we deduce, by the onlin.-iry niethod, f.iie. (Iiri;(: 
required Lagrangian equations, wliicli aix; 


(I dL _dL _ 

dXff dx'- dxi 


I, 2, 


3). 


These are conqjletcly equivalent to (;i.5'), nine,., us wus seen 
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in § 2, the foiirtli equation (to be obtained by making Xq vary 
and equating to zero the coetlicient of Sir^) is a necessary conse¬ 
quence of these three. 

Tliese equatkuLs, like (35) above, lose their significance in 
the case of geodesics of zero lengtli {E = 0). An analogous 
reduction can be found in this case too, but it is preferable to 
follow another method and leave the pure Lagrangian form. 
This method is as folloAvs. 

We start from (33) instead of (35), and note that from the 
definition of T and L we have obviously 

r/ 7* ^ 

'IT ~ 

dr^ 


Suppose that Xq is not constant along the geodesic (or arc of 
geodesic) of zero length under consideration.^ In the integral 
(33) (corresponding to a generic geodesic of the kind in question) 
we can then assume Xq instead of r as the independent variable, 
so that 

= 0. 

J dr 


The parameter t is a function, a priori unknovm, of such 
doi' 

that remains finite and not zero. We can therefore put 
dr 

^ — g/X{Xo)dXo 

dXQ A{Xq) 


where A and A are also finite and not zero. Then the preceding 
variational formula becomes 


sjl^Adxo = 0, 


from whicli we get for tte geodesics the equations 


J. djp/^ _ djL^A) ^ ^ 
dxg dx\ 


{i = 1, 2, 3); 


^Rroi'ii tliu liuutatioiis iTitroduced in § 12, this condition enn always be satistied 
in the real field. In fact, if we put ~ 0 in cU-, there remains a definite 
negative form, which cannot vanish along an actual line, i.e. when rfxo, eixa, 
do not vanish simultaneously. 
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expanding and dividing by A, these can be written in the form 

^ dL^ ^ 

dx'i dxi dx- 

The parameter A can be at once eliminated from these. 
Denoting for shortness the Lagrangian binomial on the left-luincl 
side by we get finally the two equations 


^1 

__ T2 


dL^ 

- 

dL^ 

dx[ 

dxo 

dxl 


wliich are to be taken together with the equation 

r- = 0 . 

15. Some elementary theorems of geometrical optics. 

It is known that in a transparent homogeneous medium light 
is propagated in a straight line with constant velocity if no dis¬ 
turbing influence is at work. In the case of an isotropic medium 
—the only one wc shall consider—the velocity is always the same 
in all directions and therefore is a constant characteristic of the 
medium. In vacuo (cf. § 4) the velocity is, in round number’s, 

e = ?j X 10^® cm./sec. 

or 300,000 kilometres per second. 

If instead we have a heterogeneous medium, in which tfio 
refractive index /x (which is defined as the reciprocal of the velocity 
of propagation) varies from point to point, then the rays are in 
general not rectilinear but are bent in accordance with a law 
which depends on the way in which fi varies, i.e. on the functicjn 
fx{x, y, z). This law can be put in a compact and useful forjn 
in the following way.^- If the initial point P^^ and the final ])oirit 
of the path of a ray of light are fixed, the time taken by the 
ray to go from Pq to P^ along a line s will obviously be expressed 
by the integral 

t = 

since /x, as we have just said, is the reciprocal of the veloc il y, 
^Cf. for example Levi-Civita and Amalui: op, cU., Chap. XI, No. Is. 
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Now the line actually lollowed by the light is the one which 
makes this integral a minimum, and therefore satisfies the 
condition 

St = 0 . 

This variational equation, which sums up the whole of 
geometrical optics, is known as Fermat's p'incifle. 

IG. Geometrical optics according to Einstein and the meaning 
of the constant c. 

In constructing a geometrical scheme to represent light rays 
the existence is assumed of an absolute frame of reference, exactly 
as is done in the Newtonian mechanics. In order to help the 
imagination, the system of reference is supposed to be provided 
by a hypothetical medium at rest—the so-called cosmic ether— 
which constitutes as it were a background or support for all 
optical phenomena. In space free from ponderable matter light 
is propagated in a straight line with constant velocity c with 
respect to the ether, or, which is the same thing, with respect to 
fixed axes, where fixed ” axes mean axes at rest with respect 
to tlie ether. Hence c is the velocity of light as it appears to a 
generic observer 0, at rest with respect to the ether. 

Consider a solid C moving with velocity ii (a pure translatory 
motion) and a pencil of parallel rays of liglit which are being 
propagated in the same sense as the motion of C. 

With respect to the observer 0, the luminous phenomenon 
is cliagrammatically represented, as we have just noted, as a 
particular uniform motion with velocity c. 

According to ordinary kinematics, the analogous velocity 
with res])cct to an observer 0' rigidly attached to 0 is c —- u. 

Now within the range of velocities which can be realized by 

material bodies the ratio and still more its square — (only 

c 

the latter of which can be submitted to effective experimental 
control) are small; we can, however, take it as definitely estab¬ 
lished tliat the velocity of propagation is still c with respect 
to 0' also. This follows from the classical Michelson-Morley 
experiment, subsequently repeated by other physicists, and 
recently on new bases by Professor Majorana. 

In order to explain this experimental result, it is evidently 
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sulficient that the pliejioirienoii wliicJi a|)f)ea,7‘,s to ruacrosoopic 
methods of measui-eiiKMit a,s tlu^ tra,fus]a,tion of a, body C' vvitii 
velocity 'tt slioiild, wdtli rnoi'c .t'chtuu! motliuds of measurement, 
be a transformation (A). TJie study of these translormatiojis Jias 
in fact sliown tjiat any ordinary unifV)rni translation is aljiiost 
indistinguishable from a (A), tlie difference being of the order 

of one temmillionth, provided that 10~h 

c 

Tlie classical laws of geometrical optics (that the ])rof)agatir)n 
of light is rectilinear, uniform, and with velocity c), and tin*, 
famous experiments referred to above, will th(‘?‘(d’()re still hold 
if we suppose that for tlie j)ropagatioa of light, as for the motion 
of a material particle under no forces, the crpiation 

8jds^^ = 0 

holds, with the condition 

(equations of uniform motion with velocity c); and if, on the 
other hand, we consider the phenomenon of the tra,nslation of 
solid bodies as very slightly different from the (leseri])tiori of 
ordinary kinematics, so that it corj'esponds to a transforniati(jn 

(A). 

Hence these special kinds of motion wliich correspond to 
the propagation of light in tlie ether, in the absence of diskiiTiiig 
influences, are dependent on the form 

(U^ ~ .... (37) 

in which the constant c has a specific nnmerica,! value. 

For ordinary motion, with velocities which aj*e ah jiiost 
planetary, and under the action of conservative forces— (‘..g. in 
the presence of assigned masses—the same ])art is played by the, 
form 

ds^ - {(^ ~ W) dC^ - . (37^) 

in which on the one hand the constaiit c is subject only to tiu^ 
qualitative restriction of being sii/riciontly larg(^, and on 
other the influence of the masses modifies to some extent/ i}he 
coefficient of dt-. If we aim at attaining unity of conception of 
physical phenomena, wo sliall obviously be constraincid, ccvlvris 
faribas, to adopt a single dilierential form as the determining 
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i'orni])()th for; Mu‘. niotion of TnfiL^ria.l particles and for the behaviour 
of ]i.<j;lit rays, sc'rviii^- as <\ ])a-sis for l)ot]i cases. Wo must therefore 
assign to the c<jnstaat c, in the ^i^^eneral dyuainical case, the same 
specific valiK^ as belongs to it in the particular optical pheno¬ 
menon. In the al.)sence of disturbing influences, in particular of 
ma-sses at a pjerceptible distance, so that ?7 = 0, the ds^ of 
nii'cliaaiics then becomes identical with the of optics (the 
liinitijig case). 

Further, since in the case U = 0 (i.e. in the absence of 
nia.sses at a perc(i|)til)le distance) tlie intervention of ds- has led 
to g(‘oinctrica,l optics ])eing summarized in two laws which appear 
as limiting cases of dyinimical laws, we are led to liope for the 
extension of the same criterion also to the case in which masses 
exist {U 0). 

The propa,gation of light will therefore be governed in any 
case by the following postulates: 

(i) The geodesic principle (as for material motion), 

8 jds =0;.(38) 


(2) 0, which is equivalent to saying 

dl “ 

in questiotj have the sqmire of the velocity --dl- 

(U,r 


that the motions 
equal to 


2U - 



The velocity V is thus slightly less than c; neglecting terms 
which a-re in fact absolutely Jiegligible, it is given by 


V - 



Theses two [)ostulat(vs can be summed up in a single illuminating 
geonuTricaJ ass(irtion: 

In. div. mHric we have assigned Lo V^, the world lines of light 
an', geodesies of zero length. 

It is to b(‘- noted that this assertion has an invariant form, 
and is therefore suitable for defining the behaviour of light rays, 
ev(in if these a,re referred to a system of any co-ordinates 

.To, x.^ wliatever, instead of to the particular system t, y^, y^. 
The assertion lends itself to an obvious generalization, since it 

( i> ar>f)) 
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i& natural to extend its scope so that it slia.II e.oid.imn^ to hold 
even when the cIs- which characteriz(ts tln^ iruTric. of tln^ 
though satisfying the qualitative restrictions of § 12 , is ru^t 
reducible to the particular form (37). 


17. Interpretation in geometrical optics of the condition 

ds^ = 0 . 

Given any direction in the four-diiiKuisioiiaJ spa,c,(‘ (/. ./‘j, 
x, 2 , 2 * 3 ), i.e. any system of increments (dl, dj\, d'j\,, dj\^), W(‘ can 
obviously make a vector (velocity) v correspond to it in Uk^ 
physical space whose line element is given by 

3 ;{ 

dir :=== dx,. ^ H,/, a./vAyy/.y,, . (3<)) 

1 I 

or more precisely in the Euclidean space tangential to the. gi\’(‘{i 
space at the generic point from which the sj)cclfl(‘d increments 
are drawn. 

We shall take the ratios 


dx,- 

dt 


{i - 1, 2, 3) 


for the contra variant system of this vector with j*{*spect to the 
metric (39). Writing these in the form 

dxf dl 
dl d£ 


we see from the presence of the factor wliicli is the <lircc,(,if)n 

dl 

parameter, that the j)ositive factor ^ measures tin*, hanrth of tin* 

dt 

vector. Referring back to the equation ( 39 ), we Imva* for the sqiiarf^ 
of this length 

2 _ V 

^ 

Another vector w, a function solely of po.sition ami time, 
(of position alone in stationary conditions), can he nnuh; to (;one- 
spond to the set of three coefficients fj„-, whicli are covariant wilii 
respect to any transformations whatever of the .space conn-dinales 
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alone, by taking these three quantities for the covariant system 
of the vector. Then, denoting as usual the coefficients of the form 
reciprocal to (39) by and putting 

1 

we get IV for the length and (for tv > 0) the ratios --- for the 

w 

moments (the system reciprocal to the parameters) of the 
direction of this vector. It is to be noted that if the spacelike 
co-ordinates x have the dimensions of a length, the coefficients 
a^. of flP, and therefore their reciprocals a'^', are pure numbers, 
while the coefficients of the product terms in t have the dimen¬ 
sions of a velocity. Hence the vector w, like v, can be interpreted 
as a velocity. It will be obvious tliat this conclusion still holds 
even if the dimensions of the co-ordinates x\, Xo, x.^ are left 
indeterminate. 

If cj) denotes the angle between v and w, both for the moment 
supposed not zero, we have for the metric (39) 

COSti = Ijf ~ -, 

1 tv V 

and therefore identically 

3 

vw coscf) = .... (40) 


which holds even if v or tv vanishes. 

Using (39) and (40), the expression for ds^ can now be written 
in the form 


ds^ = dfi (7“ + 2viv cos^ ~ r-), 
putting V- = g^^y 

This makes it evident that the condition ds- = 0, charac¬ 
teristic of the propagation of light, defines its velocity v as a 
function of the position and direction of the ray, as well as of 
the time, in the general case in which the coefficients of ds^, and 
with them F, w, and </>, depend on t. 

V w 

Representing the ratios -- and - (both positive and pure 


numbers) by /3 and p, we have for ^ the equation of the second 
degree 

iS2 - 2p cos(/> ^ - 1 0; . . , (41) 
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the product of the roots being — I, it follows tliah oiu* is [)osi(ive 
and the other negative. By definition v is ii(‘cessai’ily positive % 
so that it is uniquely determined by (fl). 

AVhen all the product terms in dt vanish (tin*, slnth^al ease), 
■10 ™ 0; hence ^ ~ 1, anrl v coincides with V. In genera I 
■p > 0, and the diherence between v jind V (for :i s[)(Hhii(‘<l posi¬ 
tion and time) depends on the direction of th(‘ ray, i.e. on ffn^ 
angle which it makes with w. We also ha,V(‘, v - V for <i\a‘ry 
ray perpendicular to w. It is obvious froi]i ( j I) tha,t tln^ jnaxtnm n i 
and minimum values of {3 correspond to r/> 0 aaid r/. . - rr. 

This is equivalent to saying that the maximum velocily of [iro- 
pagation 

F(Vl -1-/ + p) 

is along w, and the minimum velocity 

V (J 1 -I- p- — J)) 

is in the same direction but in the of)[)ositc sense. 

Except in the statical case, it will be seen tliat the propaga,! ion 
of light in physical space is not only non-symnnitric.aJ for opposite 
senses but is completely irreversible. 

18. Fermat’s principle in stationary relativity metrics. 

We saw in § 14 how the difficulty involved in Uk* varial ioiinl 
principle Sj'ds = 0 for ds^ ~ 0 can be e,vailed in finding Um, 
explicit form of the difFerentkl equations of tin* pi’opagiHion of 
light. It is not without interest to note that for every s(;if ionar\' 
ds- the behaviour of the light rays can aJso be' dUined by 
associating FermaCs principle of the minimum lime, wifh Ihe, 
equation ds^ = 0, i.e. by assuming 

sf(h„ =0,.(,,2) 

with the condition that dxg is to bo connected willi .r„. (he snn.'.e 
co-ordinates, and their dift'erontials by r/d o. Xnluralh- 
while in the four-dimensional geodesic [irinciplc. cxpivssid |,v 
not only dx.^, dxg but also dxg arc to be zero al, (be c.v- 
treruities of the interval of integration, in (Id) (bis comlilion 
must not apply to dxg, as it would reduce (dd) to u mere, idmil il r. 
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We now propose to establisli the equivalence, for every 
stationary metric, of tlie two jjrinciplcs of geometrical optics: 
(a) tlie four-dimensioua] geodesic priticqjle, and (b) the principle 
of iniiiimiim time. 

To do this we must consider the geodesics of zero length as 
derived by the method of limits from timelike geodesics {(Is^ > 0). 
For the latter we put as usual 


dxf^ 

dXn 


= 

r- = 




(i = 1, 2, 3) 




r- + 2 2:,: X- — Cl;,, x'i X,, 

1 1 


(43) 


where the function L has finite partial derivatives, since 
and therefore i, is not to vanish. 

The equation (38) can be written 

SjLdxa = 0 .(44) 


Taking the variation with respect to the co-ordinates Xo, x^, 
we get by the classical procedure the Lagrangian equations 


d dL _dL 
dxQ dx; dx^ 


- 0 {i= 1, 2, 3); . 


(45) 


while the variation with respect to x^ gives 

d /I dL . , dL 

dx^^ \i dx.i ' } dx^ 


which is a necessary consequence of the equations (45). 

On the hyj^othesis, characteristic of the statioiiary case, that 
L does not explicitly contain we get the integral 

.... (46) 

1 O Xf 

wliere the constant E represents the total energy of the moving 
point. 
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Multiplying by L, the Itift-luuul side uiny bo vvritL^n in tlie 
form ' ■ , , 

2 j; , X; 

i 0 . 7 ; 


w+n L' 


It follows from the third of the equations (d3) tlnit IJ- is a 
polynomial of the second degree in x[, x[y, it is t]na;e aJready 
divided up into three homogeneous sets of terms of d{gr(‘,e, 0, 1,2 
respectively. By Euler’s tlieorem on IiomogeJieous finuttioiis, 

the linear term disappears from the difference L- — il/ ~ x'-, 

1 dx'i 

which reduces to V‘^ -|- j3'^. Hence (46) multiplied f)y L gives 


The left-hand side is essentially positive when L tfaids 
to zero, being in fact, for L — 0, > 4 P (wdiifT is to })e 
taken as having a lower limit which is not zero In tli(> fi(‘ld 
considered). The product can therefore be considcu’ful as a 
function of the x's and x''s ivhich is always reyidar, and not ^vvo, 
when L tends to zero] in the latter hypoth(\sis the consi.aiit K 
obviously tends to infinity. 

Furfcher, for all motions with the same total (aicu’gy Jf Lie 
principle (44), in which we suppose ^dlat Sx^ vaaiislies a,t the 
extremities of the interval of integration, can bf^ rephie-ed hy ari 
analogous one which has the advantage over the first of not 
requiring this condition to be satisfied. In fa-ct, for Z(*ro at 

the extremities, we have Sjdx^ := 0, and in cons(‘fjU(‘nce (-14) 
is equivalent to 

sJ(L-— E) dx^ ~ 0 

or, for i? 0, to 

and in this last equation we can drop the condition tlnit Sr,, 
vanishes at the extremities, since if we transfer i.lie, 8 under the 
integral sign and apply it to (both explicit, and implicit in 
the a:'’s) we get 



which vanishes in virtue of (46). 
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It is therefore establisliecl that, for an assigned non-zero 
value of E, the equations of motion can be expressed by means 
of the formula 


S 


V 

E. 


dXn = 0 


(47) 


without the necessity of imposing any conditiori as to 

D 

The function under the integral sign can be written 1 — —, 

EL 

from which it appears, remembering what was said above about 
the behaviour of EL, that tins function is regular and tends to 
unity if L tends to zero. Now this is precisely the liypothesis 
whicli corresponds to the transition from material motion to the 
limiting case of tlie propagation of light. Since the function is 

regular, the order of the oj)erations §J and passage to tlie limit 
may be interchanged, so that (4-7) gives Fermat’s principle 

0 . 

Fermat’s principle can be put in a ])urely geometrical form, 
referred to tlie sjiacelike metric with line element dl, if we give 
dx^^ the value found from ds^ === 0 in terms of dx^, 

dx.^, and insert this in the formula just above. Tlie result 
is particularly easy to interpret in the statical case = 0, 

i p 2, 3), in which we have evidently dx^ == and Fermat’s 
principle takes the form 

= 0 . 

J V 


This shows that tlie light rays coincide with the geodesics 

dl 

of the tbrce-diraeiisioiial space witli lino clement alternatively, 

referring to tbe ])liysical space dP and again a])plying the theorem 
of least action (of. § 11), wo can say that they coincide with a 

pencil of trajectories corresponding to the potential and 
total energy 0. 
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19. The stress tensor and its divergence in the classical 
theory. 

Let there be given a continuous niediinn, and in it a surface 
element (facet) (la\ one side of tins facet is su[)posed chosen as 
the positive side, and one sense of the normal direction is associated 
with it. We sJiall agree that tliis sense is tlic one wliich corrcj- 
spends to the pa,ssage from tlie negative to the ]Jositive sidf^, and 
shall denote its versor by n. The T’osTiltant of tlie molecular 
actions which the particles on the negative side of the elennuit 
exert on those on the positive side is ordinarily called the stress ' 
relative to the positive side of the element considered.^ In normal 
cases-—the only ones we propose to consider—this resultant is 
of the same order of magnitude a.s da, and is represented by ^,/la, 
where is the specific stress on the positive side of the surface 
element normal to n. 

Referred to orthogonal Cartesian axes O^j^y^y^, the three com¬ 
ponents of the vector will obviously be denoted by • {i ■--- 1, 
2, 3). To characterize the distribution of the stresses at a single 
point P, we introduce the three stresses <i> 2 , which act on 
the facets at P parallel to the co-ordinate planes, or, more pre¬ 
cisely, the facets whose normal versors are in the positive directions 
of the co-ordinate axes. Their components are denoted in order by 




'^2 


^ 1 ^ 22 ’ 






it follows from the postulates of ordinary mechanics that the 
matrix formed by these terms is symmetrical or that 

so that there are really six of these ([uantities {i, /; . i, 2, 3). 

^ Of., for exain})]o, A. E. H. Lovii:, Malkcuiatiad Tkeori) of ElaMiuty, l-liirU 
edition, Chap. JT; Ciunin’id^'e Uiiiver.sity Ures.s, 1920. 

- Some authors, Love in pa.rtieiilar, invert Uie i’(:s[)ective rdhis of the two sides 
of tlie facet ill tlieir definitions, and therefore, by the principle of I'cactioii, chanoe 
the sense of the vector desiudbed as tlie stress. Tlie sir'll of its <u)iii[jonentH will 
be changed accordingly, and the inecpiality will he inverted wliicli deteriniiu'S 
whether a given stress is of the nature of a pressure or a pull with respect to the 
element considered. 
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Putting for tlie coinpoueuts of tlie versor n (its direction 
cosines) we get tlio fundamental lorniula 

.(4-8) 

1 

and lienee for the three components in the direction of the 
co-ordinate axes 

1 

If 5 is a generic direction of direction cosines tlie scalar 
product X i.e. the component of the stress along 
can naturally be written in the form 

1 

From the symmetry of the d),-//s, it follows that in the sum 
just written down O/,. can be replaced by the sum is there¬ 
fore, by (48), equivalent to the scalar product X n. Hence we 
have the relahioTi of reciprocity, expressed by the equation 

X ^ ^^5 X n. 

For 5 n we have in p.articular what is called the normal 
stress, i.e. the component along the normal to the facet of the 
str(3ss with respect to the facet itself. In accordance with the 
conventions we have adopted, the stress Avill be of the nature of 
a push or a pull according as tliis normal component is positive 
or negative. From the remarks above, the necessary criterion 
is provided by the sign (for ^ n) of the expression 

1 

To make the notation uniform, we shall write instead of n. 
Consider the bilinear form 

® = S,,«!>,, .(49) 

i 

which represents either the component along ^ of the specific 
stress on the facet normal to or the component along t,' of 
the specific stress on the facet normal to 5 . 

(D r.r.n 1 


12 # 
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If now we repljice th(‘. //’w hy a.ny curviliin^nT co-onlina-te x 
wliatever (tlic geoinetricui na-ture of tlie w|)a,C(‘- cluira-cterizial l)y 

being of course regarded as invariant), tlien the para,meters 

i 

^ '■ of the directions constitute, as we know, two cojitra- 
variant systems, reducing to the direction cosines in Ca,rtesiau 
co-ordinates, while the scalar quantity d) just detnnul will b(‘,lia,v{‘, 
as an invariant on account of its intrinsic ineaahng. It follows 
(cf. Chapter IV, p. 70) that the coefficients of tlie hilimsir form <!> 
(referred to these parameters as arguments) will c‘,onstitut(i a, 
symmetrical covariant double system which is called th(‘. Hirers 
tensor. Extending the notation adopted in the case of Ca,rt(,‘sia,n 
co-ordinates we shall denote it by This tensor will of courses 
have the contra variant components O'"' — and the niix(‘-d 
components d>J(, which can be obtained in the ordinary wa,y })y 
composition with the coefficients of tlie fundamental foi'm. 

The stress tensor depends in general on the position of the 
point considered; the components d>/^., refen-ed to generic co¬ 
ordinates X, can therefore in any case be tlionght of as fimcfions 
of the co-ordinates, and therefore as having derivatives— 
ordinary, covariant, and contruvariant. As we sa.w in Ciiaptnr 
VI, p. 153, from a given double tensor Xu. we can always obtain 
a vector Y intrinsically related to it, which we calhul its 
divergence, and whose covariant components are deliiKuI for 
3 by 

• • • “ ♦ (50) 


Now the divergence of the idress tensor has an important 
mechanical interpretation, which can be found at onc,{‘ by using 
Cartesian co-ordinates. We know in fact that thci mol(;(ada,r foret's 
applied to a given particle by all the surrounding [)a,rtic]<‘s lia,vc, 
for tlieir resultant a vector )(, whose cornpomuits per* unit 
volume, in orthogonal Cartesian co-ordinates, are givfui by 




t' h; 


(51) 


Noting that in this system of reference the divergence of (p./. 
is expressed by precisely the sum on the right of (5J), a,nd nmnnn- 
bering tliat the covaiiant components of a vector a,r(; identical 
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in this case witli tlie ordinary components, we see at once tJiat 
tlie vector x divergence of the stress tensor with, its sign 

changed. Applying the formula (50) we can therefore write 

X/-— .(51') 

20. The fundamental equations of the mechanics of continuous 
systems, referred to fixed axes; transformations of them in general 
co-ordinates (space co-ordinates). 

It is known tliat, wlien no hypothesis is made as to the nature 
of tlie medium, and when therefore tlie stresses are not particu¬ 
larized, the fundamental ecpiations of tlie meclianics of a con¬ 
tinuous system reduce to the dynamical equation 

pi^ pF+x .(52) 

(where p is tlie density, £ tlui acceleration, F the force per unit 
mass, and x Ihe vector dclined in the j)i’eccding section), togetlier 
with the equation of continuity 

|^+div(H==0 .... (53) 

(v being the velocity), which can also be written 

+ pfliv(v) = 0, . , . . (63') 

di 

where the symbol — denotes a “ proper ” derivative, i.c. one 
(It 

wliich considers p as depending on t in such a way that as t varies 
p refers a.hva,ys to one and the same ])artic]e of matter. 

If now we wish to find the explicit form of these two equations 
witli reference to any co-ordinates x whatever, connected with 
the 'i/h ])y formula; whicli do not involve the time, all Ave need 
do is to obtain the ex[)ressions for the co variant (or contra variant) 
components of the vec;to.!‘ f, since those o^ x an' already known 
from tlu' pn;c(.'ding s(;ction (of. formula (51')) ;ind tin; itiva,riar)t 
exj)ression of div(pv) is known from p. 153, (.hajder VI; the force 
F will naturally be, suj)f)()sed giv(m by means of its covariant (or 
centmvarian f) components. 
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The acceleration f is defined by 

(Iv 
(U 


X = 


where the (proper) (leriva-ti\^e is supposed to be caJculated with 
respect to an observer (system of axes or, more generally, co¬ 
ordinate net) fixed in tJic Jiieclamical sejise f)f the word. 

Keferred to co-ordiinites y this relation is equiva.lent to the 
three scalar j'elations 


fi 


dV; 

dt 


dV; 

dt 


f 




{i^ 2, 3). . (54) 


If now, with reference to any co-ordinates x whatever con¬ 
nected witli tile ;?y’s by rehitioris wJiich do not involve the time, 
wc consider the sini])le system 

‘ (5.C) 


dt 




it is easy to see that tliis is covariant. In fact, on tlio one Iiancl 
^ 0 

the quantities (/. being a parameter not involved in tlie tra^ns- 
ol 

formations) are covariant like the ?;/s, and on tlie otlua* the 

quantities S/yyj//?/ are co variant from tlie law of contra.ction 

of tensors. Noting once more that in orthogonal Uaj'ii^sian 
co-ordinates the covarhuit derivativijs reduce to tlui oi‘dina,ry 
derivatives, and also the covariant and contrava,riant compomnts 
of a vector to the ordinary components, we sisi fha,t in thesis co¬ 
ordinates the expressions (5-U) are identical with those on tln^ 
right of (54), i.e. with the (cova,riant) conqioneiitsof t Tliis 
identity will still hold with reference to the r’s, and we can 
write ^ 

r I V k 

/.= 3,+ 

We can now find the explicit form of the equations (52) and 
(53) with reference to the co-ordinates x. TJie lirsf will give (die 
co variant equations 






ik\l 


(55) 
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and the second the invariant ecjiiatioji 

= 0, .... (5G) 

Ol 1 

or + = 0.(5G') 

ol i 

21. Galilean systems of reference. 

Among the purely spacelike transformations a particularly 
simple group consists o.f those which giA-^e tlic change from a 
system of fixed (in tlie mecluLiiica] sense of the word) Chrtesia,n 
axes to a system of Cartesian axes in uniform translatory motion 
with respect to the first set; tlic latter system is ca,l](Hl GdUleari. 
The definitions of force, S])eci6c stress on a generic surface clement, 
and divergence (whether of a vector or a tensor) are not clianged 
in a transformation of this kind, hut the veloeifcy v of a generic 
point is altered by the addition of a constant quantity represented 
by the velocity of translation t; this additioip ]iow(‘-ver, evidently 
does not alter the acceleration (i.e. tlie pro])er derivative of v). 
It follows that such a transformation leaves uncluinged tlic 
dynamical equation (52), and also the ecjuation of continuity; 
the latter is evident from the form (53"), wliieh, in addition to 
div(v) (wliicli, as just pointed out, is invariant), contains the 
proper derivative of p, whicli JVorn its intrinsic meaning is obviously 
independent of the axes of reference. 

Furthermore, all the laws of tlie eljissical mecluuiies arc known 
to be unaltered if tlie axes of reference a.re supjiosed to be in 
uniform translatory motion. 

22, Equivalent form for the system (52) and (53). 

In the general eqiiatioiis of motion of a continuous system 
the force per unit mass F occurs exjdicitly. From tlie formal 
point of view we can always, and in an inhnite .number of ways, 
consider F as the divergences of a suitable tensor; its comf.)oncuts 
can then be supposed amalgamated with the d>///s, so that we 
can at once jmt F = 0 in the equation (52). 

From the point of view of application this is not always con¬ 
venient, and in nifiny eases the direct method is jirederable; but 
from the speculative point of view this process of submerging 
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t]i (3 force per unit mass in tlie stress is not only ]e^^ntima,te, but 
in accorcLince with tlie pliysicnJ standpoint w'liicdi reJns('.s lo 
admit action at a distance, asserting tlia,t every distiirbajicc^ is 
transmitted by mediate action. In virtue of these considerations 
we shall put F = 0 in the vector expia.tioji (52). 

AVe now pro]jose to ti'ansform, without uttering tluud* conbsit, 
the three scahir equations included in (52) and the (upiadion of 
continuity (53), in such a way a,s to replace th(‘se four erpia-tions 
by a set of four sulxstantially identicat (jquabions.^ 

Eeferring to orthogonal CWtesian axes ;//, we ])roje(d th(^ 
equation (52) (in whicli we have now put F 0) on tlK‘. a.xis 
tj-, using (55), we get 


dV; 


dl 


■ ~l“ 


dV; 




- % 


A.- ^ j 


(57) 


while the equation of contijjiiity (53) or (53') takes the welf 
known form 


dp d(pv,,) __ 

dt^7 dy,: - 


(58) 


Adding (58) multiplied by v,- to (57) we get 

9(/3W,) , y dipvn) _ " 3(I)a. 

dt 1 dyi, L dyj, 

which can be written 

+ i A {pvp, H- o,,) = 0. . . (57') 

dt ■] dyy. 


It will now be seen that the quantity on tlui left of (57') and 
(58) is in all four cases the sum of partial derivatives with resfx^cl 
to the inflependent variables I, y/j, y.^. It follows from § 5 tfia-t, 
since p denotes the materia,! density, e = (rp can be inter})r(d4.!d 
as the energy density; further, it may be se{ui in a momcfit that 
the vector pv (the momentum density) represents tin*, flux of 
matter (])er unit of surface and of time), and therefore the flux 
of energy will be c-pv = 6V. 

^ Cf. particiitirly G. X). MA'JTrori, lieiu}. Arc. Liiicel-, V, Voi. XXili 
(second half-year, 1914), U2S-yy4, 427-4t>Z 


I 
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Now to give greater iniifoniEty to the equations (58) and (57'), 
and to use in them the quantities wliose pliysical interpretation 
lias just been noted, we nuist re])lace t and the v-^ by their 

Konierhui exjiressions ;//(, “ d, ~ and put 


r„o = 

e = c^P, . 

■ (59) 


= — e/3,- == — cpVi, . . . . 

. (00) 

Tu. = 

Tki == • 

• (61) 


(/, - 1, 2, 3). 



The result is tliat tlie four equations (58) and (57') are all 
included in the single equation 




■' r> T 

2, = 0 
1 ^Vk 


( 02 ) 


by giving i in turn the values, 0, 1, 2, 3. 

From the c‘qiiations (59), (50), (01), we can see the interpre¬ 
tation of the various T’s. represents the energy density; 

{i 1, 2, 3) the com])onents with their sign changed of the 
relative .Rornerian flux; the T///s (7, h ^ ], 2, 3) in statical 
conditions (v’,- “ 0), reduce to the ordinary stress components, 
from which they differ in general by the aflditive terms 
= pv-Pj. (which, however, in ordinary circumstances are unim¬ 
portant compared with the other terms). To distinguish when 
necessary the T/z/s from the ordinary stress dh/,, we shall call 
bliem the Idnetic stress. 


23. Einsteinian modijBleation of the equations of motion of a 
continuous system in a particular case. 

The original ecpiations (52) and (53), and therefore the ecpiiva- 
]{int set (52), are invanant when the axes of reference undergo 
an ordinary uniform translation. In the earlier stages of the 
argument we se,t out to give the dymimics of a material ])article 
a form which should be invariant for a generic transformation 
( y^), and we w(U‘e induced to use Hamilton’s ])rincipl(^ in order 
to modify the e(|nations of iiKjtion slightly. It followed from tiiis 
operation that wlien there ar(3 no external forces the equations so 
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modified keep their algebraic form imalte.red, oot only for ordinary 
translations but also for the Lorentz transforinations which we 
studied in detail in § 8. 

Now the dynamics of a continuous system must clearly 
include as a limiting case (corresponding to a medium of density 
everywhere zero except in one very small region) the mechanics 
of a single material pa-rticle. This at once shows tluit it is al)S()- 
lutely necessary that the postulates intioduced for the mechanics 
of a continuous system should be brought into Inu’iiiony wit.h 
the modificatio]]s accepted above in the ni(‘.chaiucs of tlu^ nniterial 
particle. The foi’in of the equatimis (02), when tlu'n^ are no 
external forces, must therefore rennun unchanged for any .Lorentz 
transformation. If in accordance with (59), (GO), and (01) we 
take for the the expressions 

^00 “ ~ -^Uc ^ • (b5) 

this condition is not rigorously satisfied, though, a,s w(i laive just 
pointed out, there is invariance for ordinary trar5sIatF)ns; but 
it is easy to show that the required inva,riaric(i for .Lor(intz irrins- 
formations can be obtained by a modification, whicli, as usual, is 
very slight in the conditions ordinarily realized. 

To do this, we take the four-dimensional form 

= (/yiT - <llv 


used above in discussing the dynamics of a, jjarticle, where as 
usual 

1 

Denoting by dy^ {i = 0, 1, 2, 3) tlui increments of the co- 
o.rdinates of the generic material (dement of thf‘- system und(;r 
consideration, and by dl^^ and tluj (iorres])onding (‘hmumts 
of the (spacelike) trajectory and the world line, we have by 
definition 


dm 


<iy: 


(Oi) 


whence 




cU,? 

<hhf 


((i(') 


and 


rfV -- *y,r (I - . . . (Gi”) 
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The parameters of the world line are 

dso 


(wliere we liave suppressed the sign of absolute value, since in 
dealing with tlie motion of a material particle we must have 
< 1, or > 0); they can be expressed in terms of the 
using (64), (64'), and (64"), in the form 

AO = -^0 _ 1 

dSo ^/l — ^2’ 


A* = _ A 

dSg Vi — ;82 


(i = 1, 2, 3). 


I'rom these, taking account of the general formula 

0 

and of the values of g% ~ corresponding to ds^ (cf. § 6, 
formula (12)), we get the moments 

~ vr^’ 

A, = - A . 

Vl - 

If we take the values of the monomials 

A/, 

as given by these formula), and compare them with the expressions 
(63) for the T,//s, we sec at once that the difference bctweeri 
ennh of them and the corresponding T is of the second order. 

We shall now show that if in the equations (62) we replace 
the values (63) of the T^y/s by the very slightly different values 

T,, - eAyAy, {i,h = 0,1, 2, 3), . . (65) 

the equations will behave in the required manner for Lorentz 
transformations; and we shall be able to deduce the criterion 
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to be applied for transforming the equations in the more general 


case. 

Note first tliat, if is taken as the fund amenta] form, the 
terms on the riglit of (G5), and therefore tlie T^y/s, constitute a 
covariant dou])le system. Further, taking into account once 
more the particular values f/jj. of the coefficients of ds^ expressed 
in terms of tlio co-ordinates ?/, it will be clear tliat tlie covaria,nt 
derivatives of the T,;//s are identicad with the ordinary derivativ(‘.s, 
and tliat the terms on the left-lmnd sirh^ of (G^d) can be written in 
the form 



and are therefore identical with the covariant components of 
tlie divergence of the tenser T,/. (cf. CImpter VJ, p. L33). Tlu'se 
equations therefore collectively express the fact that the divi^r- 
gence of tliis tensor vanishes—a ])roperty whicli is invariant for 
any tra^nsformations whatever of both tlie s[)ace and the time 
co-ordinates. Ibmienibering finally that a, Lorentz transformation 
leaves unchanged the form of we can now a-ssert that tin* 
equations (02), with the values of T;/. givim hy (05), will still 
hold after the application of any Lorentz tra-nsformatioii. 

Q. E. D. 


24. General case. Introduction of the energy tensor, and 
meaning of its components in general eo-ordinates. 

When there are no stresses, the result we have ajTived at is 
that we assign to the corres[)on(]ing to the motion of a 
generic continuous system the tensor value given hy 

Tj/. eA,A;,, 

where e is the energy density and tlie A/s ar{‘ the monicmts of 
the world line of the material (dement. FurtluT, giv(‘n a,ny 
distribution of stresses, referrtid to Cartesian co-ordinates, then 
in order to transform the equations of motion into any spacedik(^ 
co-ordinates (leaving the time unchanged) we liave trace.d out 
an argument based on tlie invariance of the bilimuir form 

O = (which showed us the tliree-dimcnsionad tensor 

1 



THE ENERGY TENSOR 


355 


character of the wiuai we pass to generic co-ordinates), 

on tlie vectoi* cluiracter of tlie velocity, and oji tlie invariance ol: 
the density. 

AVe Jiow propose to consider more generally transformations 
{1\) of space and time (i.e. of tlie set ^^ 2 , y.^ into a new set 

. 7 :,), X 2 , Ivcepitig t]u‘. results already obtained in the two 

])articuhir cases just refeiTcd to (cf. § 23 and § 20). A sufficient 
condition is that the 7\//s (defined jdiysically with reference to 
a ])articidar system of co-ordinates) shall have the character of 
a tensor for any trailsformations whatever. The tensor so intro¬ 
duced is called the energy Icnsor. 

This is equivalent to asserting the invariance of a bilinear 
form in four variables 

B - 

0 

having for its coefficients the quantities Tij. and for its arguments 
the parameters 

• ^ (IXi, ^ d'Xi 

^ ~ <Ls' ^ ds' 


of two arbitrary four-dimensioiial versors It will be seen 

at once that this postulate covers the two jiarticular cases already 
discussed. In fact, when tliere are no stresses the tensor character 
of the Tif's follows from the expressions (65) adopted for them, 
while for transformations (T 3 ) which leave the timelike co¬ 
ordinate unchanged, the invariance of B involves that of the form 
(I), as will be seen from the following argument. 

When we pass from a system a? to a system .7", it follows from 
the invariance of B that (with obvious meanings for the notation 
used) 

Tj;i,T;i.dXi d'Xf. — 'Lii,Tij,dxid'X,,. 

(j ' ’ 0 


In the case of a (5 3 ), we shall have dx^ — d'x^ — d'xQ, 
and therefore 

2 00 ^'o/r ^/r+ ^^'^0 ^/r ^ qa- dx^.-^- S,;;, dx.^^ d'Xj^ 


TQQdx^yd'x^y -|- dx^y d'Xj. -|- r/':/’,, \j/l ij-dx^d x,’^ 

1 1 1 
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and as tins must Fold wliatever tlie diilerentiaJs r/./;,, uuiy 
be, it follows that 

^00 ~ -^005 

~ '^k -^OA- 
1 1 

'^ik ^ ik ''^'k ~ '^ik ^ ik ^ •f'/r* 

1 i 

As the differ cTitials dx;, d'x,- are arbitrajyj tliesc r(hitions 
express the fact that is an invariant (tlie energy (haisiiy), 
that the n/s are the com}}onents of a vector (the flux of the 
energy with its sense changed), and the T-//s those of a. 
covariant double tensor (the kinetic stress). 

Q. E. 1). 

We now propose to examine, with reference to pso.iido- 
Cartesian co-ordinates the pliysical signifi(;aji(3(‘, of tln^ 
form B when the directions are chosen in a, j)arti(Miiar 

way. 

Suppose first that both the directions an^ j)urely tinielike, 
i.e. that 

r/;r. — d'x,: = 0 (^ ™ 1, 2, 3) 

and therefore ds- = dy^^-, ds'- -- d/y^^\ 

Then the only parameters whicli are Tint ;i:ero are and 
which are equal to 1, and there remains 

B ^^oo; 

i.e, in this case B represents the energy deiisity. 

Now suppose that arc purely spacelike, i.e. that 

dy^ = d'y^y — 0, and consequently 

ds^^ = - rZ/,y, ™ dQ, 


Then there remains 



1 


d'y,, 
dl^ dl'/ 


i.e. B reduces to the linear invariant of the kinetic str(!ss. 
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Lastly, suppose that ^ is purely spacelike and purely time¬ 
like; i.e. that = 0, fZ'v/; = 0 (^ = 1, 2, 3), and therefore 

= - f?/, 2^ (fs'2 = 

Then B = i.Tjjy 

1 (IIq 


and. is therefore identical witli tlie flux of tlie energy in the 
direction ^ with its sign changed. 

We can now determine the physical significance of the 
with reference to any system of co-ordinates whatever. This 
follows easily from the invariance of the form B if we allow 
that the physical significance of this form in the particular cases 
noted above remains the same in any other system of reference. 
The diiTerent cases are in detail: 

{a) The energy density at a generic instant and point 
iCj, ^ 2 , will be what B becomes for purely timelike, i.e. for 


f ^ ^'0 _ 

i.e. it will be 


- I" - 0 

9m 


{i > 0); 


(6) The flux of the energy along a specified (spacelike) direction 
* dX’ 

a of parameters a‘ = will be what — B becomes when 
we put in it 




dXf 

Us I 


dx,- 

H 




0 


'r'=o, ^0 = - 

i.e. it will be 


1 


U'i/oo 
1 


1 

V 


{i = 1, 2. 3), 


2i2’,-oa‘. 

V 1 


If in particular the direction cl coincides with one of the co¬ 
ordinate directions, say Xj,, we have 

A 1 


V- 


■ 9Ml 
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and tlie other a'’s are zero; hence the flux of the energy in that 
direction is given by 

(c) The component in a direction a of tfie kinetic stress 
relative to a facet normal to a direction a' will he. Avhat B becoiiKiS 
when we put 




dx: dx, 


ds\ 


dl 


'' = a', 


0 , 


t'i _ ™ _ 'i i'O _ A. 

^ I*'I dV ’ ^ 


i.e. it will be 


Tij^a^aK 

1 


If in particular the direction a coincides with that of 00(3 of 
the co-ordinate lines, say x,., and a' with that of anot]i( 3 r, say x,,, 
we shall have 


a, ■= 




and all the other a’s will be zero. Hence the com])onent in the 
direction x,, of the kinetic stress relative to a facet nornud to .r, 
will be 


Before concluding this section we wish to ma,ke oru^ last 
remark. We have seen that wTen there are no stn^sses (tlu*. (^a.s (3 
of discrete particles of matter) the energy tensor tak(\s t he {)a,r- 
ticularly simple form 

£A;A.((if;) 


Another important particular case is when the enmgy tensor 
has the form 


T a, A,, — .... ((Hi) 


where j) is any invariant function of the positioii and the time. 
In order to see the phy.sical significance of this cxj)rcis.sion. con- 
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sider a spccifitM.I point ol‘ V^, nrnl tako a wyfitein of co-ordinates 
wliicli arc, at least locally, pseudo-Cartesian, Avliicli we know 
is always possible. Then the .(/, 7 /s take the values S-'’, while if 
we make the direction coincide with that of the world line, the 
A/s all become zero, except A^, which is 1 . 

In these conditions we shall have 

^00 ~ ^ 

T,, = 0 {i + 7 .), 

Tr, = p ( 7 > 0 ). 

The last two formiiloe tell us that on every facet there is 
exerted a stress normal to it and independent of its direction: 
the scalar quantity p measures the value of this stress per unit of 
surface. The medium under consideration therefore behaves like 
a })erfect fluid (a fluid incapable of transmitting a shearing stress), 
and p represents its pressure. It is hai‘dly necessary to point out 
tliat if p is negative it represents a uniform pull in all directions 
— which, within certain limits, is known to be a possible condition 
even in a real liquid. 

25. Relativistic form of the equations of motion of a con¬ 
tinuous system. 

In the ])articnlar case of no forces, we saw in § 23 how the 
general ecpiations of motion of a continuous system can be put 
in the form 

2 , nf = 0 (i = 0 , 1 , 2 , 3), . . (67) 

0 

wlnu'e the ^, 7 /s are regarded a,s elements of a tensor, and that 
tins equation holds in gcmeral co-ordinates x whatever may be 
the transformations (involviiig both sf)ace and time) imposed 
on the original co-ordina,tes y. Tlie proof of this consists in the 
inva,riant cluiracter of the equations (57) (wbicli express the 
va.nishing of tlic^ <livcrg(uice of the ttinsor T,;,), together with 
tlui fa,et that in the original co-ordinates y the equations (67) 
reduce to the form (62), and that the quantities .T,/. become 
ichntical (neglecting terms of the second order, if not rigorously) 
with the expressions ((53) wliicb are their values in the classical 
mechanics. Ail this holds without change even if we drop the 
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particular hypothesis suggested by the law of tratisforuiaiion of 
the when the transformations { 1 \) are a,[)j)lie(l, thai^ the. 

forces are zero. It is only necessary to retain the tcnsonaJ ehanvci.er 
of the r,v/s in every case, as we have already agriHMl; which, in 
the particular case where stresses arc ])resentN nu'a.ns ih<it 
their experimental values are determined, say, witli rel(‘reiic.e 
to the co-ordinates which formed the starting"point; <^>1 i-he 
investigation. 

The equations ( 67 ) thus hold so long as the nudric. consideivd 
is pseudo-Euclidean, and for any co-ordimites of refere.iica^ wliah- 
ever. But the invariant expression for the la.ws of niotfon, which 
is seen to hold under this hypothesis, can be at oncc^ (cximided to 
the general case of any metric whatever, in virtue of tlu^ obs(irva- 
tion made earlier in this book (cf. Cha])ter VI, p. J 61 ) tha,t in a. 
first-order region every metric behaves as if it liad constant co¬ 
efficients, and is therefore Euclidean in the firofxu’ sense*, in the 
case of a definite and pseudo-Euclidean in tin*. (■a,s{‘s which 
concern relativity mechanics (cf. §§ G and 12). In la.ct, the. erjiia- 
tions ( 67 ) contain only contravariant derivatives of the f ,7/s, or, 
in other words, combinations of their ordinary lirst; (]eriva.tiv(*s 
with the /7,7/s and their first derivatives; the arguimuit thus does 
not go beyond tha consideration of a first-order nigion round tiui 
gemeric point which is being studied. 

26. A particular class of motions of a continuous system. 

In the classical mechanics tlie equation ( 52 ) of the. rnofion 
of a continuous medium, when there are no forc<'s and no inole.- 
ciilar action (a discrete system), evidently reduces io 

f - 0, 

with which is to be associated tlie equation of continuity. It 
follows that the vector equation is satisfied at fince by 1 lie iiniforni 
rectilinear motion of single particles, the (huisity b(*ing then 
determined by the equation of continuity. Tliis is CfUiC(q)tiia.lly 
evident; in order to translate it into a Formula., we assign to any 
material particle, initially at Pq, a velocity which is a, 

function [a 'priori arbitrary) of the position I\y the g(X)m(‘t.rh;a,l 
equation of motion is then evidently 

rW = Po + v(P(,)i, .... ( 08 ) 
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wliicli shows tluit tho solution flepeiids in substance on three 
arbitraiy fiinc-tioiis of tlin^e arguments eacli. 

11 we wisli to ihul a.n explicit expi-ession lor the law of variation 
ol th(^ (hmsity it is f)erlui])s prelerable to go back to the molecular 
erpiatloTi ol contituiity instea,(l oi to the equation (53) which is 
its locaJ lonn. it is a well-known result that if we introduce the 
fimctionaJ determinant I) of the actual co-ordinates y[t) with 
resp(ict to the initial co-ordinates 2/0 we get 

9^ = Po^ 


where is th(‘, initial value of p, and is a priori arbitrary just 
as is the initial distribution of the velocity. Projecting the 
equation (f)<S) oji the axes, and denoting the components of v by 
:f/ 2 : we get 

Vi y'l + u 


whence 



It follows from this that D is a polynomial of the third degree 
in /, which reduces to unity for t ----- 0. Naturally (supposing that 
theand thdr first derivatives are finite and continuous) the 
motion r<inia,ir)s regular so long as 1) does not vanish; the smallest 
f)ositiv('. root (if such exists) of the equation of the third degree 
D 0 fleternnnes the amplitude of the interval of regularity, 
&c. 

A pa,rti(ada.r ease worth noting is when the density remains 
constajit for; ea.ch particle (incompressible systems). In this 

ca.s(‘. - 0, and tin; (;qnation of continuity, in tlie original 

hjuhuian form (53'), gives 

div(v) - 0.(G9) 


'Fhis ini[)li(‘s in partirnda-r that the divergence vanislies at the 
initial insfa.nt,, and th(U‘(tor(‘. gives as a necessary condition for 
tli(* (aaistajuy of the druisity that the field of the initial velocities 
must b(^ sohmoidaJ, i.e. tliat divv(P()) 0. This condition is 
not howr^vru- sulliehuit. In hict, if tlui density is to remain constant 
it is nec(‘ssary a,nd sulfieJeiit that IJ ~ 1 at any instant t\ the 
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expansion of J) as a [)o]ynoniial of the tliird decree in t sliows 
thattliis inipos(‘s three conditions, corresponding tn the vanishing 
of tlie coeilicients of I, l'\ and (09) expresses ordy t}i(‘. first of 
these conditions. Further, if tliesc conditions are sa,tisfic‘d initially, 

p remains constant for every particle (i.e. 0 ), whicli (uisures 

at 

that tlio equation (09) is satisfied at every instaiit, or in other 
worfls that the field of tlie velociti<^s is idways sohaujidaJ.^ 

We Inive deaJt at some luiigth with this chiss of chuneTitary 
solutions, hecaaise tln^ la^sults ca,n easily ])e g<meraJiz(‘d for any 
F 4 whatiiver. ]f A,(a\p a-.J denote tlie moincnts of a. gcmcric 

congruence of lines in the V^, we know (cf. Cha])ter X, p. 27 f) 
that the necessajy aaul suliicieiit condition lor the congruence 
to he geod(‘sic is that tlie curvature vector, or, what is equi valent, 
its covariant conqxnumts, shaJl vanish, i.e. that 

(7 - 0, 1, 2, 3). . . (70) 

0 

We now pro[)ose to slunv that in a, with a,ny nutrie whatfwer 
wc get sohitioJis of the (Vjua.fions (07) hy taJeing for world lines 
the lines of aiiy gendesie congruence whatevnu', or, in other words, 
by supposing tluit the A’s satisfy the ecjuatu)ns (70) a?id ))y 
assigning a suiOihhj vahui to the density p, and through it to the 
quantity e wliieh {if)f)ea,rs in the exf)n‘ssion (05) lor the. etuagy 
tensor of a. discret(^ system (i.e. a syst(nn witli no molecida r action). 

Take tli(^ gemn'al equations (07), whieli we. shaJi write in the 
form 

=0 (z= 0, r 2,;3) 

u 

and in them give the value eA,-A^.. Wo shall liave 

\ K “h 

a-nd therefore by substitution 

^ ^ ^1/ = 0 ('i = 0, J, 2, 3), 

0 (I 0 

* (Jf. GjsoT'J’I : (li un litjnitld laHciaiio ina]<;(rrM,ta, I;i <lis|,rilin/i(iii<‘ 

lo(ral<; (Idle ", in /iVnr/. li. Ar.(\ del Liiirri, Scrif.s V, \'dl. XIX (lirsl. 

Iijilf-ycar, lUlO), )»|j. :;7rj o7ii. observation is tlicrc limiti-d (,<» tJie I’asu ot 

pi-rniaiient inotifni. 
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Tli('. ftecojul term vanislies in virtue of (70)^ <uid therefore the 
four ccjiiatioiis reduce to tlie single condition 


= 0 . . . . (71) 

0 0 


If wc clioose e so that this condition is satisfieil, the equa¬ 
tions of motion will all be satisfied also. 


Q. E. D. 


Tlie equation (71) defining e can be put in a somewhat more 
expressive form by using tlie results (cf. Chapter X. ]). 267) that 


3 

^/r/ 9 ^' ^ \ 


0 


3 

V, 




de 

Is 


where s denotes the arc of tlie world line, and noting that 

il;, Af — divX. 

0 

Hence (71) can be written 

4 -e clivA. = 0 .... (71') 

ds 


which is ])recise]y the form of the equation of continuity. 

If in [larticular we consider a solenoidal geodesic congruence 
(divX = 0), the last ecpiation becomes 



whence € “ constant along any world line; i.e. the density of 
a particle remains constant throughout the motion. 


27. Experimental determination of the coefficients of an 
Einsteinian ds-. 

We shall close this chaptcu' hy some remarks of a general 
character on the experimental dettuanination of the coefficients 

9lJr 

We suppose ourselves fixed in determinate physical conditions, 



364 ABSOLUTE DIFFERENTfAL CALCUfTIS 


so that, as already noted in § 10 and § 12, wo niiisf: ndso rc'^mrd 
as determinate the Einsteiniaii 


ds^ — dx^dxf^ .(72) 

u 

of the field which we wish to cxjdore by moans of suifablo ox|)('ri- 
ments. It is of course understood tliab wo iidniif tli(‘. va.Iidil.y of 
the fundamental i^^^stulates of general rehitivify, iuid more, 
precisely: 

(a) (cf. § 16) the propagation of light aJways Lidojs phioo. in 
such a way that 

ds^ = 0 .( 72 ,) 

along every world line; 

(b) (cf. § 12) the world lines of the motion of a mat(*rial parficle 
in a field of force for which ds- can be expro.ss{‘d by (72) iivo 
timelike geodesics for this ds^. 

We propose to show that (a) suffices to debamimi tin*, ratios 
of the coefficients or, which comes to tln^ same thing, giv(‘S 
ds^ except for a factor which can in turn be- found from (b). Of 
the four parameters, will as usual denotf‘. tlu^. tinu', in fhe. sense, 
of the conventional time, measured at any singh; [joint by a- e.locic 
which may be of any kind and even ineori-(u:t. ffowj^ver tlie 
timelike parameter a’o is chosen, the mere fact thah ij, is tituelika^ 
implies, according to the Einstehiuin theory, tlia,t ds- will alwa,ys 
be greater than 0 if alone varies, .x^, .r.j nmiaining c,onsbinf. 
But, when dx^ = dx.^ ^ dx,^ == 0, ds^ reduces U> g^,/lj\;\ so 
that the coefficient ^00 necessarily > 0, and we c-a,n therefore, put 

9oo -- .(7,1) 

where c is a positive constant (introduced for tlu^ sa,k(^ of homo¬ 
geneity) and V, like is an unknown fun(*tiori of ;rj, x.^ 
(a pure number, i.e. of zero dimensions). 

AVe shall noAV choose any instant wc; pl(;a.se, and thr( 3 (i 
values Xj, Xg, of the sjiace co-ordina-tes, a point P; w(i 
propose in the first place to determine the ratios of i\w, g’s at P 
and at the instant Xq. 

For this we shall use light signals betwium P and eery nea-r 
points in the surrounding physical space, wliieli is by hypothesis 
(at any given moment) in one-to-one corresjjoiidencx. with the 
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sets of tln-ee co-ordinates Xo, X 3 . In consequence, surfaces 9 ,nd 
lines in tliis physical space represented by equations between 
Xj, Xo, x.j at tlie moment Xq are perfectly determinate: in particular 
the lines (given by the equations Xo = constant, X 3 = con- 
stajit) Oil which only varies, the lines Xo, &c. 

We shall choose two points Q and Q' very near P, on the same 
line r/q as P. Sujipose that Q and Q' correspond to increments 
(to i)(3 treated as infinitesimals) and — (h\ of tlie co-ordinate 

dxo, clx.^ are zero in botli cases since the displacement is along 
a line x^. 

Su])])os(^ that two light rays start from P at the instant Xq, 
one toAvards Q, the otiier towards Q'. Let Xq -f- (Ixq be the 
instant when the first ray arrives at Q; Xq + d'x^ the instant 
(not in general the same as the first) when the second ray arrives 
at Using the expression (72) for ds^ and the condition cP- = 0 
for tlie propagation of light, we shall have in passing from P to Q 

9im + 29-01 ^'^'0 • (''5) 

and in passing from P to Q' 

_ 2901 d’Xa dx^ + 9 ^ dx^ = 0 . . (76) 

These two equations, in which dx^, dXf^, d'x^ are known (the 
first chosen as we please, the other two found by experiment), 

o))vious]y give the ratios It is to be noted that if the 

dm 9m 

clenKintary times of propagation dx^, d'x^ (found by observation) 
are equal, then (75) and (76) give by subtraction g^i = 0. 
Reciprocally, if .(/qi 0, the two intervals of time must be equal. 

Idence the elementary projjagation of light in the direction of a 
line xq is a reversible phenomenon if and only if ^qi = 

In the same way, considering the other two co-ordinate lines 
X 2 and X 3 , we can determine the four ratios 

9 m 9m. .fe 9zs^ 

9 m 9 m 9 m doo 

To obtain the other three ratios 

.^ 2 y .731 9 m 

' ~ j ■ *3 

doo doo doo 
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we must make further experiments of the sa.me ty])e, hut witli 
the point Q in a direction other than tliose of the co-ordinate 
lines. 

Thus to determine we can use a line on the surface through 
/7oo 

P, = constant, which is neither nor e.g. 

— ^2 — constant. 

We then have, in passing from P to a V(ay nca,r [)oint Q on this 
line, the increments 

0 , (1x^2^, clx^, 

with ( 1 x ^2 arbitrary. 

If we make a light ray start from P at the instant ;/■(, towards 
this point Q, and if denotes the small time of propagaf.ioji, 
we get from (72) divided by 

dx^^ + 2 — dx^^ dx^ + 2 dx^ 

dm dm 

+ dx.^ + % dx.^ -f- 2 dx.^ = 0, . (77) 

S'oo dm dm 


whence we get the ratioall the other quantities in this (‘qiiabioii 
dm 

being known or already determined. In a, similar way we, can 

find ^ and 
dm dm 

It is not inapposite to add that from other ex}K‘rinH‘nI,s of tin* 
same type we can get any number (iii facf an inlinih* niimlx-r) 
of further equations between the ratios of tlui r/’s. Tln^ con¬ 
sistency of tliese results, in so far a.s this is ])orne, out by tla^ 
further experiments, affords a very significaaif (‘.ontrol of the 
validity of the Einsteinian hypothesis so faa* a,s conc(‘rns the 
postulate (a). 

Tlie ratios 

(?; 7-= 0, i, 2, 3) . . (78) 

dm 

being thus determined, if we jnit 


( 7 !)) 
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(using (7i)), it follows tliat the individual cooflicients of the 
difTereiitial I’ofiu 

ds''^ = 

fJiK) 

are all known, and therefore the form itself is completely deter¬ 
mined. 

From (72) and (78), sc])arating out the terms wliicli contain 
the siiflix 0, we get ds'- in the form 

:5 

ds'- “ d~ S ■ (J^^f dx\y d'j'i + g[f. dx,- dxj,, , (80) 


At this point we find that we have to determine the function 
V by gravitational ex})eriments, and more precisely by experiments 
on tlie motion ol: material jjarticles in the field in whicli tlie 
expression (79) holds for r/.s-. 

The equations of motion are included in the variational 
equation 

Sps = 0.(81) 

Now suppose that the time is taken as the independent 
voriabie along the trajectory. Let (?* — 1, 2, 3) denote the 

derivatives j and using (80), put 

& 


_ /l V ' • j_ V ' • ' 1 

V 1 + -^7-1 

aj i) ^ I 1 

“ L (Xq I x-^y a’2, X3 I Xj, X2? 


(82) 


Then, remembering (79), the variational equation (81) can be 
written in the form 

Sjie"L)dx„ ^ 0 .(81') 

This is equivalent to the tliree Lagrangian equations 


d 


dXf^ dx; 




dXr 


3 ). 


Noting that v docs not depend on the x’s, and juitting for the 
sake of brevity 

dL 


da; d L 
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it iollo\vs tliat 


dv 

Va'u 


■L' 


dx: 




0 . . 


(fri) 


It is further to be Jioted that direct o})ser\udh)n of 1 he niolion 
enables us to deterniirie bow th<5 co-ordiiia,t(‘s ,r- \’;iry as functions 
of the time :7\,, so that we must consider the. fniictions 
and therefore also the derivatives ./t a.nd known for (‘.very 
material particle left to itself in or projc(d-(‘.d into f.ln^ /i(hi of lnrc<i 
we are coJisidering. It follows that the ([ua.ntilh\s a,., /j, ddiiKui 
by (S3) are also known. Since 

dv dv y dv 

dxQ dx^ dx- 

it follows that ultimately the cfjuations (SI) a.n^ fhre.fi linear 
equations in the four partial derivativavs of tlci unknown fnnctioi] 
V. If we fix a generic point P and an instant any arbitrary 
choice of the velocity of the body under (evpcrini(*nt (i.c. of tlui 
three numerical values to be assigmal to hj, ./t, h,) will give |}tfv(j 
equations in the four derivatives 

dv dv dv dv 
dxQ dx^’ dxS dx.^ 

referred to the given positioti and time. Tin; e.rjimtlons am them.- 
fore more than sufficient to dekumim*. tln^ nunicj'ical vahu's of 
these derivatives, in the sense that by making a. Ia,rg(*r nninher 
of experiments we can not only deternnnc, the. four unknowns, hut 
also test the accuracy of the results as majiy times over as w(‘ 
wish. 

The derivatives of n, at ev(ay point in a certain li(‘ld and at 
every instant in a certain int<u‘vaJ, Ix'ing known, v ilself is 
deteiinined except l(jr an additive (jonslanti hems*, {r<)ni (71) 
doo known except for a constant multipli(‘r, which w(‘ may 
suppose absorbed into the factor of homogciieil y r-, so that r- 
remains arbitrary. The presence of this constaait in the expression 
for ^ 00 , and hence, by (79), in ds-, scfuns to b(‘ in (he natiin^ of 
things, corresponding in substance to the. choic,(‘, whidi r(‘mains 
arbitrary, of the unit chosen to measurci r/.v^, (he. spac.(;-tinie 
interval. 
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CHAPTER XII 

The Geavitational Equations and General Relativitv 

1. Qualitative properties o£ the coefacients of di-. 

It follows from tlie results in the procedim; cliapter (p. 
that when the variables of reference >j„. ?/j. v/^. //„ are such ilun 
they can be interpreted, without sensible error, the hrst as 
absolute time, and the others as Cartesian co-ordinates, then 
the coefficients gu^ of the Einsteinian ds~ of S]iace-time. in con¬ 
ditions corresponding to the motion of the cele.stic.l I.'odies (in 
particular, of the bodies forming the ]danetarv .system), d.ili'er 
by very little from the difference being of at lea.st tlie .second 
order, in the sense explained above. More precisely we can .say 
that: 

2D 

(a) The coe£6.cient differs from 1 — hy terms-of order 

c- 

higher than the second (cf. p. 320 in the preceding chapter), 
where U represents the ordinary Newtoniim potential of the 
field considered. 

(b) The coefficients {i > 0) are of order higher than tlie 
second. If in fact they were only of the second order, it follows 
from p. 339 in the preceding chapter that the difference between 
the velocities of propagation of light in the various directions 
round a point would also have to be of the second order: 
this, however, is physically inadmissible, as a dirfereiice of 
this magnitude could be detected by means of optical experi¬ 
ments. 

(c) The other coefficients g,f. (/, 1: > 0) differ from by 
terms of the second or higher order. 

Now let us consider the absolute motion of a generic material 
particle P, e.g. a small planet. Let •u{P, P') be the Newtonian 
potential of the attraction exerted on it by any particle P' of 
the other attracting bodies, which we shall suppose to lie of fairly 
large mass compared with P, as is in fact the case in the typical 
examples offered by astronomy. The disturbing effects of P on 
the motion of P' being supposed negligible, the dependence of 
u on the space co-ordinates y^, 7 / 0 , 7/3 involves the co-ordinates 
of P, while its dependence on the Eomerian time involves 

( H U 55 ) 
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tlie co-ordiiJiifccs of tlie o,ttracfin^r body is ;i 

displacement (of coinponeiits hij) of t]K‘, point and 

§», = i; 

is the corresponding increment of u, we iia-ve 
S/i E X 

where F is the force exerted on P by P\ Fiirtli<‘r\ if ue eon. hNo’ 
a small interval of time cly^^ and (len(T(^ by dP' f.ln* displarmtcfn 
of P' during that intervaJ, tuid ])y (ht tli(‘ incronnnjt of /o wc eff, 
similarly, applying the princi])]e of r<'antion, 

flu- ~ F X dP'. 


After this it is easy to deternuhie tin* onhu* of niag/nhiidr nf 
the tinielike derivative of u in relation to tin*. spa.(^(d iicc drri va i i cr>. 
In fact, from the first formula, putting o/^ no/ (uIktc n i; 
the versor of a generic directum) wo gid: tlu'. wnll tnown iv, iili 
that the derivative of v/. in this direction has tin* wdiic F ' ii. 
and is therefore of the same order of niagnii-iido ns fla* inlm ih.- 
P of the force; while from the second forimda., on <lividinu bv 
dy^j, it follows that 


da ^ dP' 

— — F X - — 
<k<i ' <lyo 


- F X 


1 dr' 

r dt 


which shows that the order of maeiiitiide of (his dcrivofiv.' 
that of jffi? (with the usual iiieaiiiiiff of/ 3 ), llenci'., in I lie .,.,1 
conditions, the timeliko doriviitive. of u is of Mie, Hr..I ,,nl:-r in 
lolation to the sjiacolike deriv'a,fives, d’iie same, n•.■,ull hnld- 


without change for wliicJi, as wc have just sui.l, i,-; I 

(neglecting terms of order higher than tlic secoiul). f ' o 

sum of terms of the tyjie just considc ‘Ted. 

Taking the case of jr,,,, as tyjdcal, wo shall assiiuic, in onliuurv 
astronomical conditions, that: 

(d) The derivatives of tlie coeflicicnts with ,, 

arc of higher order by at least one unit than'tlm unuh,.r„„;-. .lon- 
vatives with respect to the other i/’s. 
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We can sum up all tins in the statement that if we are content 
witi] a])])iT)xitnate results (meaning that we stop short at terms 
of the secouci order), everything happens as if the coefficients 
wer(‘< zero, and the other //y/s independimt of y^^, Tliis is 
erpiivalejit to tlie stateiiuait that, to the given order of approxi¬ 
mation and in ordinary a,stro]ioinica] conditions, every behaves 
as ij it ‘Were statical (cf. Cha|)ter XI, p. 320). 

2. The tensor Gn, and its divergence. The gravitational tensor. 

W(^ 1iav(*. already jioted (cf. Chapter VII, p, 200) tliat for any 
V„ w]iat(^v(*r we am constr’uct fr'om the Ricmannian tensor the 
symmetrical doiilde tensor 

e,;, -- «■"' (y, .... ( 1 ) 

I 

and its linear hivariant 

G == h,-,a''-CV,, .( 2 ) 

J 

This definition natura.lly holds atso for an indefinite metric: 
in ])a,rticuhir therefore for the r/,s‘-of relativity ('//- ^ -f), in wliich 
ca.se the tensor under discussion is called the Einstein tensor] 
its compojients arc 

= .... (V) 

0 

and its linear invariant therefore takes the form 

G = . . (20 

0 0 

We may note incidcuitally tha,t for a Fo the tensor Cry/, is 
rdatefi to the fundanuaital tensor (ju. and to the Gaussian cur¬ 
vature by the formula ^ 

e,;r = — {i,k--l,2);. . . (.3) 

* 111 fiu:i, for '//, = '2, it follows from tlio (lefiiiitioiis of /{ (p. 194, formula 
(‘2S)) and of tli(j c-sysi<!ni.s ((Jlifij). VI, p. loS) {,lia.t; (//, h/r) fCrij as ciin 
ali oii(!(! be vfirified, remeinl'H:riiiLf that tlm symbol {ij, /</•) either reduees to 
(Vi, Vi) “ /ui, or vanishes. 'Vnrtlier, with ilui saim^ defhiition of £, w^e hare 
*2 

also the iihiutil.ies f/y/,/. = ~ Ugc' L<‘pla<!inn [i.j^ hk) in tlu' formula of 

(t) hy KeijCjiic, and nsin.i; this identity, we get {t3). 
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wliile for a F 3 the quantities G;;. reduce to Ricci’s syiuhols (cf. 
Chapter VII, 199) 


the relation being 


(7-1- 1 7+2, I /:-|-2) 

' j 

a 


(^iic = O'lk — ^51/a,v,. 


(0 


wliere c/V/ denotes the mean curvature of the Vo, or in symbols 



(5) 


For m = 4, from the general formula 


^ ^ nV- 1) 
12 


of Chapter VII, p. 182, it follows that in general the lliemaiin- 
Christoffel tensor has 20 algebraically iudefjendetit eoiiqionciils, 
while the elements G;,, of the Einstein tcni.sor provide only 10 
linear combinations. This simple arithmetical remark- shows f ha|, 
the Einstein tensor cannot exhaust all tin; curvature properlfi's 
of the F 4 , but, as wc shall see, it do(« snlliw! to giv(^ I hose of 
essential physical importance. 

Before beginning the examination of this (piestion, we shall 
find the oxpres.sion for the divergence c,[ the ten.sor G,-,.. From 
(T), we have by covariant diflcrcntiation 


(y, U), 

0 

so that the components of the divergence (cf. Chapter VI. p. |.o:i) 


Vi G*!,'- — 

0 0 


('!,i 


become 

Vi = {ij, 

In virtue of the relations 


{ij, U) = 
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Biaiiclii’s identitic.s (fcirjiiula (17'), C!1 ih|). VIT, ]>. 183) enable iis 
to substitute 

- {jl, Ilk), - {li, hk)j 
for {ij, so that we liave 

y,' = - 9'^' {jl, hic), - k,u,gJ'‘f/' (li hk)^. 

0 u 

Tlie lirst term is merely Gj, as follows from covariaiit clitTereii- 
tiation of (2'), wMck by interchanging the indices can be written 
in the form 

G = - 4 m- ijl>l>l^- 

0 

Interchanging j and I, and also h and h, in the second term,, 
it becomes 

15 

^jliklO 0'^ (jh 
0 

and in view of the identity 

(ji Ich) ^ {'ij, hh) 

it obviously reduces to •— Y,-. We therefore have 

IG, .. (T) 

which in virtue of (6) can also be written 

if?, - 0.(7') 

0 

Since the divej*gence of the tensor Gg^^. (proportional to the 
fundamental tensor (ju) is 

%i{(^9ii.)i.9’'‘ = %<^i^k9ik9'‘^ = 

(I 0 (I 

it will be seen tliat (7), or the ec[uivalent equation (7'), expresses 
the property that the divergence of the tensor 

G, - IGg;, 

is zero. This tensor is called tin* gravitational tensor] the name will 
be justified fartlier on. 
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3. Solidarity of physical phenomena. Criteria for the con¬ 
struction of the gravitational egiuations, and reduction of the 
inductive proof of their validity to the statical case. 


In tlie immediate vicinity of a jjoint and instiuit li.xed in 
advance, a mecliaiiical pliennnienon i.s coni|)lct(‘ly (Iclcr'iniiicd 
(at least conceptually) if we know, at tin; .spc(dne(l point imil 
instant, the density and velocity of the Tiiattcr (or, wlnVli (-ojiios 
to the same thing, of the energy), and the, di.si.rilnition of 1 In- 
specific stress, which includes as a differ(aitia,l eons(a(nence 1ln- 
determmation of the external force; tlii^ lid-ler, liowe\<-r. .-is 
already noted (p. 349) in the jneceding clia[)ter, (-ni Ik; siijiposcd 
absorbed into the stresses, the conce.f)t of a.c.i.ion at a, ilislmico 
being as before excluded. In substance, tlieivfore, (.In- local 
behaviour of a mechanical phenomenon i.s completely <leterinined 
by the knowledge (which is both neco,s.sa,ry and snllieienl) of lie- 
energy tensor T,-,.. 


This remark has a more general .se.opc^, since. i(, bolds ;d.so 
for phenomena other than mechanical (ccg. (dectnmiagnel ir; 
phenomena). 

Einstein’s funda,mental view i.s that the, a.ggn-gate of p|i\-,sie,il 
phenomena influences the metric of V^: more, pre<-i.s(-l v. Ilia I at 
every point P of the 7^ there must bo a, locid n-la.tion bel.u-e,',, 
the value of the energy ten,sor, which may be taken as <-baiae- 
teristic of the physical condition.s, and the bebavioiir of (|,e 
curvatures of the V, at the point. As a,n a,b.stra(d, bypol besi-.- 
the po,s.sibility of .some such inilucncc, limit,(-d however p, tie- 
gjatial metric, had already be.(!n siiggnwted inih-pi-ndeniIv bv 
Riemann and by Clitlbrd. Ein.stein completed it, applviim if 
not only to the .spatial metric, but to tlu^ metric of tbe' spa,-e, 
time which includes both .space a.nd time, a,nd also, as we saw 
m § 4, p. 291, and § 10, p. 320, when .studying (be mol ion of a, 
mterial particle, the force in the Held, which i.s repre.scied 
through the coellicient 

_ We have pointed out jn.st above that from (,bc ma 1 hema( ie;d 

point of view the external force ca.n l>n consider.-d as produced 
by a suitable distribution of stre,s.ses. From (,be poinf of ^ i,..- 
the clas,sical mechanics this principh- could a.lso be applied lo 
the particukr ca,se of forces of gravita,tional orieii,- I-Lslei,, 
however, as,signs a privileged position to (besc forces ' and' 
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supposes tliab nil acti{j 7 is of ^a'avitatioiial origin (and only these) 
a,re so intimately fused with the geometrical and temporal 
properfci(‘s that they are directly determined by tlie foiir-dimen- 
sional Siicii a possiljility is amply justified by the considera¬ 
tions set forth in the preceding chapter (j)p. ^91C328). All the 
other non-gravitational forc('-s (in particular, actions of electro- 
inaugnetic origin), on the contrary, can be absorbed into the 
energy tensor. In order to ]3ut this view in a mathematical form^ 
Einstein had to establish a relation between the ds^ (i.e. its ten 
coefficients) and the energy tensor (i.e. the ten functions T,-,.); 
he had tinu’efore to determine ten ecjiiations. One of these was 
a necessary c(jnserjuence, at l(.‘ast apjiroximately, of the New¬ 
tonian theoiy. Jn tlie classical meclianics sj)ace is considered 
rigorously Euclidean, and liy Newtonts law the density p of the 
attracthig matter detcrmiries the field of force by means of the 
Newtonian potential 



vvliere/is the gravitation conslunt, a,nd the meaning of tlie other 
symbols is as usual. From this ex])ression for U Poisson's equa¬ 
tion 

A,Z7 - 47rfp 

follows in the ordinary way for every point of the field. Since 
tlie density p dilhu's from the. element of the energy tensor 
only by a. constant multiplier (pp. 35d, §§ 22 , 21 -, and 25), 
while to a first approximation (cf. § 4, ]). 291) we have 



it follows tliat Poisson's equation establishes a relation between 
the energy tensoi* and a sum of sc^cond derivatives of 

The dilTerential (jqnations expressing the relation between 
the coefficients of r/.s“ and the (piantities T;i, must therefore 
include this relation, at lea.st to a, first a[)])roximation. A reason¬ 
able induction suggests tluit in order to construct the ten required 
equations wsi must (vpia.fe the ten components energy 

tensor to ten differential ('X[)ressions of the second order in the 
cocllicients ^, 7 ,, wliich, th(3 system being invariant, must them- 




376 ABSOLUTE DIFFERENTIAL CALCULUS 

selves constitute a tensor. Now a doii))]^^ t(‘-nsnr of tlif* s(‘corjf] 
order is given by those combinations of the. Jfienmnn-I hrisfolfel 
tensor which we considered in the preceding s<‘(‘.(iorL A<*('ord- 

ingly, the procedure which would first occur to one wf)u]d be ia 
assume that the were equal or proportionaJ (o tlu' 
and this was in fact what at his first attempt Ih’nslein did. bJiit 
immediately afterwards he reflected that the fundamenial (‘(pjn^ 
tions must not impose on the metric ]jrop(‘rties of ,spac(‘-1 inie aoy 
a 'pyiori limitation, in this sense that a,uy vaJue whaf-(^ver of (As- 
must be capable of being regarded as theond.ica.Ily possibh- pro¬ 
vided there is a suitable energy tensor, ddiis prop(‘rfy wotdd fje 
inconsistent with the condition that the 6r'-//s a.nd T-f/s an^ to 
be proportional, since the latter bmsor, froui its physical origin, 
satisfies four differential conditions expressing U\c vanishing of 
its divergence (cf. pp. 351, 359, §§ ^2:i a,nd 25), so that t.hc, 
would liave to be connected by corr(‘spouding (‘(piations. Th<‘ 
idea of a linear relation between the two tensors can liowc.\'cr Int 
retained without imposing any difl'erentiad rehiUoii on the 
since the divergence of the tensor 

is identically zero, as we saw in the preceding section. If in fant 
we put 

Guc — \ — ~kT,;. .... (,s) 

ulicre K denotes a constant (to ])c suhsecjueniJy cojnienl^nd wijJi 
the constant/ in Poisson’s equation), there will he no reKiihim.- 
differential relations between tiie ry,./s. Tlie.se tln^ eelehrat.ed 
gi-avitational equations. The foregoing consiihn'id.ions serve 
merely to give them plausibility from the (.urely fornnil |„,inf, 
of view; their physical justification follows n j>o.s/rnon from 
arguments of two kinds, which we shall now explain. 

For the moment we consider only a first approxinml ion' i.e. 
we suppose that differs from the j)seiido-Mnclidea.n valii’e hy 
a small amount. As we saw in Chapter XI, p. :!20, we niav on 
tins hypothesis assume 


.9^00 1 ~ 2y 


ffoi — — Yi 

9ik = — Sf — 


ii h --- -- J, 2, :i), 
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where tlie y’s are small quantities ol tlie seconcL order. We also 
saw that (still with the same liypothesis) the equations of motion 
of a material particle, to a first approximation, clepeLid neither 
on the y/s nor on the y^v/s, hut only on the coefficient or, 
which is the same thing, on tlie function y, and that they in fact 
reduce to the classical Newtonian equations 


X 


I 


du_ 

dxi 


a = 1, 2, 3), 


since 



(9) 


In view of this, the problem of justifying tlie gravitational 
equations to a first apjDroximation reduces to that of proving: 

(a) that one of these equations (the one corresponding to 
i = Jc — 0) involves only y (i.e. U) and is identical with 
Poisson^s equation; 

(b) that the other nine are consistent with values of the 
functions y of the assumed order of magnitude: tlieir precise 
values in this first approximation are a matter of complete 
indifference, since whatever they may be we in any case arrive 
back at the Newtonian I’ormulfB. 

We can therefore limit the scope of (a) and (b) to tlie statical 
case, for the reasons indicated at the end of § 1. 

The passage to a furth.er approximation in the equations of 
motion of a material particle involves (cf. Chapter XI, p. 320) 
eitfier the values to a first approximation of y,; and or the 
third-order correction ifj in the expression for It is this 

difference from the results of the Newtonian laws which, being 
within the range of astronomical observation, provides a means 
of testing whether hlinstein’s hypothesis is or is not superior to 
its classical predecessor. 

At this point we are, so to speak, in conditions analogous 
to those in which Newton found himself when lie substituted 
for Kcqiler’s kinematical laws the dynamical principle of universal 
attraction, which was capable not only of including Kepler’s laws 
as a first approximation, but also of predicting, and that on a 
magnificent scale, new facts which have since found marvellous 
confirmation. When the relativity theory is substituted for the 
Newtonian, the phenomena predicted by it are much more 

(DUf):)) ' 13# 
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minute, but even witli present experinuMitaJ r(‘S()urc{\s, sonat at 
least of them are within the reacli of ex])ei‘ioient. 1'his (‘Xjxai- 
mental control provides the second line of a-ri^unieiit alluded 
to above in support of the gravitationai cqua-tions. 


4. General equations of Einsteinian statics. Empty space. 

Wlien we are dealing with statical ])]i(*nonK‘na, (cf. ('Iiaplcr 
XI, p. 326), the ds^ of space-time has tiic form 

ds^ = V^-dx^^-dP . ( 10 ) 

3 

with dP = ^,,a;i,dx,dxf, .(10') 


The coefficients a^;., like F, are to be fiinctioiis of .r.,, 
only; F is interpreted (cf. Chapter XI, p. 330) as tJu'- vcif)citv of 
light, and is therefore considered essentially f)Ositivc. 

With obvious meanings for the symbols, we have 


9ik 9oi — ^00 — ^^3 9 — — I 

f = - a'\ = 0, h -.1,2, ;5). | ’ 


( 11 ) 


We shall use a dash (') to denote CliristoftVl’.s .syitd)oIs and 
the components of the Eiemann-ChristodVI ;inil Kinsfc.ifi fctisors 
relative to the quaternary form (10), and sliall keep (J,,. ordinary 
notation without a dash for the analogous symbols a,n<l com- 
ponents relative to (10'). 

From the definitions and (11) wo get 

Rz}'= . 

{«7c,0}' = {Qi,h]' = {00,0}' = 0, 



{00, i}' = yr, 


where h, Z, can take any of the values 1, 2, 3, F,. : nnd 

F = SjOt^F; IS the reciprocal system with respect to the 
purely spatial dl^. 
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We shall next express Eiemann’s symbols of the second kind 
for the cjuaternary in terms of the analogous symbols for 
dir find of V. We have by definition, from formula (3) of Chapter 
Vir, 1,. 175, 

{.7, 

- [{Ik, r}' {'/A:, ly - {Ik, r}' {ih, Z}']. 

0 

We sliall (3xa,tnijio .separately tlie various cases wliich. may 
occur, accordiiig to the ii umber of the indices i, r, li, h which are 
zero. 

(1) No ijidex zero. The first group of (12) gives immediately 

{?>, hk)' -= {ii\ hk) .(13) 

(2) A single index zero. Riemamds symbols being anti- 
symmetricjal witli resf)ect to the last two indices, we need only 
examine the tliree cases in which the zero index is r, or h. In 
each ca.se, from the second group of the formulae (12) it follows 
immediately that Riemann’s .symbols of this type are all zero, or 

(Or, hky = {^'0, hhy ^ {ir, Ok}' = 0. . (14) 


(3) Two indices zero. From the general profierties of the 
Rh^mann-diristoll'el tensor the symbols of the typo {ir, OOj' 
vanish identically (for any &*“), and those of the type 

{00, kk)' ^ (Oi, hk) 

0 


vanish whenever g '^ ~ 0 (for ;/ > 0), as in our case. There 
rcunain therefore to be con.sidered the two types {Or, O/o}' and 
( A), 0k)\ 

From (12) and the fundamental formula of covariant differem 
tiation with respect to the purely spatial dP we find 


{0r,0A;}' = V {V%, 

{iO, o/c}' = 


(]4') 


(4) Three or four indices zero. It will be seen immediately 
from (12) that these symbols are all zero. 
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AVe are now in a position to evaluate explicitly tlie sym¬ 
metrical double tensor tJje elements of wliiclp as we know 
(§ 2), are 

G'., r= hk}' ^ hky+ (to, 0 / 4 ', 

U 1 

Introducing tlie analogous system 

6 ',, == 

I 


relative to the ternary form dP, we find at once, using the 
expressions obtained for the symbols {/r, Jiky, 


Gy = 0 , 

ay = - yi, Vi - FA, F. 

1 j 


(15) 


From these formulae and (11) we get for the linear invariant 
of the system G^^, 


a 1 

A F . 

V 1 


(16) 


We have already seen (Chapter VII, p. 200 ) tlmt for a three- 
dimensional manifold we can with advantage replace the tensor 
Gij. by Ricci’s tensor a,-/,, the linear invariant 

1 

of wliich (cf. Chapter VIT, p. 203) rejnosents the mean curvature 
(the sum of the three principal curvatures). 

The Gij's and a,y/s are connected by the linear relations 

<^;k ~~ 

from this, multiplying by and summing with respect to /, Jc, 
there follows in particular 

G = ad-iai =: - 
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Applying tlie.se results, (15) and (IG) Lecome 

^ik — ^ik ~h y- 

(?;, = 0, (v; h := 1, 2, 3) 

= - FA, F; 

J(?' = .... ( 16 ') 

whicli provide conveiiieiit expressions for the components of the 
Einstein tejisor and its linear invariant in statical conditions. 

We can now return to (3he gravitational equations (8) of tlie 
preceding section. We note in the first j)]ace that since in statical 
conditions there is no energy flux, the components vanisli. 
Hence from (11) and (15') tliree of tliesc equations reduce to 
pure identities, and there remain seven; six of these, corre- 
spoiiding to non-zero values of the indices, have the form 

a,-, -I- - Y a,-, = - « T,., (i, k-= 1, 2, 3) (17) 

in virtue of (15'), (10'), and (11), while the seventh, forf = k ~ 0, 

or, from (15') and (10'), 

.( 18 ) 

These seven equations^ (17) and (18), as is naturally to he 
ex])ected, reduce tlie Einsteiniaji statics to the three dirnensiojis 
of tlie associated space. Their form is invariant with res})ect to 
the metric of this space, which has the cJP in question as its 
fundamental quadratic form. They also involve, in association 
with the fundaniental f(Arm, the two invariant functions V and 
Tqq, and the covariant double system T,-,. {i, h ^ 1, 2, 3). The 

T 

latter characterizes the distribution of the stresses, wliile 

^ Of. .Levi-Civtta: /itnid. della Jt. A<u;, dci Llncci^ VoL XXVU (iir.sfc lialf-yuiir, 
1917), p. 458. 
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is to be interpreted as the energy density (cf. Uli;ip|.(‘r X I. p. ‘itu ), 
V representing the velocity of light, as was said at tln^ oiifsrL 

With regard to the energy density it is to be obscrxcd iFif. 
no example of a negative density exists,^ a,t l(‘;ist williin the 
range of the better-known phenomena to-day, wIk'Uko* rimleriai, 
or electromagnetic in the broad sense. FJeiua*. we. nio \^ assn me 
that the right-hand side of (18) >0, a,nd we. get tie; following 
geometrical corollary: TAe nicmi rvo’/v/Z/on c/1/, (/rf<‘nitini‘(l /A 
'physical space as the effect of purely statical phea.ouieaa, is in i crry 
case either positive or zero. 

An important consequence of the equations (17) is oblaine^l 
on multiplying them by u/'" and summing with r(‘sp<*fd, tri lia^ 
tvvm indices. Using the definition of Jl/ and (18) we get, 



where T = f’'T.^j, .(liOj 


and obviously represents the linear invariant of tln^ svssifun of 
stresses with respect to our dP (of the assoeia,f(‘(l s})a.ee.).' !l, mny 
be remarked incidentally that tliis invariant must not, be con¬ 
fused with the scalar invariant of tlie lour-diniensiomil (ensor, 
namely, 

[) 

the value of which, from (11), is on tlie contra,ry 


T 

V- 


T. 


Consider m particular a region of spa,cc in wliich „|| d,,, 
components of the energy tensor vani.sh (e.mr.ty spafe) f',.,,,,, 
the physical point of view, thi.s condition cun !„■ considevd 
satisfied when the region in question contains noitlicr or.linurx- 

eno™,n,«Iy outweighs all other possihlo coutnI.uHous , 1 ■ m?; 

the electromagnetic contribution to the energy .Icsliv -.No i 

when there 18 no matter it does not seem possibh. for il„ , ' 'i ' 

a negative value. P'KMIjI,. toi u,,, energy .h-n.sitv lo liave 
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matter nor electromagnetic energy, since in this case it follows 
from tlie mechanics of material media that the stresses of material 
origin vanish, and, from Maxwell’s theory, that the Maxwellian 
field of force vanishes, and therefore also the Maxwellian stressd 
With this hypotliesis the equations (17h in view of (19), 


plainly reduce to the form 

AoF - 0,.(21) 

a,7. H- U = 0 (i, k = 1, 2, 3), . . (22) 

the first of which shows tliat not the timelike coefficient ~ 
itself, but its square root, is a harmonic fniiction. Also, (18) 
gives at once 

0 .(21') 


If the energy tensor were zero tliroughout all space, it is 
intuitive from tlie pliysical standpoint that the Binsteinian ds^ 
would be rigorously pseudo-Euclid can, and therefore the associated 
space rigorously Euclidcnui. Tliis in fact rejnesents the starting- 
point of Einstein’s 81 ) 0011 ]ative construction, which assigns any 
deviation from a pseudo-Enclidean metric to tliose physical 
actions which are included in tlie energy tensor. Serini ^ too has 
given a rigorous proof of tlie hy])othesis, ))ased on equations 
(21) and (22). 

5. First approximation. Connexion with Poisson’s equation.**^ 

If we suppose tliat the expression (10) for cls^ clifTers by very 
little from the Euclidean type referred to Cartesian space co¬ 
ordinates and Romcrian time 

1 

we can jiut (cf. § 3, and Chapter XI, § 10, p. 320) 

K = 1 - y.(23) 

«//.■= S{- + y,v, (i= ],2, 3). . . (21) 

^ S<:(! e.ic. Jmans: The Mathniuitlciil. Thrnvjf of FJcctrir.ity and Mannetisvi, fifth 
(xlitioii, 1025, {'liap. Vr, ( I Uiivorsity I’rcss. 

Rr,,ul. drffa. R. Jen. <lrl Rrnrri, YiA. XXXll (first li;ilf-y(‘ar, 1018), ]). 285. 

’* JjMVl'Clvri’A, loro cit., iuul ibidem (socoiid luilf-yoar, 1017), J<p. 807-317. 
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We tliiis have 

8 8 

f/P = 'ZnMii-dyidy,, = dl^^ + (24') 

1 ] 

where (Uq^ is the line element of ordinary Euclidean sjjace referred 
to Cartesian co-ordinates. 

The quantities y,/. are pvire numbers, likey, and the qualitative 
property we have assigned to (Is- is equivalent, to a, first a|)f)roxi“ 
mation, to treating all these seven quantities as infinitesimals. 

It follows that ChristoiTcrs symbols 



are also infinitesimal. Since to the same order of approximation 
the quantities aj,, keej:) tlieir Euclidean values S,[, it will be seen 
that the symbols of the second kind 

{■ih,r} = j] 

1 


do not differ appreciably from tlie homologous symbols |Y//, r] 
of the first kind. It follows tliat from the definition of Ri(una,nn’s 
symbols (p. 175, formula (3) ) wc liave, neglecting terms of 


higher order, 


39, Sj„ 




'!i -j- 


3“ a,,, 32 


'^yfivk ^ijr^yi, 


^Vi^yh] 


Hence it follows, from the defiaition of the (of. § I) iind 
from (24), that 


ff,;, = ^ 1 , {ill, Me] 

== A I, 

i‘l3^j,,2 dy;dy,, 3?/,,3;%, 3v/,.3v/,, 


Wc now return to the statical equations (17) and (18). Wc 
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have already mafle them contain Ricci’s symbols an. instead of 
tlie ff/z/s, the relation between the two being 

+ ^-1- 

It is to be noted that u\'l is now to be considered infinitesimal, 
like the Cr,//s and their litiear invariant, so that, IVom (IS), 1 \,q 
is also infinibisimaJ. Ilej)la,cing d\l by its value (1<S), the explicit 
expressions wliicli rejnesent the a^z/s to a ilrst approximation 
take th<‘- fijrm 

^yfi'Uk ^yi,^'!h- 

(i, h = 1 , 2 , 3) 




|- l< Tyo 8(' 


(25) 


Using this result, and noting further that, neglecting infini- 
tesimaJs of higher onha', the cova,riant derivatives of V 1 __ y 
do not difVer from the ordinary derivatives, so that in particular 


A,F - 



we find that (17) and (19) can be written as 

^ZZ.- — {y)ik + ^ — K Tzzr> 

Ally - -i/c(r+T«o), 


(26) 

(27) 


wlanfi the. syndiols (y)z/, denote covaria,nt derivatives of y; 
a,nd in [)articida,r, in empty space, since tiie terms on the right 
vanisli, they l)ecome 

^z/r {y)iin . 

AJiy - 0,.(27') 


which to a, first approximation, a,s is naturally to be cxj)ectcd, 
ar(i ichaitical with (22) a,rid (21). 

At this point we must consider the mechanical significance 
of tlM‘. function y, or, bettra*, of the jii'oduct rry. On]). 29‘>, Uhap. 
XI, when dealing with. Einstein’s modification of Hamilton’s 
ririnciphi, we saav that, when (Is- is very close to the ])seiido- 

U 

Euclidean form, the drflerencc between and unity is — 2 

c 
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to a first approximation, U being tlic potinitial ol iln' ol 

force in which the motion tabes jfiacc. in tim present, ea.se f iiis 
difiereiice is — 2yj so that we have 



This conclusion could ol course iilso I icon (letiiict'fi 

from the general proposition in § 12 ui‘ (hapt-er- XI. p. 22S, flint 
— ic- (together with a non-essentin,! a,dditiv(^ (‘oosianl) eiin¬ 
stitutes the potential function of the forc(‘ (‘X<Tted in I In- field 
in statical conditions. In our case - 1 - - 2y, and llnn'rlor* 

-ic^V^ = ~ic^(:i~2y) : --7-I 

which proves the required result. 

Now let us for the monieut again take the standpoifii^ of the 
classical mechanics^ and consider tlie fif^ld of force din^ lo a. generic. 

distribution of matter of density p — wlnaa', c is lln^ come 

spoiiding energy density. If U is the N<‘.wtonian polential of 
this field, we know that Poisson’s equation 

A^V = - 477 /p = - F'd 

holds, / being the coefficient of universal aktraefaon. If on I he 
other hand we take the standpoint of generaJ rclalivily, I he 

same distribution of matter gives a for whifdi y and 

c*' 

an energy tensor whose component J',,,, ooiiicidcs with <, while 
the components To; vanish in statica.l coiiditioiis, so llml, the 
remaining comijonents repro.sent ,stre,s,s(w (cL (impl.er M, 
p. 358). If we are dealing with discrete niiittnr, the, eomponenls 
T;,., and therefore also their invariant X, n.ro zero, and (l’ 7) 
becomes 

A,U = - 

In order that this may be identical with Poisson’s e((n.-i|ion, 
it is necessary and snificient that the constant /c of the, gravi¬ 
tational equations and the universal constants f . ■ {'y'J x 10' 
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and c ™ 3 X (in C.G.S. units) of the classical inechanics 
should be connected by the relation 


K 


Stt/ 


(28) 


which gives in round numbers (C.G.S. units) 

/c = 2 X 10“^^. 

For the remainder of the aT’gument we shall adoy)t this value 
of K, and shall definitely talce u]) tlie standpoint of relativity. 
In relation to remarks in § 3 we can at this point consider that 
the preliminary justification of the gravitational equations is 
terminated. In fa-ct, tlulr lirst approximation is represented in 
statical conditions by (2()) and (27). The equation (27), as we 
hav(‘. now proved, is identical with Poisson’s equation; the 
equations (2G), as we shall see in the following section, serve to 
determine the qmmtities yu., which to a first approximation, as 
we have already said, do not influence the motion, but will 
become essential Avhen we come to discriminate on a more refined 
scale between the Newtonian mechanics and the relativity theory. 
Here we have referr(;d S])ecifically to the statical case, but the 
justification of the gravitational equations obtained in this case 
also holds good, as alrea,dy pointed out in § 3, in the general 
case, provided the coedicients y,- of the product terms in (Vj\^(Ix^ 
(7 2, 3) are of order higher than tlte fh’st. We have arrived 

at this condition by a jjrocess of induebion from experimental 
facts, and have used it to reduce the ten gravitational equations 
to the seven of (17) and (18). We are now so to speak at the 
deflactive stage, and must first show that the gravitational 
equations contain in synthesis all the facts to a, first apjuoxi- 
mation; and at this stage we must |)oint out that in ordinary 
conditions of material motion (i.e. with velocities which are small 
compared with tliat of light) the three gravitational equations 

{i 1,2,3), . (29) 

which arc rigorously true in statical conditions, continue to hold 
to a first approximation if Ave suppose the quantities y,- of order 
higher than the second (that of y and of the y///s). In fact, the 
left-hand side of these equations, as aa^c have already seen (cf. § 4), 
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b( 3 Conies ideiiticaily zero wlien we put - - 0; this ineaiis that 
if the tliree //,,/s a,re treated as Cjuautities y- oF a certaFi order 
of smallness, the left-hajul side of (29) will he of at leanst the same 
orderA If therefore we sii])pose tliat the y/s are of order higher 
than the second, the left-liand side of (29) wall also he of the 
same order, and therefore zero to a first af)proximation. As 
regards the riglit-hand side, we knoAV (cf. Cha.pter XI, p. oDG) tlnit 
in a pseudo-Fnclidean jnetric, and therefore (neglecting t(‘rms 
of higher order) also in the case W(i are considering, 

Oi, “ ~ ^ ~ "" ^00 A i 

and hence, from the presence of the factor it follows that T,,,- 
is of higher order of smallness than arul therefore that; tlie 
right-hand side of (29) is of higher order tha,n —and is 
therefore zero to a first approximation. Hence, in these con¬ 
ditions, the equation (29) is satisfied. 


6. The Einsteinian r/.y- which corresponds to a first approxi¬ 
mation to an assigned Newtonian field. 

Suppose a Newtonian held and its poRaitial U given. From 
the remark made in § 1, we can ignore the. ])ossihility (consi'qinait 
on the motion of the materia,! nmsses) flia.t U ina.y {hqxnd 
explicitly on the time, and treat U only as a funefion of tln^ spa.c.(‘ 
co-ordinates, as if tlie masses w(‘re at rest in the; fxjsif-ions tiny 
occupy at the instant considered. Consider a, ngion Jiot occiij)ie.d 
hy attracting masses, in which region A.^ U 0. In order to 
characterize the corresponding l^hnshnnian dH‘^ io a, first approxi¬ 
mation we have to determine (cf. § 5) the functions y a,nd y.^^, 

where y is given by y ~ and is therefore harmonic (i.(*.. a 

solution of (27')), and the y^y/s have to satisfy (20'), which can 
also he written in the simpler forjii 




(20") 


^Thc quideest way of showiiio- i.s to tlial IJuj arc of tho form 

liy*, wliere k is a ntimcrioal (li:t(irmiiii)in- iJu. order of iiia.]L,oiiLu(lc, and 

tliu 7^9 are funoLioos of jjo.sitioii aiid of tlu! tjim*, to Uc Iroaatd as finite (jiia,rd.it i<‘S 
toj-ethor with tlaar first dorivativr-s. It, is dr^ar in this case tlial tiro loft-hand 
side of (21)} eontains h as a factor. 
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since tlie covariant derivatives which Avoidrl occur on the riglit 
would di (Ter Iroin tlie ordinaiy rlerivati ves by ternis of liigher order, 
Mild can therefore be replaced by these ordiuary derivatives. 

For tlie integration of these equations we note in the firs(] 
2 :>lace that we get a particular solution by taking 

yik . . . (:30) 

Tlie proof follows immediately Irom the exfiression (20) for 
tlie a^v/s, in which is of course j)ut equal to zero. Substituting 
for a,-/, in (20") the values 

tv . ( 29 '') 

[dyir ^Vi’^nic 

and remembering that y is harmonic, th(‘ required result follows. 

Since then the equations (2()") constitute a linear non-homo- 
gjciueous system in the y/z/s, the general integral is obtained by 
adding the solution (30) to the most general solution of the 
equations with the right-hand side zero, i.e. 

o-ik = 0 - 

The gemral inte.gral of this systcun could (^ansily be constructed 
by using tlui result (cf. Chapter VII, p. 200) tluit for a three- 
dimensional manifold the vanishing of Ricci’s symbols a,/, implies 
that all Rienuinn’s symbols are likewise zero, or in other words 
that the quantities 

«a- = Si + Vik 

are the coefficients of a Euclidean dP (referred to a,ny curvilinear 
co-ordinat(\s whatever). But, as it happens, the adrlition to the 
pnaticular solution (30) of the g(?.neral integral of the homogeneous 
.syshmi ha-s no int(‘rest, since, a,s we shall see shortly, tliis corre¬ 
sponds merely to a, change of the co-ordinates of reference. 

Jn fant, tb(i vanishing of the symbols a,/,., as we have just 
pointed out, expresse.s th(‘. ncicessary and sufficient condition that 
cUP' should fje Fuel id (‘an, i.(i. r(‘ducibl(3, with a siiitaJde choice of 

])Mram(‘t(‘rs, to tlu^ form Ny/yy. Henciq if rq, .'To, .r.j de,note the 

1 

co-ordinat(is of refenuKJCi in their most general form, the most 
general method of defining a Euclidean dP, with respect to these 
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co-ordinates x, will evidently be to introduce a transformation 
of any kind 

Vi = ■'^•2. * 3 ) (^' = 2 , 3) 

between the v/’s and tLic and to take lor the coelHcieiits a,y, 

those wliicli result from e.X|)ressing in terms of tiie diirereji- 

tials of tlie ;r’s. ‘ 

Assuming blie functions ?y,; .r^, :r.j) in tlie form 

•r-i + i,- {■■r'l, a^2> 


as is always legitinnite, a,ml inserting tlie corresponding dilferem 
tials in the trinomial vve get 


clF ■ dXj^ dXj. 


where 




+4 

j' a.7;, dx, 


In order to take a,ccoiint of tiui condition that the dine.nnicc 
a;j.— h] ™ y-,], is limited to the iirst order, togeth(‘r with tlie 
further condition that the dilTerence betwecui the (h,rtesian 
co-ordinate system of the ?/s iind the curvilineax sysbmi of the 
a:’s is to be of the same ordeiA' it is sulHcient (a-nd nec(‘ssajy) tlia-t 
we should be able to tre^at tlie functions f and their (hwivatives 
as infinitesimals. It follows tliat 


rar - 



(31) 


which constitutes the formal expression for tln‘ geuHU’a.l int(‘gra,l 
of tlie homogeneous system ajf. = 0 (tin; a^y’s, in tln^ fonn (29'), 
being linearly dependent on the y///s). 


' If this c(nuliti(j]i is not imposed, tlie* only neee.s.sary condition is that the .six 
iiumuricul (jiuintitic.s 


yu: 


-(-V. 

\9.r/. ox-J O-'/: 


should ho inHnit(‘,sini}d, jind Ihis ejni he ,s(‘(:iir(;d, us Ai.m xnsi Ii;i,s ,slir)«vii 

(of. “ 1 j ordinari.’i t,{*ori!i. fhdl ehistioila <• la teeria delh* derortiia/Jeni linite”, in 
JIokL delld li. Acr. dvi hiwvii^ A^ol. XXVI ('ieonnd half-year, 11)17), (*[». U—H), 
even whoTi the (jiiantitios t ure iK>t thcinis(ilves infiriile.simal. 
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Blit it i.s not this fornial expression witli which we are con¬ 
cerned, but rntlier the circunistaiice tliat the terni (31), which is 
to be added to (30) in order to ^et tlie general integral of the 
system (20'') with tlie riglit-iiand side not zero, can always be 
made equaJ to z(n;o by a suitable change of co-ordinates; this 
change being the su])stitution for the rr’s of the combinations 

Vi = a'i -I- {x^, x.^, %), . . . (32) 

the result of which is that the expression for (W reduces, by 

construction, to r/y/y, all the dilTerences a,-/. — vanishing. 

1 

When th(^ are chosen a,s varialdes, the transformation (32) 
must naturally be af)plie<l also to the yiarticular solution (30). 
But since the f’s are to be considered infinitesimal equally with 
y, (32) reduces, so liir as (30) is concerned, to the mere substitu¬ 
tion of the y’s for the j/s. The exfuession (30) for the particular 
solution, which ahjiu^ is of any interest for our purpose, thus 
remains luiaJtered when the system of reference is changed to 
the y/’s. 

ft is furtluu' to l)e noted that the elementary form ASy (the 
sum of the secojid derivatives) of the parameter also remains 
unalf;er(‘rl. 

From the foregoing arguments we see that in an etnpty field 
the statical 'potential TJ (Newtonian to a first af)f)roximation) is 
assoc/lated 'tvith a 'metric modification of the associated three-dimen¬ 
sional space. With a- suitable choice of the co-ordinates of reference 
(the vy’s just dehne<l) we have 

V 



with y lia.rmonic (in the y/’s as well as in the cr’s); the values of 
the coeflichaits of the square of the line element arc given 
(to the Sfuiui degree of approximation) by the expression 
Sf (1 + 2y), so that 

di:^ -- (f + 2y) {d:rfi + dxfi + dxfi). 

It will ])e seen that in general the space does not remain 
Euclidean even to a first approximation, but, to this degree of 
approximation, can only be conformally represented in a 
Eucliflean s])ace. 
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To 8um u]), rcrn(anb{‘]‘iii^^ tluit ~ I — 2y juul -- 0, 

the ds^ of tlie Einsteiniun sf>ace-time belon^in^^ to an .‘issigned 
Newtonian field of force with potential U ~~ v^y is givxui })y 

- (1 - 2y) d-x^ - (1 + 2y) . . (3b) 

where is the lino elenn^nt of a Euclidean sf)a.C(‘. 

In the case of a single [)oint~ina,ss we need of courses only 
take 



where r represents the distance', between the mass and the point 
at wliich the attraction acts. 

7. Further approximation for the coefficient --- L'* in 
statical conditions. 

In the preceding chapter (p. 320) wesuAv tluit if tin; z/.-d (;[ sp;,.c{‘,- 
time is not far removed from beirig ])seLido-Eucnd(‘an, tlu'n the 
motion of a material particle is aFecb'd only to a first u,j)[)roxi~ 

mation by the second-order dinbrence 2y - b(dAV(U‘n a.iid 

unity, so that the results are the same as for tlui Nciwtonia ii tlu'ory. 
If, however we wish to proceed to a further a.])proxitnaiion, iau 
to calculate the principal part of the llhnsteimhin corree.tion to b(i 
applied to the laws of the chissical m(!cha,nics, we. must no(, onlv 
find the second-order Cjuantities y,y., whieJi an*, the. difTemne.e.s 
between the a^^/s and tlie Euclidea,n values (Lie. y/s being of 
higher order), but W(i sliaJl also need an (^valuu.tion of - 1'^ 
carried to the fourth onhu'. 

This is easily found if we limit the inv(\stiga.tion to tlu'. sta.ti(;a,l 
case and to a ])07‘tion of empty Sf)a,{‘e (wilJi tlu*. energy tensor 
zero). Ihe differential e(|uation (21) (d § 1 is tluai rigorously 
true, i.e. 

A. 7-. 0,.(0 1-) 

it being of course understood thad A;, nders to i\w, spaeeliice. dir. 

To a first a])proxin]ation, as has a,]rea,dy b(;<'.n siuai, w(} have 

7^ ^ 1 ™ 2y, 
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where y is proportional to the potential of the field, by (9). We 
shall accordingly have to pnt 

V=l~y-i/f, .... (34) 


where ijj is to be of higher order than the second. The explicit 
expression of A 2 in generic co-ordinates (cf. Chapter VI, p. 154) 


AoF - 


_1 I 0 

\/a L‘dxi 


(Va F') 


gives ill the first place, by (21") and (34) 
d 


, dxi 


? 3., 


( 21 '^') 


From this we Jiave to find i/j to a fourth-order approxima¬ 
tion. As y is already of the second order, in calculating y^ 

(from y, == 

the second order, i.e. we can use the form (cf. formula (33)) 


^ and n /a we need only consider terms as far as 


This gives 


dP = (1 + ^y)dlo^. 
J'a - (1 + 2y)% 

^ 1 + 2y 


whence, neglecting terms of higher order than the fourth, 

\/ay^ y^(l + y) + -1(y2)^. 

A priori we do not yet know the order (by liypothesis cer¬ 
tainly liigher than the second) of the additional term ifj, which 
we have to calculate not only as far as its principal part of order 
V, but also so as to include additional terms, if any, up to the 
fourth order inclusive. For the moment we shall consider the 
part of order p. On the left-hand side of (21'") we can substitute 
1 for s/a, the rlifferencc between these two quantities being of 
the second order, which is equivalent to neglecting terms of order 
n -f 2, As y is harmonic, it follows that 
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where A? as before represents Laplacc^s operator D/ wliencc 

i dx'^ 

ijj = ~ ly" "h haTinonic function. 

With suitable hypotheses as to qualitative beliaviour, it Avill 
be seen that the additional harmonic runction must vanish, a,nd 
there remains 

as the principal term of the function i/r. As this is already of the 
fourth order, we can take —- as tlm expression for i[j correct 
to the fourth order inclusive. 

To the same order of approximation we get 

9.0 = = (1 - y + lyr 

= 1 - 2y -I- 2y2.(35) 


8. A theorem of mechanical eauivalenceA 

From the two preceding sections it follows that to a sufficicuit 
degree of approximation the RiiisLiinian which corresponds 
to a statical Newtonian field of potential U, fixinl in adva-ncc., 
is given by 

ds^ ^ {I - 2cl.)dy,^ - (1 + 2y)r//,2 . . (30) 

where 7 = .. 

7 “/“ . m 

(cf. formula (35) in the preceding section). 

In (36) we are satisluKl witli tlui first approximation for tlie 
coefficients of the spacelike (11^^, while for 7- ihe part whicli is 
of the fourth order is also given. This formula, is a. [jarticuhir 
case of the ds^ considered on f). 320 of Cluapba* XI (formula. (27)). 
In order to define tlie motion of a nuiLuhd [)articl(^, \j\ tlui 
geodesics of a space-time of tliis kind, in accorflaiice with the 
criteria of § 10, p. 320, we not(‘. first of all that (36) giv(;s us 



^Of. LKVi-CrviTA, Jiend, Ace. Lincri, 8t:rics \M, Vol. IV, jip. S -f). 
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comjjariii^ tliis with the equations (28) ou p. 321, and noting 

.... 

that i ) is identical with -o, we see that it corresponds 

to the particular case in which the linear form vanishes and 
tlie quadratic form reduces to y^'^. Tills brings us back to 
the case considered in § 11, p. 323, the necessary values for 
the symliols then used being 




2U 


<A 




«4 


Equation (31) on p. 325 gives 
Ut 




(38) 


wliich leads to the following theorem: The trajectories of the 
Einsteini(m '}notio')i coincide to a> second approxiniution with 
those of a Newtonian, motion in ordinary Euclidean space for 
which the total eneryy is still E a7id the force is derived fro7n the 
potential XT^. 

If h is the ordinary time in this auxiliary Newtonian problem, 
the corresponding integral of m,9 viva is 


1 

2 



V, 


= E. 


This integral can be put in a more convenient form for the 
purpose \yc luive in view. From equatioji (31) on p. 325, 
neglecting terms of liiglun order, Ui + E, wliicli we shall call 
27*, can bet written in the form 

V* = (fJ+eVH-j?) (l + ^^f+x). 


whatever may be the values of f and y. 

fJ2. 

™ , w(t shall have 


In our case, since x = 


W 

o ^ 



Further, we saw in the section referred to that for the 
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Einsteinma motion, to the nssi^ned (l(i^ree of approxirnatioii,, 
there exists the iiitegraJ 


+ x)-(V^ c^) 


E. 


If t is tlio variable wliicli acts as tlie time in this prolilcm, 
Substituting for x ^ their values, we can write 

417 \ 


t)2 = ( *' ) . 

\dl} 


this as 


, (dl,V 


" \db 


1 + 




U-^ + E. 


From this and from (39) we get the differential relation 
cU ^ dt, (l + ij) ; 


when the Newtonian prohlevi is cfyinpletAy solved, this relation 
enables us to find also the law of the time in the Einsteinian motion. 


9. Motion of the planets according to Einstein, to a second 
approximation. Displacement of perihelion. 

The most striking application of the foregoing resrdt is to the 
problem of the motion of tlie planets round the sun. If we tri^at 
the planets (as is in fact usually done as a first apfjroximation) 
as material particles with mass so small compared with the siifi 
that they do not perceptibly affect the field (or more genendly 
the four-dimensional metric associated with the field), tlu^n our 
problem is essentially that solved in the preceditig section, for 
the particular case in wliich the function X] is the fiotential of 
a single mass ni^ (tlie sun) which can be taken as the origin 0 
of the co-ordinates. We have therefore, as in § G, 

V = 

r 

where r is the distance between the sun and tlie ])la,net, measured 
as if the space between the two were rigorously Jriic1id(5an. We 
know from the preceding section that as regards the traji^ctory 
everything happens as if the ordinary mechanics held a,nd the 
planet were acted on by a unitary central force derived from 
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the potential (38). This consists of two terms, the first of which, 
4E\ 

1 - ) U, corresponds to an attraction inversely proportional 


to of radial component 



dU 

dr 


h 


where for brevity we have put 

''' ^ . 

and the second to a distiiihing force, also central, but inversely 
pi’oportiona] to r'h of radial component 

3 d:u^ _ _ \ 

dr 

where ~ G .(41) 


Tliere are thus two modifications of the Newtonian law: 
(1) a cluinf(e in tlic coefficient of yuoportionality, wlhcJi becomes 

^1 ~|~ instead of (2) a distuiiung force (of the second 

order relative to the Newtonian force) inversely proportional to 
the cube of ttie distance, and therefore of the type already con- 
sidered by Newton. Now it is known from the theory of central 
forces * til at for motion in a jilane under a force whose radial 
component is 

^ /c __ hi 

y2 ^3 ^ 


the equation of the orbit in polar co-ordinates r, 6 can be put in 
the form 


r 


V _ 

1 + e cosad 


(42) 


^ Htio Liwr-OrviTA finrl Amaldi: Lezioni dl Mdccanica Raaionale^ Vol. TI, 
p. 200 (ilolo^^nia, Zatiic.ln-lli, 1026); or Lamm: .Di/tuiiniru, edition, Cluip. 

XI, 01 (Caiul)nd<4c Univorsity Pross, 1023). 
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by a suitable clioice of tlie direction of the polar axis, where, 
G being tlie area-constant, 


- 1 ■ 


\ 1 




and e is a constant of integration, wliich can aJways be supposed 
positive, d being if necessary replaced by 6 -(- tt. 

All this holds generally. Now suppose in pa-rticnlar that 
e < 1, denoting elliftic motion as a first approximation (i.(\ for 
/x\ = 0, so that a reduces to unity). We can also suppose e > 0, 
which means that wo exclude the case of the circular oihit. 
With this limitation, 0 in equation (i2) can be nuide to va,ry 
without restriction, and the equation sliows that when 0 increa.ses 


by r again takes the same value. Tliis holds in particular for 
a 

the minimum value of r (Le. perihelion); aaid tlierefore, hu two 
successive passages through perilielion, the anomahies ditl'er by 

In the particular case a — 1 (elliptic orbit with fixcfi p(}ri“ 
a 

helion), the value of this difference is precisely 2rr, so that the 
difference ^ v 

a ""^- 277 = 277 (^ --1 ) 


a 


\a } 


represents, in magnitude and sign, the angular displacement of 
perihelion in one revolution. With the value of a given above, 
taking into account the smallness of /q, we have 


(j = 



Since for cr, which is already a correction, we need only a first 
approximation, we can take for its Newtonian value ^ 

(t' 2 = /m,,;; = /w„a(l - (?), 

where a and e denote respectively the semi-major axis and the 
eccentricity of the orbit. Using tlie value (41) of Zq, we get foi* 
the displacement of perihelion the exfiression 

Gtt fm.. 
a ■= 'h 

1 — (r 

which was first calculated by Einstein. 

J Cf. LevI'Civjta and Aaialdj : op. ciL, p. 212. 


(43) 
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In order to iuhipt tlic formula to numerical calculation for 
any {daiJet, we introduce the mean radius of the earth’s orbit, 
and write (43) in the form 

_Gtt ///?.„ «„ 


cr (tjr a 


The ecccj^tricity of any ])lanetary orbit being small, we can 
at once ])ut c- ™ 0. I’he radius of tlie orbit being a, we know 
that the velocity v in the orbit is given by 




which expresses tlie equality of tlie attraction and tlie centripetal 
acceleration. For tJic earth we have in particular 

(L, ' 




wl accordingly (T3) becomes 




(43') 


'rhe velocity of ihe earth in its orbit being practically 
30 km. ])v-r second, and c being 300,000 km. per second, we have 

apj)roximately 10“^, and therefore 

a = G77.]0-« 

a 

For M(‘.rcnry, the ])lanet nearest the sun, and therefore 

evidcmtly showing tlxi most perceptible effect, — -- 0-39, winch 

giv(‘S for (j ii little more than one-tenth of a second. Since Mercury 
com[)let(‘s af)out ^20 revolutions in a century, wo thus find for 
the j)(a*ih<dion of its orlht the centennial displacemerit of 42'^ 
which corres[)onds exuutly to the difference between the total 
o])serv(id disf)la.cement ajul the amount predicted by ordinary 
celestial m(‘-chanics from the Newtonian theory of the per- 
tinhahioris due to the other ])lanets. It was precisely this 
residual shift of about 12" per century which before the 
birth of the relativity theory could only be explained__ by___,. 


jeRARY 
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introducing hypotlicticiii disturbing forces with constants deter 
mined acl hoc. 

For the other planets, the corresponding calculation naturally 
gives a much smaller cenoennial shift, hardly 8-0" for Venus, 
3*8" for the earth, 1*35'' tor Mai's, and still less for the others, 
and the results of observation which are a,t present available are 
not accurate enough to pn^vide any basis of comparison with 
these figures. 


10. Displacement of the spectral lines. Deflection of light. 

In this section we j)ropose to examine the cli’ect of a field 
of force on the frequency and tlie path of liglit rays. VVe suppose, 
as in the preceding section, that the field is statical, with a New¬ 
tonian potential Z7, and we consider regions of tlic field external 
to the attracting masses. The effect to a first approxinuitlon will 
be sufficient for our purpose, aijd wo can consequently assume 
tb.at the expression (33) of § 6 

== (1 - 2y)rlv ” (1 ^ 


where y stands for 


V 


holds for tlie four-diracnsional dtr. 


Now suppose that a phenomenon which is predominantly 
tiinelike (e.g. the vibration of an atom) takes f)lace at a sf)e-cified 
point T. If cU is an elementary interval C)f time in which this 
phenomenon is considered, and if witliin this interval the varia¬ 
tions (ly^ of the space co-ordinates are assumed to be negligible, 
we shall have from (33) (since cL) 


ds\ — (1 — 2y,/.)c“ 


where the suffix T denotes that the values in qm^ntion arc 
those belonging to the phoiomeiion at the jKiint T. If the 
phenomenon takes ])lace instead at another point N we have 
analogously 

dsl - (I - 2y,)cHtl. 


Now suppose that we have two ifhmtically similar phenomena 
at different points, e.g. the emission of light fnjm two atoms 
chemically alike and in identical physical conditioJis. If we 
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admit tha,t in such a ca-sc tluj spac(‘--tim(‘- interval rAs- will be tlie 
same for txAdi, tlie foregoing rorinulaj will give 


dt, 

dL,^, 


1 — y,, 
1 ~ rs 


1 — (yt — yJ- 


This difl'crential relation l)etween corresponding times of the 
two ])henoiiiena under discussion, expressing the constancy of 

the ratio naturally implies that the same ratio exists between 

any finite pair whatever of corres])onding intervals, A/^^, and 
in particular, if the jhienomenon considered is j)criodic, between 
the respective periods or between the reci[)meals of the fre- 
(piencies and We thus have, neglecting terms of the second 
order, 




Yt 


y, = 


whicli shows that irj a gravitational field tlie variation of the 
frecpuaicy is of sign ojjposite to that of the potential; hence, in 
particnla-r, tluu'e will be a reduction of the frerpiency for a given 
sp(‘ctnd lin(‘ (a,nd therefore a shift of the line towards the red end 
of the spectrum) on pa,ssing to a region of higher potential. 

.By way of example, let us compare two monochromatic light 
rays emitt(ul in tlui same conditions on the earth T «and on the 
sun /S'. We ('an neglect V,,, in comparison with and take for 
(cf. the preceding section) the value 

TJ .... /"'o - 


where denotes the sun’s radius. As we saw in the preceding 
section, we now have 




tlie (relative) variation of the frerpiency, if Ae 
therefore given f)y 


''h" <h) 

0 - V (? r' 






is 


(44) 


(I) or.r)) 


14 
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and since in round numbers 


we get 


!L» = io-\ ^ = 200, 

c ro 

=. 2 X 10-“. 

V 


It was uncertain for some years wlietlicr there did in fact 
exist a shift of tliis kiiul towards tlic red for the solar rays, as 
conii 3 ared with corresponding rays emitted from a source on the 
cartli. The most recent measurements by Perot, Fabry, and St. 
John tend to confirm its existence. 

A more remarkable verification has recently been provided 
by St. John, who, following U}) a suggestion of .hkidington’s, lias 
observed analogous displacements in the spectrum of the Com¬ 
panion of Sirius. 


We now pass to the consideration of the ]jath of a light ivay 
in a field of force. Along any ray we shall have in the (irst plane 
(cf. Cha])ter XI, ]). rAs'-0, a,nd further, the field Ixdiig 
statical (Chapter Xl, ]). 3JO), Fermat’s principle 

0 

will also hold. 

Since ds^ ™ 0, the expression (30) foi‘ ds^ gives 

I — Zy 

and therefore, neglecting squares of y, 

dx, (l + 2y)dV 

The rays arc therefore defined by tiie variational equation 

§/(I -|- 2y) dl^^ 0.(db) 

At this point we note that in an ordinary .Ruclidiian niediiiin, 
isotropic but not homogeneous, of refractive index /x(//,, vyj, 
the geometric path of a ray, by Fermat’s principle, is charac¬ 
terized by the variational formula 

S[adl^. = 0; 
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comparing tliis with (45) we see tliat in our field of force, witli its 
ds^ given by (33), light is pi;o])agatcd as if the space were Euclidean 
and filled with a medium of refractive index 

jj. ----- 1 + 2y. 

This remark becomes (iV(!ii more expressive if we refer once 
more to the trajectories 01 ; a (lyna,mical problem. In fact, as 
we have already had occasion to show in § 11, pp. 323-325, 
the ])rincij)le of least action leads to tlie result that the curves 
(45), or, what comes to the same tiling (multiplying by and 
remembering the meaning of y), those for which 

8 jc^l + 2y) dl^ = 8 /’(c2 H- 2 U) dl^ = 0, . (45') 


can be considered as the trajectories of a material particle in 

ordinary sjiace in a field of potential 4c“(l -|- 4y) ™ - -|- 2V 

2 


and with total energy zero, or, if we prefer, in a field of potential 
2U and with total energy 

2 


It is int(‘resting to observe that even in the classical mechanics 
the mere ]iy[)f)thesis of the materialization of energy leads us to 
predict a curviid fiath for rays in a gravita,tional field. If in fact 
we afimit that light rays, regarded as lines of flux of energy, arc 
efTectively trajectories of material ])articles, then each of these 
rays—their mutual reactions being supposed negligible—ought 
to behave like a free material particle moving imder the action 
of the force in the field (of potential V) with a velocity which 
temds to c at an infinite distance from the attracting masses 
(i.(c for U ^0), or, which comes to the same thing, with total 
(OKirgy per unit mass. It will be seen that general relativity 
ini[)lies, to a. first af)proximation, solely the substitution of 2?7 
for IJ. Now apply these consid(3rations to the y)ath of the rays 
in the sun’s gravitational field. In accordance with the above 
reina-rks, these rays are to be considered the trajectories in the 
problem of the motion of a point attracted by a fixed centre of 
force, the potential, with the sanu^ notation as before, being 
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and the total energy 

E - 

These trajectories are obviously conics with a fociis at the 
centre of force. The species will depend on the sign of tlie constant 
E\ in our case A* > 0 , so that the curves are liyperbolas. Sinc(i 
the divergence from a rectilinccar path juust be veiy small, if is 
self-evident tljat these hyperbolas will be only veiy slightly 
curved; this can also be proved analytically from the diherentiiil 

1 

equations. To show this, let n and ~ denote the dircctioti of the 

P 

principal normal and the curvature at any point of a ray. 
Equating the centripetal acceleration to the centripetal force 
per unit mass, we have 

p (In 

d Jd 

The derivative — represents the force in the field in the 
dn 

direction n, and cannot therefore be greater than tlui intensity 
fm 1 

j7 - of this force. Further, the integral of vis vim 

y- ^ y-i- 2U = 

shows that if we neglect terms of the second order, v may be 
taken as equal to c. Consequently we have 

' ,0 ,2 ’ 


If is the sun’s radius, the maximum possible value for th (3 
2fm 

force in the space traversed l)y the light rays is evidently 

that given by r = r^; the above inequality can therefore Ixi 
written 

1 

p C- y 

f'iifl 

As*^ is the value of the potential at the surface of the 

h 
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sun, and the value of the ratio is 2 X 10 ® (cf. formula (44)), 
we get linally ^ 

<4 X 10-fiA. 

P ^0 II 

r r 

In otiicr words, if the radius of ciirva- / / 

ture p is not infinite as for a straight / / 

line, it is at any rate of tlie order of a / 

million times the sun’s radius. / 

It is tliereiore p{jrfectly legitimate to j 

assume tliat the rays are in any case / / z' ^ 

only very slightly bent, even if they I \ \ 

pass very close to the sun; in every case, OA |y S i 
tlierefore, the hyfieihola in question will M 
hav(j its asymptotes 0A\ OT (cf. fig. 4) / \ \ 

almost in 011(3 straight line. / \ \ 

Consider in further detail the hyper' ' \ \ 

bolic ray which grazes the solar sphere \ \ 

at V. Let 0 be tlie centre of the hyper- \ \ 

bola, H the centre of the sun and there- \ \ 

f(>r {3 the focus of the given branch of the v' y 

hyperbola.. V will be its vertex, and, Pi„. 4 

if a (h3notes tlie transverse semi-axis 
and e the eccentilcity, we shall have by definition 

OV -= a, OS =- ae, SV = - a{e-~ 1). 

We know a.lso from analytical geometry that if S represents 
the exterior angle between the two asymptotes 

. S 1 


In the case we arc considering, S must be very small; hence, 
from this ibrmula, e is very large. Our results will be quite suffi¬ 
ciently accurate if we take the sine of the angle § as equal to the 

arc, and consider ~ negligible in comparison with unity. Thus 
e 


we can write 
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Using the relation a{e — )), we get fuially as the 

measure of S in terms of tlie two lengths and a 


§ =- 


2a 


(46) 


In the classical theory, the transverse semi-axis a m tin.* 
hyperbolic motion due to the Newtonian attraction of a mass 
M is connected with the constant E of the vi^ viva by the relatioji 

2a 


Putting for E its value and noting that in our case 
M = 2 ^ 0 , this gives a, and (40) becomes 


S - 


4 fw.„ 
2 ’ 


• (40') 


and therefore, using the numerical value already found for this 
expression, 

§ - 8 X 


The right-hand side is a pure number, wliich gives the angle 
8 in radians. In seconds 

8 1-7".(47) 

It will at once be seen that this angle 8 gives the measure of 
the dejlection, i.e. the maximum angular deviatioii to which a- 
stellar ray can be subjected by the sun's gravitational antion. 
Suppose in fact that we are considering a ray of liglit which starts 
from a star A and arrives at a terrestrial observer aft(;r describing 
an arc of a hyperbola which grazes the solar sf)here ah K, a,s in 
fig. 4. The direction of the liyperbola at T, along which the 
observer receives the light ray, is indistinguishable from that of 
the asymptote OT] the direction in which the light left the star 
is that of the tangent at A, which in its turn is indistinguishable 
from the other asymptote A'O, so that the deflection is the 
exterior angle between J/0 and OT\ i.e. 8. 

The direction A'0 will naturally be identified with the 
direction in which T sees the star in normal conditions, i.e. when 
the sun leaves the earth-star direction and the corresponding 
gravitational perturbation becomes imperceptible, so tliat the 
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visual ray again becomes rectilinear (or so nearly rectilinear that 
the (liflerence is absolutely imperceptible). 

It may be well to point out that if the visual ray from a star 
does not graze the solar sphere but passes at a distance r > 
from the centre of the sun, the deflection diminishes, being in 
inverse ratio to the perihelion distance r. This can be seen as 
follows. The cx[)ressi()n (•!()) for S naturally holds for any star 
whatever which is visible from the earth, yjrovided is replaced 
by the perihelion distance r. We shall thus liave 

g ___ 2a _ 2a 

r r, r' 

2a 

The factor — has been calculated above, so that we have 
iinally 

8 = 1 - 7 " X 

r 

Since r,) corresponds to an angle of 16', it will be obvious that 
if the angular distance from tlie centre of the sun is even a few 
degrees 8 will not be more than some hundredths of a second, 
and will th(a'efore be totally imperceptible, just as if the ray 
were rigorously rectilinear. 

The angular displacements, if any, due to the sun become 
capable of observation during a total eclipse. A first attempt in 
this direction was made by the Lick Observatory in 1918, but 
the precision of the observations was insufficient for the purpose. 

For the total eclipse of 29th May, 1919, two simultaneous 
expeditions were organized by the Royal Society of London: 
one for Sobral in the nortli of Brazil, the other for the island of 
Principe in the Gulf of Guinea, both localities being within the 
zone of totality of the eclipse. The results of the observations 
made Ijy these two expeditions can be summarized as follows. 
For the deflection of light the mean value of the displacements 
observed at Sobral gave 1*98", with probable error +0-12"; 
at Principe the mean value was L61", with probable error 0*30". 
The deflection LTG" predicted by Einstein’s general relativity 
lies between these two. This provided a new and striking con¬ 
firmation of Fhnstein’s theory, as the observed results were 
definitely incompatible both with the zero deviation of geome¬ 
trical optics, and with the deviation of half this value (0-88") 
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whicli would be given by tlie oi'dinary th(‘nry coni])inc(l with the 
simple postulate that mass and energy are [)roporti<)[Kil. 

On the occasion of the next total eo]if)S(‘, ( 21 st Se-pteinlna, 
1922), visible in Western Australia, three furtlier exjxMlit ions 
started for the zone of totality; the American ofk^,, organized hy 
the Lick Observatory and conducted by C'am})h(*ll, was tln^ only 
one to secure any useful observations. But the a,vaihi}>lo slars 
were rather far from tlic limb of the sun, and the d(dl(‘(*iion \v;ts 
therefore small; the results^ sliow a wide dispw’sion, so ihai 
many astronomers do not regard their mean vaJue. as a. furlJn'r 
confirmation of the tlieory, although it is in almost p(‘rfeet 
agreement with the Einsteinian prediction. 

11. Three-dimensional metrics with spherical symmetry. 

We shall begin by defining what is mea.nt by saying that a. 
metric manifold has spherical symmetry round om*. of its 
points 0. We shall follow the geometrical iiH^thod suggostvd hy 
PalatinF, considering along with the (A an ordina.ry lhicli<lean 
space F"j in one-to-one correspondence with it. This e(a're- 
spondence being established, any point-transformal ion ( 7 ’) of 
Fy into itself (in particular, a rigid motion (d’ F') gives lise 
to an analogous point-transformation of Fj into its(‘,lf. Tln-ni is, 
however, no a priori reason that a rigid niolion of F., should 
correspond to a rigid motion of a rigid motion of a, manifold 
being taken to mean any transformation wliieJi lea,v(‘s <11- un¬ 
changed, and therefore, in particular, clu'mges gmodesics into 
geodesics. 

We shall now say that a metric numifold F;> lias spherical 
symmetry round one of its points 0 when each of the. r/y^ rigid 
rotations of F^ round the corresponding point (hd/ermiiies a, 
rigid motion in Fg. 

Some important properties of the metric of a. F. with tJiis 
property follow easily from the dehnition, snhj(‘e,t mdiirallv In 
the obvious condition that the metric (i.(i. iJie. coidlieienls of dZ-J 
is regular in the region round every jioint, f;xcef)t possibly IIk; 
point 0. It can at once be shown that to a.ny ray j' drawn from 

^ Published in fclie Uck Obtifrratoni lUdhthi, No. 34f5, Urj.'i. 

“ (If. “Lo spostainento del periclio di iMercurio, eec,” in NvoiUf < *init nfo \ I V 
(1917), pp. 12-54. 
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0' there eorrespoiids in a geodesic ;/ draAvii from 0. Tims, let 
P' be liny point on/ wliich is jiot O', P the corresponding point 
(which is therefore not 0) in T.j. Let g be the geodesic in 
which is tangential to j at P; from the qualitative hypotheses of 
the case it follows tliat g exists and is unique. We have to show 
that g coincides with / 

Consider in Vl the 00 ^ rotations which have / for axis; 
these correspond to co^ rigid motions in the space Eg which 
leave fixed all the points of / and only these. If we suppose that 
g is distinct from/ tlie effect of the co^ rotations round / would 
be that g would occupy a simple infinity of ])ositions, retaining 
in each the pro})erties of being geodesic and tangential to j at 
P; we sliould therefore have an infinite number of geodesics 
drawn through P in the same direction, which is impossible; 
hence g must coincide with / 

An ol)vioiis deduction is that to any spherical surface S' 
with centre 0' there corresponds in Eg a geodesic sphere S with 
centre 0. 

Now consider ariy pair S, S' of these surfaces, and the corre¬ 
spondence between the })oints Q of one and Q' of the other 
detiu’mined by the correspondence between the two spaces. We 
wish to show that the correspondence between Q and Q' is 
con formal. 

Let dcr' be a generic line element in S' drawn from Q', da the 
homologous element drawn from Q. If we suppose the Euclidean 
space ixdeiTcd to polar co-ordinates r, 6, <p, we shall have 

do-'2 r^dff^+ sin2 0#2) 

where r O'Q'. FurtluT, wlien r, 0, / are known, they deter¬ 
mine Q', and thendore also Q, from the one-to-one correspondence; 
6 and / can therefore also b(‘. regarded as curvilinear co-ordinates 
of Q on S, and th(^ line element da, corrcs[)onding to da' (i.e. to 
arbitrary difi’enaitials dO and dc/)), will in every case be repre¬ 
sented l)y a quadratic form which we propose to find. 

Consider two elementary arcs da' of equal length, drawn 
from Q' in two difibrent directions. The two homologous arcs 
da will a]s(j ])e equal. For the two arcs da , being equal in length, 
can be obtained from one another, by a rotation round 0' Q'\ 
hence we infer that the two arcs da can also be obtained from one 
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another by a rigid motion in and arc tliereldre ot erjual Icngtli 
with respect to the metric ol 

It follows that the ratio is the same for the two directions 
(id 

considered, or, in other terms, that this ratio is the same wlnitever 
the dili’erentials dd and d(j) may be. It is tlunvJbre a Ihnction 
H of position alone, i.o. {a 'priori) ol: r, 6, cjy, but it will u,t onc(^ be 
seen that tins function must be the same wha,t(‘V(‘r ma.y be the 
point Q' of S' considere<l, since we can always pa-ss from one 
Q' to another by a rotatioji. We can tlna'cfore put 

IPda'^ 

where 11 denotes a function of r only. 

For what follows it is perhaps advantageous to re[)lace the 
co-ordinate r (the radius vector in FJ by a, function Ii{r) defincf^ 
by the equation 

m - H{r)r .(48) 


The square of the line element of the geod(isic splnwe E thus 
takes the form 

= E^(de'^+mi-ddfy, . . . (D) 

this gives us the geometrical signilicance of R, no long(‘T in the 
auxiliary Euclidean metric, but directly in Fu* Jn iac't, the 
expression (19) for dcr“ is that for a s[)here of radius R in ordinary 
s]mce, and as such (cf. § 7, ]). 240) has Gaiissia-n curva-ture 



this curvature, from its intrinsic nature, belongs to 


any surface whose line element is given by (49), and ther(‘4‘ore, in 
particular, to our surfa.ee S. 

We can therefore attach the following signilica.nc(i to the 


co-ordinate R: 


]. 


represents at any point the Gaussian curvature 


of the geodesic sfjhere with its centre at the centre of syrnnuday 
0 and passing through the point. From the ])roperty of symmetry 
it follows at once that all the geodesics drawn frf)m 0 cut the 
sphere S orthogonally; hence if we denote })y d(j tlu‘- (dimnmtajy 
arc of one of these geodesics, the dl- of F> can be represented 
in the form 


dl^ ^ 
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and since dg depends solely on R (also from symmetry! we can 
put 

dg — A{R)dR, 

where A is a function of R, a pnori undetermined, so that we 
get in consequence, with the lielf) of (49), 

dR -- AHR? + R^{dm + sin 2 9 . . (49') 

Tins is the most general expressi(Ui tor the dl^ of a F 3 which is 
symmetrical round a poiutd 

It is not without interest to show that every T 3 of this kind 
can be conformally rejuesented in Euclidean space. It will he 
suificient to show that we can determine two functions H(r) 
and r{R) such that we have iflentically 

R^dfP-l- sin20r/(^2) JP{dR+ 7'^d6^-+ 

the necessary and sufficient conditions for this are 

Hr =- R, Hdr - AdR, 

and til ere fore, eliminating //, 

dr . dR 

- = A^~ .. (50) 

r R 

When A is a known function of R, this determines r, except 
for a constant multiplier, which from the strictly geometrical 
point of vicAv remains arbitrary. The modulus H of the conformal 
transformation is then defined by 

IJ .( 51 ) 

r 

We shall now calculate Ricci’s symbols a,/, (Chapter Vll, 
p. 199) Telativ(‘, to a nutric of this kind. We agahi rnahe use of 
th<‘^ pj’ofKuty of symmetry, noting that an olivious consequence 
of the considerations set out in § 12 , pp. 201-208 is that if the 
quadric which determines th(‘. local distribution of curvature has 
an axis of symm( 3 try, this axis gives one of the three principal 
directions, whil(‘. the othcu two a,r(^ indeterminate (i.e. may be 

1 This foniiiila li;ul IxMiii ,Lriv(>n jih t*arly fi,s from jiiiiLlyticH considtsiTitioiiH 

h!is(j(l oTi tho fciicory of )^n-oup.s. Of. AUl detid JL Aco. dci Lincei, Vol. V (socond 
half-year, 1890), pp. 104-171. 
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any paii* of directions orthogonal to each olJier and to tli(‘, axis 
of symmetry). In our case, a point F distinct from 0 lutvirig }h\vu 
fixed arbitrarily, and the behaviour of every metric, [)ro[)(‘rty 
being symmetrical round the geodesic // wliicli joins 0 mid P, 
it follows that the quadric of curvatunss jit P is ri(‘c,(‘ss;irily 
symmetrical round the direction of //. a,t <^v('iy \h\iu\ 

our co-ordinates r, 0, cf) give princifral directions of curvaturv, 
from which it follows at once that in the fjuadric of ciirvalmi'es, 
and therefore in the tensor a,y,, tlui product terms a,r(‘ missing, \.v. 

a,„ = 0 for i L 

In addition, if is the principal ciirvaFuro, corn'sponding 
to g, the other two curvatures oj.^ are e(jiial to oiui anotln'r; 
we shall denote their common value by co. 

We may now recall formula (47) on p. 207, viz. 

^ilr ~ S/t. 1 1 \ [ /■•’ 


which gives explicitly all the a’s as functions of tin* cur\^a4ur(‘s 
and of the moments of the ])rincipa,l liru^s. Siinu* iliesr. coincidff 
with the co-ordinate lines, along which va ry Ii a hfrn*, 0 a loin*, 
and ^ alone, respectively, they will hav(i for pa.rametrrs 


dE 
di = 

il 

0; 

11 

o 

^ ^ - '. All 

di e: - 


AJ=0, Aj 

= 0, A-l 

ell 

1 

R sind ’ 

and therefore the moments will be 


^i\i ^ ri, 

1 

0; 

= 0, 

A,,, R, Ao,o 

0; 

K\l ^ 


R sind. 

Substituting in the 
^2 ~ we get 

formula quote,d 

a,hove, and put,ting 

(X|j ~ /Pci)^ , 

^22 '■ ' P'^O), a.j.j 

a.^.^sin“d, (02) 


0.o-i) 
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The equations (53) liave alrea-dy been obtaiiied Irom tlie 
coiisideraticjii that in our case tlie principal lines of curvature 
coincide witli the co-ordinate lines. 

We sliall now calculate explicitly the value of oj at a generic 
point P from its definition as the Fdernannian curvature. From 
symmetry, it can he considered as belonging to any geodesic 
surface whatever with pole P and containing the direction Jl. 
We sliall sliow that the surface, cj) constant is a ])articular case 
of such a, surface. Take th(‘. differential equatTuis of the geodesics 
in our (of line clement d/), not, liowever, in the form giv'en 
in (47) on ]). 134, where they are solved for the variables, which 
would require the calculation of Christoifers symbols, but 
in Lagrange’s ])ara.metric form, starting from the Lagrangian 
function (the vis vim) 



Jn the case we are considering 

(where a dot ov{}r a letter denotes differentiation with respect to 
the parameter /), and therefore 

dT 

- IP siiEdd,, 
dci> 


From Lagrange’s equation for the angle r/>, viz. 

d dT __ dT _ ^ 
dl d<l> 

it follows on integrating that one of the equations of the geodesics 
has tlie form 

IPmr‘0<j) == constant. 

From this it follows that if a geodesic issuing from P touches 
initially the surface ([) constant (so that cf) 0 at P), c/> 
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vanishes along the whole geodesic, wliich tlicnl’on^ belongs to 
tlie siul'ace r/> -- constant ]}assing tl)i;oiigli P, a-s we wislied to 
prove. To find a>, we liave tlierefore to find tlio curvature of the 
binary differeiitial form 

.( 51 ) 

which ex]cresses tlie scpiare of the line element of the surface 
(j) — constant. 

The general expression for this curvature is 
_ (12,1^) 


(formula (28), p, 191); as our a is it only remains to cal¬ 
culate Eiemann’s symbol of the first kind, (12, 12) by means 
of formuhe (3) and (5) of Chapter VII. The exfdiclt exjuession 
for this wa-s fornuid by Gauss, and is giveii in all treatises on 
the subject. We tlms get 


1 d 

Jr d R 


G) 


For the curvature ojj we find 

... - 1 i, 


Br 


1 d 
2R dR 


1) 


ji 


)■ 


An independent calculation of these expressions is given in 
the followi]ig section. 

12. Digression on the calculation of curvatures. 

AVhile our specific object is the calculation of o) a,nd oj,, W(‘. 
may here, for the convenience of the reader, show liow the 
explicit expression for the curvature of a binary form a,s a, function 
of its coefficients can be obtained without calculating ( hristoHVl’s 
symbols.^ We shall start from the geometrical f)r(j{)erty of tiu*. 
curvature expressed by formula (29') on p. 195, viz. 


K - 


7jr’ 


^ Cf. F. SuKANA : (IcVn R, Acr. di i Lntfwi, Vol. XXXFII {-sijcoiid lialf- 

yoar, 1924), pp, 236“2uS. 
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wlicre DV denotes the ar(^a, of an infinitesimal circuit T con¬ 
taining P, and € represents the angle ol parallelism. In order to 
reduce the calculation to a niininnim, we shall calculate e witli 
reference to a dP of: orthogonal form, of the type 

Edx^+Gdx^ .( 55 ) 


If on h^avijig P the direction X which is being disjdaced malc(‘s 
an anghi a with the co-ordinate line x-^, its pa,ra,meters Ab 
are ])lainly given hy 


cosa _ sin a 

-v/j 5’ >/r; 


(56) 


(cf. §§ 4 and 7, pp. 92, 98). Now consider an infinitesimal dis¬ 
placement SP, of contravariant components Sxo] we know 
that wdien X is given a para,llel dis[)lacenient along §P the incre¬ 
ments 8A' of its ])arameters are given hy 

SA'-^-C (57) 

1 

(formula (2.‘)), p. J LO). In order to avoid the necessity of calcu¬ 
lating the coellicients on the right-hand side (Christoffers symbols), 
we note that the (Vjnations 

‘2 

'i'l 

1 


of the geodesics ha,ve on the right-hand side quadratic forms 
whose coefliciimts a,re [)recisely the symbols wa.', need. Further, 
the first of tlu^ Lagrangia,n eqiia,tions of the geodesics ernre- 
sponding to the form (57) (the equation relative to x^) is 

d dT _ dT 
dt d xi 9xq 

winnn T - Gx.r), 


or, fierforming the differentiations and solving for riq, 



P, 

P 
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wliere repre.sent derivatives of E aud G with respect 

to Xi and Comparing tliis with the first of the equations 

(57), we see that tlie latter caai be written 


= — A' 5 log Vil + A'^ ^ a* 


Bat from (56) we get 
8A^ = ~ 


sj'^X^8a~ X^Shg^E, 


and substituting from tliis in tJie preceding equation there 
results 


Sa — 



(E>^ Sx^ — Gi S.r^). 


The angle of parallelism is obtained by inti'gratiiig Sa round 
the circuit T, Replacing the lim^ integral by a siirfaice iiRegraJ 
in the usual way (for the signs, cf. footnote, p. 190, ChajTfU' VII) 
we get 


€ 


J r Id 




(h\ r/iTo. 


Noting that the field of integration reduces to the iniinitesinial 
element 

Dr = s/EGdx^dx^, 


we can write (neglecting iufinitesinials of higher order) 

Dr r 9 / a, \ 9 / e., r 

WDff F'/i WEG/ ^9,712 WEG/J 


This gives the recjiiired oxja’ossion for tlio curvature, viz. 


K = - 
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For 1 (for wliicli the lines are geodesics) we get 

particular the formula 




in 


which is frequently used in the theory of surfaces. 

For the line element given by (54), putting x-^ ~ B, Xn = d, 
so that E = (x “ R"i the curvature K becomes 


1 d /1\ 
AR llR \a)' 


( 58 ) 


as slated in the preceding section. 

AVe now come to the calcidation of ojj, the curvature corre- 
s])onding to the section normal to the lines R, It is to ])e noted 
tluit the s[)heres R = constant, unlike the surfaces cf) = con¬ 
stant, are not geodesic surfaces, so that does not coincide 


with the Claussian curvature 


I 

R- 


(cf. § 11) of these spheres. 


To 


calcuhite it, instearl of using the direct definition it will be more 
convenicmt to use the property that dl'^ can be coidbrinally rejjre- 
sented in a Euclidean sx)ace, with 


dl^ -- IPdl^\ 


as w(‘. have already seen. 

In § 4, [). !228, we found the ex[)licit form of the relations 
between hoTiiologous Riemann’s symbols for two line elements 
ds and r/.s*' for which 

ds^. 

We shall identify ds with our dl, and ds' with the Euclhlean 
we can then af)f)ly formuIa 3 (18) of p. 231 by making the symbols 
marked with a dash vanish (since they refer to the Euclidean 
d/,f) and putting 

T--log7L . . . » . (5)9) 

Tli(^ formula) then become 

{ij, It If) — TjT,.) — — rjT,,) — aj,,{r„, — 

+ — Ti.Th) + ifliU ^ik — 
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where tlie coefficients, the covcariant derivatives, and tlie para¬ 
meter A ai*e all taken to refer to 

(W = -1- + sin2 e d<lfi). 

Multiplying these formulae by cA'(A and summing with 
respect to the four indices, tlie left-hand side, by formula) (1) 
and (2) of § 2, gives the lixiear invai’iant G relative to our 
wliich after some obvious reductions is tlius expressed by 

— — dAoT — 2 At, 

3 3 

where At == S^t^F = 'Zjj.cAAi Tj. (Chapter VJII, p. 231); and 
A 2 T = (Chapter VI, p. 154). 

I 

But for a Fg the linear invariant 0 is equal to — 2c5l/(cf. 
§ 4), so that the mean curvature J\4 is in our case given by 

c51'/ = 2 A 2 T -|- At.(GO) 

As c51'/ (the sum of the three curvatures) ~ Oj -■(- 2co, a-nd aj 
has already been calculaterl, fliis formula will give the required 
expression for ojp it remains to find the values of the quantities 
Aot and At on tlie right, using for tiiis pur])ose the formulfc (50), 
(51), and (59). 

From the general expression 
Ar = 

J 

we have for our dP, and for a function t which depends only on R, 


the dash here also denoting the derivative with respect to R. 
Further, from the general cxjiression (18) on p. 154 we have 


AgT 


1 I 3 

s/a, 1'dX; 


{‘yar'), 


and since now sfa = ^7i!“ sin/9, it follows that 
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III our Cfiso, from (59) uiid (51), 


and by (50) 
liencc 

It follows that 
At 


- log II ~ log 

d T A 

- - - log r “ - : 

dR R' 


A~l 


~R 


(/i - 1 f _ _ ] 


Rr 


. (1 


\ 


r 

R' 



using 

form 


AoT 




1 d 
Ali- dR 
1 

. A R}^ 

tlie (3xpression (58') for to, tliis can also be written in the 


l\- A 

1 

d J 

0\ 

\ a) 

AR 

dR ' 

A 


A>,t 


1 


+ ce. 


Siilistituting in (50) tlie exjaessions just found for At and 
A^t and for J[d its value + 2a;, 2aj cancels out on both sides, 
and we g(it forcaj tlui value stated at the end of § 11, viz. 


oil 


1 



(Gl) 


13. The gravitational equations in the case of spherical sym¬ 
metry. Schv/arzschild’s rigorous solution. 

W(i sliaJI now a])[)ly the (equations of the Einsteinian statics 
to the ])articular case of a singl(‘. attracting mass, or more generally 
of a distribution of masses having spherical symmetry round a 
point 0. Using the terminology of § 11 we shall deal with matter 
distribut(Hl in accordance with any law dependent only on R in 
lay(‘TS bounded by geodesic splieres of centre 0. The Einsteinian 
will hav(^ the station,1 form 

r/.s-2 r^dx^;^-d]-, 

wliere dir will micvssarily be of the type (49'), and F, from 
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symmetry, will also depend only on R. We sludl ii^ree to cujnsidc.r 
only regions outside the held occupied by tlie attracting nuisscs. 
In these regions the statical equations (2U), (22) of § 1 for empty 
space will hold, i.e. 

Jl/ - 0,.(2U) 

a,, + - 0.(22) 


Since Cl/denotes the mean curvature of the syjnmeirie,aJ I'.j, 
i.e. the sum co^ + 2aj of the tliree princi[)al cnrvadiir(js, (21'), 
together with (58) and (61) of the preceding section, giv(‘s 


cQj. ~p 2cu “ 



1 d 
R dR 



n; 


whence on separating variables aiid integniting 




1 


R 


(62) 


where a denotes a constant of integration. 

It is to be noted that whatever the constant a may Ix^ tJie 
expression found satisfies the physically necessary condii-ioii tha.t 
at an infinite distance from the attracting masses tln^ meti’ie 
tends towards the Euclidean form. In fact, UR - Oj, A * 1 , 
so that the dl'^ (4-9') becomes the ordinary Euclidf^an (‘X[)ressioii 
in polar co-ordinates. 

The symbols are then completely dehmxl by ih(‘. forimihe 
(52) and (53), where oj and cui have the valiums (58) and (61). 

In order to put the gravitational equations (22) in an (‘XpliCt 
form, we must again replace the covariant d(u'ivaUv(*s l\j. by 
the ordinary derivatives. This can also be dom^ withoul; any pn*- 
liminary calculations, as follows. Let tho u/s (hmotn generic, co^ 
ordinates in a space with a generic nu'.tric. TaJv(‘. a, fmadion V 
of the XH, and consider its variation along a geode.sicj litic along 
which the a:’s are considered as functions of a jjaranudnr /. We 
shall have in the first place 


dV 

dt 


2, F, 


1 


Diiierentiating again, and substituting for Xio .e/h t,licit' 


vaJues 
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as given by the equations of the geodesics, we get, as a particular 
case of tlie notion of covariant derivatives (Chapter VI, §§ 1 
and ;i, p. 144), ,, 

^^3 = .(03) 

Further, assuming in jjarticular = R, = 0 , a-,j = (ji, 
and remembering that our F is a function of R only, we have 

dV 


d.l 


= V’R 


(dashes denoting derivatives with respect to R), and 
(jiV 

= y"R? + V'R. 
dfi 

But for our metric, i.e. for 

T = il/T/fa + sin 2 p^ 2 )j^ 

tlie equation of the geodesics for tlie co-ordinate R gives 
d dT dT 


dl. dii dR 


0 


OI’ 


A^R q. m - 1 _ R{e^ q- sin^ q, 

(i It “ (IR 


wlicnco we get 

ii == - R^ q- J (02 + sin 2 6 f-). 

fPy 

Using this result tin; foregoing exjjression for becomes 


d:^V 

dR 


F" - 


FU1'\ , ,, , 7fl 


A 


RM- ^ (02 + shF0^'^). 


Tliis exi)rcssion, like (03), must hold along a generic geodesic, 
i.e. for arbitrary values of the quantities .-tj = R, = 6, 


cf). Comparing them 

we get 

V'yt' 

L ^ » 22 

RV 


F,-, 0 

(*■ =h A). 


F,.) = Fg-^siii^^, 


(64) 
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Substituting in the gravitational equations (22) these values 
for the 7 , 7/3 and the values (52) and (53) for the a,y/s, Ave see 
at once that the equations Avith tAvo distinct indices reduce to 
identifies, tliose for the ])airs of indices 11 and 22 taJce the form 


and the remaining equation is the same as this last one. Sub¬ 
stituting in this equation for w its vaJiie (58), i.e. it becomes 


or A V ^ constant. 

At an infinite distance from the attracting riuisses the 
Einsteinian must reduce to the pscudo-Fhiclidean form, a,iid 
therefore the coeflicicnt 7 (tlie Eomerian velocity of light) must 
tend to 1 like A\ hence the constaait must have th(‘ vaJne 1, 
and Ave haA^e 

AV -- 1. 

This equation and (02) give A ajid V in finite terms, so that 
the required ds- is now completely determined. TIuj equation 
(65) remains to be considered, but it Avdll at onc(i be seen tlnit 
with the values (62) and (GO') it rediic(;s to an identity. In fact, 

substituting for its value ('] — ) ^ (1 -- F^), n,nd 

A! . V' 

for by (66), the equivalent — , multiplying by 7“, and 

A ' V 

remembering once more that AV -- 1, (65) becomes 

i(I-n + rF"+F'!‘ = 0, 
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On substituting for V- the value A 

jP 

tliat tliis orjuatioTi is satisfied identically, 
required result. 

The rigorous form ol the Kinsteinian (h- 
nietry is therefore 


— 1 — we find 
which proves the 

with spherical syni- 


(Is 


o 



.... (G7) 


witli 


dl^ 


H- {d6‘'“ H- Kin^ e df-). 

I .. “ 


It 


This (ixprcission lor wa,s first given by Schwarzschilcld 
The metric contains a c(jnstant a which is a 'priori arbitrary; its 
value can be deduced from a consideration of the intensity of the 
field ol iorce n>t gi’eat dista.nces irom the attracting masses. In 
these regions the Sf)acelike d/4 tends, as we know, to become 
J^uclideatp It Ix^coming identical with the length of the 
radius vector draAvn from tlie centre of symmetry; further, the 
expression 


represfmts the ])otential of the field (cf. Chapter XI, p. 328). Corn- 

fit/ 

paring this with the classical Newtonian expression*' for the 

R 


])ot(mti{d dri(‘, to a, mass M concentrated at the origin (or sym- 
metricidly distriljub'd round it in any way), we see that we must 

[)Ut 


2/d/ 


( 68 ) 


where? M is the sum of the attra-cting masses. 

Jt follows from § 1 1 that e,very dir with s])herical symmetry, 
aaid tlnu-e^fon? in particular tin? Linstdnian dli^ (67), can be con¬ 
formally r(*pr(‘sentnd in a Euclidean space, the modulus of the 


* (hr Jh'cutta. Akttd. der IIV.s’.s., 191 ( 1 , pp. 1 S 9 - 196 . 
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conformal representation being where r is deiined by (50), 
i.e. by ^ 


dr _ AdR 

7 ~ R ' 


Using the relations 


F 


we have to express the right-hand side of this equation in terms 
of V, which gives 

dr ^ 2dV 

7 ” 1 - F2’ 

whence on integrating 


1 + F 
’■"l- F 
(1-FF)^ _ Rr, 
° 1 - F a 


(1 -F F)3, . . (G9) 


wliere Tq denotes a constant. 

If we wish to impose the natural condition bliat r, like R, 
shall tend to become identical with the ordinary radius vector 
at an indefinitely great distance from the attracting masses, 
we shall have to determine Tq in such a way that 

lim - = 1. 

R * CO r 

Since when R — oo^ 7 — 1, this gives 


Consequently H 


'r (1 + Vf 


and therefore dP — IPdU —- dlA 

0 (1 +- 7 )^ ^ 


As an instructive example, we shall apply these rigorous 
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formulae to calculate over again, for a symmetrical field, the 
expression (33) of § 0, viz. 

*2 (1 - 2y)dx^^ - (1 + 2y)(ll^^ 

^wliere y stands for which to a first approximation gives the 

fh'nsteinian ds^ corres])onding to an assigned Newtonian field. 
In our case comparison of tlie coeflicients and 1 — 2y of dx^ 
gives rigorously 


so that, from the value (08) of a, U is precisely the expression for 
the Newtonian potential of a mass M symmetrically distributed 
round the cemtre. Comparison of the coefficients of dlf^^ imposes 
the condition (at lea,st to a first approxinia-tion) 


I ~ 1 ~ 2 y IP 


10 

(1 + V)^' 


ETom the expression J — 2y for F^ we have to a first approxi¬ 
mation V — 1 — y, and therefore 

= (2-y)-' - ^g(L + 2y), 


which ensures tluit the above condition is effectively satisfied so 
long as we neglect terms of liigher order. 


II. Spatially uniform metrics; their cosmological interest. 

W{‘- shall now examine whether there exist solutions of the 
gravitatif)naJ fvj nations in statical conditions, and on the hypo- 
tlH‘sis thafi the spacelilvc has a constant curvature K and that 
the (UKugy tensor is also uniform, meaning by this that it is 
of the typ(i (fifi) of ]>. 358 (applied to the statical case). Tliis 
is (iquivahmt to assiuiiing for the Tu/a the expressions 

T,, VHe ^ ]j) ^ V\ .... (70) 

(Z, A- 1,2, 3), . . (71) 

wliere the n^y/s obviously denote the coefficients of dl-. The two 
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quantities ?]( >0) and represent respectively (cf. (Taptc'.r XI, 
p. 358) the energy density and the ])ressure (or pull, if j) < 0) in 
the medium. 

We next take into account the geometrical }iyf)otli(^sis that 
the sj^acelike manifold has constant curvatiini K. WIkui the. 
three princi 2 :>al curvatures 0 ^ 2 , all reduce to K, th(‘, ciinonical 
expressions for Ricci’s symbols a;,, (formula (17) on p. HOT), 
together with (dG) on p. 20G, give immediiitely 

«;*• = K .(72) 

while by the definition of the me<an ciirvataro we liavc 

= 3Ii.(72') 

Using these results, the first of the gravitationnl ef| nations, 
(18) of § 4, becomes 

2>E = K-q .(7;')) 

We deduce from this that K >0, which comc.s wit.hiii tin; 
general observation of § 4 tliat in statical conditions the iiie.iin 
curvature is always either positive or zero. The. (H|nation (7;i) 
then shows that q is necessarily constant when K is, or in otlnu' 
words that the medium must have a nnil'orm distribution of 
energy, or, what is the same thing, of matter. 

On account of this circumstance, this type of solution has a, 
particular cosmological interest. It is true tliat i.he. celestial 
bodies are separated by distances which are largcj conipan^d with 
their dimensions, and therefore the distribution of matt(T in 
space is essentially discontinuous; but from a sta.t,istie,al point 
of view it is natural to ask what are, so to sfK;a.k, tln^ mean 
mechanical conditions of the universe; i.o. what would li<‘ the. 
nature of the space-time metric on the hyjjothesi.s tha,t tlii' whole, 
of the cosmic matter, instead of being conce.ntrate.il in discrei.e. 
masses, is imiformly distributed throughout all space, with the 

mean density -- of the actual distribution, 
c® 

It is important to note that, as we are dealing wilb a. space 
of constant positive curvature, its extension ,S' (in the .sense of 
Chapter VI, p. 160) is,finite, as we .shall show in a nioine.n1,. As¬ 
sociating it in the meanwhile with the foregoing co.smologica] 



SPATIALLY UNIFORM METRICS 427 

consifleratioD, we reacli thv. conclusion that in tliis type of solution 
the total qnajitity M of matter is finite, and is given by 

M = -[S .(74) 


In order to find tlie extension >S', we take in the canonical 
form (31) on p. 240, viz. 

= ''i -- [ {dyr + dy.^ + dy,\ . (75) 

vvliere u= 1 + and — S, ?/,;®. . . (76) 


We liave in the first jilace, for the element of volume corre¬ 
sponding to the Euclidean r//^- referred to polar co-ordinates 
6 , 4 ’> 

dS^f = dr sill6 (16 defy, 

and therefore, for tlic corresponding element of physical space, 

dS 


The total volume is in consequence given by 


S 


f (IS. 
is’ 


‘o 


the integral lining extended to tlic whole of sfiace. The integration 
with respect to 0 and (j> gives iTr, so that we can write 


S 47 


0 


Here we can introduce the radius a of the sphere of Gaussian 


curvature K, putting K - - and substitute x 
as tlie. variable of integration. This gives 

;/;2 (lx 


2a 


for r 


8 


:327ra» 


0 (I 


2'rSa^, 
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and therefore, from (74), 

M == 27r2ffl3|. 

In the given conditions, pliysical space has thus tin* volume 
27 rV, and is therefore finite, though at the same time iniliniit(‘.d. 
This latter property holds, as for ordinary two-diiiHinsiomil 
spherical surfaces, for any manifold of constant positive^ ciirvu.tiirf*, 
in any number of dimensions. 

Anotlier general property which calls for mejjtion is tlmi) in 
a variety of the kind specified the geodesics are all closed lin(‘s, 
of length 277^. Consider specifically the case of tliree dinumsions 
which corresponds to the physical s[)ace of the ])ro])leru under 
discussion. It will be seen immediately that without loss of 

generality we can always refer dP — to })olar co-ordinat(‘s 

r, 0 , (r/> in such a way that for a geodesic assigned in any nia,iin('r 
^ 0 at one point of it; from the Lagrangian ecjnation rehitive, 
to the parameter ^ it then follows, as in § 11 , that </> - 0 nil 

along the curve, which is therefore a geodesic of one of tin*, sur¬ 
faces </) = constant, or in particular, by suitable choice of th(‘. 
^ - axis, of ~ 0 . In view of the transformation fonnuln! 
between Cartesian and polar co-ordinates, 

— r mid cos(/>, 

2/2 “ mief), 

2/3 r cos 6 >, 

this is equivalent to saying that any geodesic can alwnys be 
considered as belonging to the co-ordinate plam^ y., 0 ; but. 

for 2/2 = bj dp assumes the canonical form of a two-dinumsiomd 
manifold of constant curvature K, i.e. of the orrlinary s[jh<M'(‘. of 
radius a. The geodesic therefore coincides with a, great; (;ireie 
on this sphere, and is therefore a closed curve of length ‘Jttu. 

We now pass on to the other six gravitatiomd (Ujnations. 
Taking account of (71) and (72), the equations (17) becorm^ 

Y ^ ~ ir) ^ ^ 

which can be satisfied in two different ways, accord ijig as we 
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suppose V constant (Einstein’s cylindrical space-time) or V a 
function of position (Ee Sitter’s liypersplierical space-time)d 

15. Einstein’s solution. 

First, suppose F constant. In this case it is necessary and 
sufficient to add to (73) tlie condition 

/{ -I- /cp 0.(78) 

From this it follows first of all that the normal stress 7 ? is 
necessarily the same at every point, and on comparison witli (73) 
there follows . 

:p - .(73') 

whence we gat the following result: 

In a homogeneous medium subjected to a uniform pull of 
'J-rp rj being the energy density, tlie space assumes the constant 

positive curvature K = the velocity F of light remaining 

o 

constant (and ])eing naturally supposed not zero). 

E(imeml)ei‘ing tliat in statical conditions the potential of the 
force in the Held is — iP (Oha])ter XI, p. 328), Ave see at ojice 
that in the present case the force is zero. 

IG. De Sitter’s solution. 

Now su[)j)ose that V is a function of position. Multiplying 
( 77 ) by and summing with respect to i and k we get in the 
first place 

A.F , Jj. , A,F\ . 

or = i! (/I+ 

The equations (77) are therefore equivalent to 

= 0 .... (77') 

where for brevity w (3 iiavc put 

A'* - .1(3/1 -I- /cp). . . . (79) 

^ Ct. Llcvi-Civi'PA: “ lU‘ulta fisicii cli alcuiii Kpazi noniiali rid JUaiiclii,” in 
Uaxl. ddlfi U, Ac(;, del Llucel^ Vol. XXVI (fir.st half-year, 1917), p]). 519-531. 



430 


ABSOLUTE DIFFERENTIAL CALCULUS 


It is easy to see that the eqiiatioiis (77') are niiituaJIy con¬ 
sistent for V not constant (in fact, they constitute a- conipFte 
system Avith respect to V considered as tlie unknown fiinc-lion) 
if, and only if, iC* = K. To prove this, take tlic cornrniita,l ion 
formula (20) on p. 18G for the second covariant derivatives of 
a simple system Iq-, AAdiich gives 

1 

Substituting for Eiemann’s symbols of the se(;ond kind Mic 
expressions for a manifold of constant curva-tuni K (formula. 
(19') on p. 234), viz. 

we get - F,-,/, - K {a,, Vj, - a-,j, F,.). 

Further, multiplying (77') by F and taking tln^ c.()va,riant 
clerivatiA^e, Ave get 

Vikk^ .... (77") 

substituting in the preceding equation, avc get the conditions of 
integrability 

{K* - K) [an, V/, - a,;, V,,) - - 0 

for every set of values of the three indices i h, k. hy hypo¬ 

thesis F is ail effective function, one at least of its derivatiV(>s 
(say Fj.) will not be zero. In the above cc|uatioi)s ti.lce, tliis vahie 
of h and a value of li different from A; midtipiy by a''' iiiui sum 
with respect to i. Tliis gives 

(/i*-/{)F, = 0 

whence K* ~ K — 0, 

Q. K. I). 

Using this result, we get from (79) 

3 K -|- Kf = 0, 

which leads to the same cjualitative statoments witli l•(■gil.t•d 
to the stresses as those made above for the cylindrical s[)iic(o 
time. 



Di: SI'ITRR’S SPACE-TIME 


431 


For tiK‘- iiitt*,ii;ra,ti()n of the equatioiiK (77'), in wlucli from now 
onwa,]'(ls we put 7v* ^ K, we must again take dir in the canonical 
form (75). 

The COva,riant derivatives E-/, of Y with respect to onr dl- 
can be found explicitly as functions of the ordinary derivatives, 
without direch calcnhition, from the considerations in Chapter 
Vi 11, pp. 222-252. Li fant, considering onr dP and the corre- 
S[)onding Ihiclideari dlj' referred to the same co-ordinates, we 
have, from formula (9) on p. 224, 


wher(‘, ])y (Ki) on p. 230, 


wiUi in our case vr, 'U having the value given in (76). 

Noting that for dl^^ referred to Cartesian co-ordinates the 
(hirivatives Fare identical with the ordinary second derivatives, 
.a,nd tluit T T/, a,;. ^ 8(-, we liave the required expressions 
in th(‘. form 


1/ I / T/ I T/ \ 

VII, : . + (% rn- M; U) ■ 

dyiCJ'iji. 'll 


o/r 

u 1 


Suhstiitiitc tlH!Kc cxprossions in. the equations {TT), which on 
niiiltij)lyiiiq liy 'iiV take the iorm 


uVa 


KV,, 


S' = 0 


for K* 


K and n,-/, = 


Sf 


Putting for brevity 


W = w,P,.(80) 


and using tlni expression (70) for we get 


n d- % r,;-|- n; Vi, 

^yi^Hk 


AT,, 






wlience it folh)WS tliat 

= §*■ - 

^y^yic '2 u 


KW 


3 

V 


+ Vi 
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But by ( 80 ) 




If, W 


substituting, and taking into account the definition (7G) of 'tt and 
the consequent identity 

K -|- 'Ll ~ Kit, 

1 


the foregoing equations become 


d'^W _ 

3?// 9y/,- ' 





From tliis it follows at once that for i 4= fhe second deri¬ 
vatives of W vanisli, so tliat W must be a function with t])e 
variables separated (the sum of three functions, one of alone, 
one of ^2 and one of alone). Further, for i =~~ k, tluv 

equations above show that as the terms on the right are the saiia* 
for all three cases, we must have also 

dHV If 

hr hr hil 


all equal; their common value must therefore ])e a. constajit, 
which we can denote by . Hence the most general c^xpix^ssion 
lor W is of the type 


W 


bj{ 


,.2 a , 


where iv is a linear homogeneous function, a priori undetermine.d, 
and C is a constant. The coeffichmts of this expnission a,i’e to 
be so determined that 



i.e. that Li pi Wi ~~ W -- ?/. 

1 


By Euler’s theorem on homogeneous fiujctions the lijiear 
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term tv ccnitribiites iiothiiig to tlie Icft-liand side, so that its tlir<Hi 
coeiJieieots are arbitrary: tli(a*e tlms remains 


wbicJi l)y (7(5) reduces to 

C h,. 

TTence the ftiial expression for W can be written in tiu‘ 
form 

}] — {t{ 2) -|- w, . . . . (SI) 

the constant h^^ a.nd the coeflicients of to being still coin|)]et(‘ly 
arbiti'ary. 4Tis number of constants could of coiu’se be [)i'e(li('.t(‘.< 1 
Jrom the lact that the system (77') is completely ir 3 tegi‘a.bk*; a,s 
all the second derivatives of the function V a.re deiined l)y it, 
it is obviously ecjuivalent (cf. Chapter II, p. 13) to a total dinVren' 
tial system! in four unknown functions, viz. V itself a.nd ihs 
thnm first derivatives. 

It is also to lie noted that the three constants of integra,tioii 
vdiich aj!j)ear in the lineai’ expression 

W 2 (Ij^ V/j d- 1)2 ^2 + ^^3 y^i) 

can obviously be reduced to one, since by a suitable orthogonaJ 
transformation applied to the y/’s (for which r'h and r//,d a.n‘ a.ll 
invariant), we can always reduce the trinondal to the form 2////,,, 
with b v/-f b.,- H- b./. 

But we may also su])pose b — 0; this can be forma-Ily provcM I 
(though in a less elementary way) by taking account of tin* 
homogeneity oi a space with constant curvature, which etml)h\s 
us to take a point lixerl in advance as the jjoint y/, : 0, vvhil(‘ 

retaining the canonical form for 

v/4 

^Thia IjeconioH intuitive for tiio (jaso of two flinujn.sions, in wliieh a tiiaiiifolO 
of couHtant positive cinwalure is an ordinary spteiv.^, and the oanoiiieul ex]>reHMio!i 
for (U- is tdjtained by .stereonTaphic prrjjectiou of the sphere on a diaimitral phiiitt 
((■1. Chapter VIII, p. 241). The assertion in the text reduces in this ease' to tin- 
obvious n-eoinetrical fact that any point whatever of tlie sijliere may he chosen a.H 
tile centre of projection. 

( i) G5n) 


15 
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Using these results, it follows from (SO) that the (‘xpivssioti 
for the spatially uuiforin r/.s-, on tlie liy[)otliesis ul V A'Jiria.olc, is 

yr 

where W = {f(' ^ 2) 

H = 1 + r- 
■I 

It is assumed that the constant Is not ;iero, as ()tlie?-wis(} 
we should have identically V — 0, which is not |)(‘rmissihl“, 
since we are considering the case oF V \^aj‘iaf)le. 

Ill view of tlie ])hysical significance of F, thos(^ fioinf.s, if any, 
at which F = 0 olwiously denote singiila-rities in iJie. held; tiaw 
remain, so to speak, optically isolated, in a, s(‘nsr, which will he 
explained further on. On the other Jiaaid, an r, and thmvJorv. k. 
increases indefinitely, F tends to Furthca;, for firdln vaJinn of r, 
u remains essentially finite and > L so that th(‘, singidai* f)oinls 
are determined by the equation W ---- 0. This (Mjiia.l ion. com¬ 
bined with (.S2) and th(‘- relaticm K hecomrs 


whicli ill the rej)resiad.ativ(‘ Eucliddin space defines a. spiiere 
Dj). The surface D wliicli corres[)onds to it in tin* [»}iysieal space, 
and which, by § IJ, is also a, (g<‘od(‘sie,) sph<‘r(‘. is (;ali(‘d tin* honio/i. 
because it constitutes in a, certain s(ns(* the hinii. of I In* pouM'pl ibh*, 
universe. This follows from tln^ fact that liglit, and n for/iori 
a material particle, would ta,ke an inlitiite. iinn* to 7’(‘aeli il. To 
prove this, let A and B be two geii(‘rie points; then by the. 
definition of F the time talon by light to pass from Jlo B is 

I I . .. j 

J V ' J yFF ■ ' IF 

AViiere the integral is taken along 1 he ray joining J t(^ /F When 
B tends to tlie horizon the integrand tends to an inlinitv' of the 
first order at B, and therefon* the integral e.a,niiot [•(‘main finite. 

As we have already several times recaik'd (in jiartieidar in (In* 
preceding section), the force in the tuTl is tin* graflient of I 
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in consequence it tends to displace the material masses towards 
the regions of minimum i.e. towards the horizon. This 
circumstance was regarded as an incongruence of De Sitter’s 
space-time; but it is to be observed that it must be taken to refer 
solely to accidental masses (sufficiently small not to modify the 
field perceptibly), and not to those uniformly diffused masses 
which constitute it, tlie equilibrium of which is automatically 
assured by the gravitational equations. 

It is interesting to remark that the problem of spatially 
uniform metrics (§ 14) admits of a solution which includes both 
Einstein’s and De Sitter’s solutions as particular casesT 

In fact, in the argument beginning at equation (77'), it was 
tacitly assumed, at (77"), that is constant. If we drop 
this supposition we find 

V,-A, - F,h. - A'* (a,; V, - a,, F,) + F (a,, A^ - a,, Kl), 
whicli, on combination as before with 

^ihir 

gives 

{K ^ K^) (a,, V, ~ 7,) =. T^(a,, K* - a,, IQ. 

If we put JjJ for I\ ~ this becomes 

A(a,:,, V/, - F,,) V(a;/, E,, - a,.,, B,) = 0, 

leading, by the same treatment as in the former case, to 

EV, -1- VE, ^ 0, 
or EV ^ constant 

= A, say. 

Equation (77') may now be written 



Thus, if instead of (80) we write 

^ This exteiiHion of the analysus was sugn>eated to me hy Ur. .fohn Doiigall. 

( D Of).") > 15# 
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the investigation proceeds exactly as before, and leads to tlie 
same value of W, viz. that given in equation (8.1). The new 
value of V is therefore 




W 

u 


A 

K ^ 


If i4 = 0 we have De Sitter's solution; if 0 we have 

Einstein’s. If both A and \ are diflurent from zero, the 
curvature K is still constant, but the (normal) stress p is 
variable, being given by 

K - /i* - E 
_ A 
" 7 ’ 

or -1(3/1 + Kf) t. 

We shall conclude this section by sliowing that De Sitter’s 
space-time not only, like Einstein’s, implies thati ]/hysica,l space 
(i.e. any manifold rq) ™ constant) has constant positive curvatun*. 
/i, but has itself, as a four-dimensional manifold, constant 
negative curvature. 

To prove this, we start from a known property of evfuy sf)ace- 
like cW which has constant curvature K, namely (Chapter Vlll, 
]). 234), tha.t Riemann’s symbols for (W have the form (H)') of 
p. 234, or 

{ir, hh] == //(«,■;, 8;; - (/ r, h, /,• ■== 1, 2, 3). 

By (11) and (13) of § 4, these reJations can })e writLm in the 
form 

{ ir, hk j' = - K S[ - (in, 8;;), . . (8:5) 

still for the same values 1, 2, 8 of the imiices. Now it is easy t,o 
see that these last fornmlas, in virtue of the. cx[)ressions (M') 
for Riomann’s symbols for our anrl of tin; e(|nations 

V,, 

V 


- /ui,7, - : Kf/n, 


1,2, h), (77"') 
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will still hold when 0 is hicliided among the values to be assigned 
to the indices. This is obvious when one, thiee, or four indices 
are equal to 0, since then (§ 4) both sides of the equation vanish. 
In the case of two indices zero we liave, as in § 4, to examine the 
two types {Or, Qhy^ (d), OZ:}'. Tlie corresponding values of the 

left-hand side are respectively V{V'')j, ~ F Vu^ and — 

i.e. in view of (77'"), ^ ^ 

-KV^ a,, ^ iv ^ Kg,,. 

1 

The values of the expression on the right are clearly the same. 
Thus the equations (83) hold for all values of the indices from 
0 to 3, which is precisely equivalent (still by formula (19') of 
]). 234) to saying that the ds^ of space-time has constant negative 
curvature — K. 

It may be well to observe that while the notion of a manifold 
of constant curvature and the measure K of this curvature are 
by tlieir nature invariant, i.e. independent of the choice of the 
co-ordinates of reference, this invariance does not persist for 
multiplication of d.s^ by a constant factor m. In fact, when all 
the coefficients g,, are multiplied by 7n, Riemann’s symbols of 
the seemul kind are unchanged, so that, again by formula (19') 
of p. 234, the curvature K is divided by m. In particidar, for 
m~ — 1, it changes sign. This explains the apparent contra¬ 
diction between our enunciation and that of some writers who 
take — ds- as the fundamental form and assign constant positive 
curvature to De Sitter’s space-time. 

17. Einstein’s additional term. Indication of other rigorous 
solutions. 

For Einstein’s solution we found in §§14 and 15 (formulae 
(73) and (78)) 

3iv ~ KTj, K -f- Kp — 0. 

We cannot therefore suppose the matter devoid of stresses 
(p — 0) without concluding that rj = 0, which brings us back 
to the uninteresting case of a totally em]jty s])ace. Now if 
W(‘. take the cosraologico-statistical p(unt of view (in the sense 
indicated iti § 14), it seems reasonal)]{'. to suppose that there 
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must be a solution of the gi’avitatioiial equations coiTes[)OLi(Jjng 
to the hypothesis of a iiiiiforni (listj'ibution of matter which shall 
be so tenuous that the molecular actions between contiguous 
particles, and therefore the stresses, are imperceptible; such, 
that is, that p 0, while rj is a cojistant other than zero. 

Since the gravitational equations in the original form (8), viz. 

Gruc.— -offg//, ^ 

have no solution of this type, Einstein was led to modify them 
(very slightly) by adding a term which maintains the tensorial 
character of the equations (8), and which in ordinary cases is 
completely imperceptible while serving to render possible a solu¬ 
tion of the type indicated. This term was assumed by Einstein 
in the particularly sim])le form A denoting a coiistant which 
in most cases is negligible comparerl with G. The gravitational 
equations so modiiied are 

i « M, a. 3). J ■ ■ <*'> 

The statical equations accordingly become 
M — A ™ KYj^ 

a„, + ^ ~ (^^f + ^ - kT,, {i, k ----- 1, 2, A). 

Proceeding as in §§ 14, 15, on the hypothesis that tlie space¬ 
like dir has constant curvature, that the density is constant, aaid 
that the stresses are isotrojhc (i.o. are given by (70) and (7J)), 
we ultimately reach the two equations 

?)K ” Kr] - |- A, 

K + Kp — A, 

between /i, t], p, and A, which taLci the place of (7.4) and (78). 

Here it plainly becomes possible to put p 0 without rj 
necessarily having to vanish at the same time; we need only 
take 

2K 

K 


K - A. 
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To get an idea of the order of smallness of the constant A, 

we may note that tlie mea.n cosmic density ~ of matter can 

certainly be regarded as considerably less than that of the nebulae,, 
which is of the order of 10"''’^ gm./cm.^. It is therefore legiti¬ 
mate to assume that in any case 

A = 10-’^ 

2 


From the numerical values (in C.6.S. units) k = 2 X 10 
c — :3 X 10^*’, we have 

A - /v <9 X lO-'L 


For the radius a of the universe (^K = ^ we thus get a lower 


limit given by 


a > 1022 cm. 


This radius is therefore certainly considerably greater than 
10^'^ km. or 10,000 light-years. 


We shall conclude with some bibliographical references con¬ 
cerning the rigorous solutions of the gravitational equations (with 
or without the cosmological term) in some special cases. 

Schwarzschild’s solution is supplemented or generalized in 
various important respects by the original contributions of 
Birkhofl, De Donder, Eddington, v. Laue,'^ and Weyl, which 
are given in their respective treatises, and of Signorina Longo^, 
TrefftZj^"^ Nuyens,^ and Vanderlinden.’'' 

A different type of solution is considered in the researches of 
Weyl,^ Levi-Civita,'^ Bach,^ Chazy,'‘^ Palatini,and Kasner.^i 

^ Of. also Sltzuiuj^iJurlcJitf: der Ak\ der ir/.s.s‘., 1928, pp. 27-31. 

- Nilovo Uhnoito, A^ol. XV, 1918, ]>}». 191-211. 

^ Math. A iiaialc'ih, Vol. 86, 1922, pp. 317-326. 

Camples Itrrahi.'i, Vol. 176, 1923, pp. 1376-1379. 

Bull, de hA(\ raijuJe de Beh/ifiue, 1921, ])]». 200-276. 

'> Annalen drr Phi.slh, 54 (1918), ])p. 117-145 ; 59 (1919), pp. 18.5-188. 

^ “ ds- einstoiiiiiiiii in oanij)! newtoniimi ”, Notes I-IX, in Bend, della B. Ace. 
del Lincei Vols. XXVI, XXVTT, XXVTir, 1917-1919. 

^ Mathemnthchfi Zeltse.hrifi, Vol. 13, 1922, ]>]). 134-145. 

Bulletin de la. Soedetd Math. de. Fo-anee. Vol. LIT, 1924, i)p. 17 37. 

Nuovo t.'hnenlo, Vol. XXVI, 1923, pp. 5-21. 

Trans, of the Amerlean Math. Soeletip Vol. 27, 1925, pp. 101-105, 155-162. 
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P. 122, line i) from fool. Sec a sliort Init substantial article by 
E. Cati'an, wIk) discusses the question exhaustively from the 
geometrical |)nint of view: Afrnales de la Sociele Poloaaise de Malhe- 
•niatiqften, \b)b VI (H)27), pf). 1-7. An earlier paper ])y M. Janmt, 
ibidem, Vol. V (1026), ])p. 38-73, may also bo consulted. 

P. 16S, af Ihe end. A luminous demonstration of M. Fermi’s 
theorem, as sim[)l(' a,s it is intimately rehited to fundamental ])rin- 
cij)les, lias Ixmmi given recently by Mile. P. Nafuj: Rend. Ace. Lined, 
Vol. VTI (1028), pp. 105-108. 

P. 171, (fl the end. Tlu^ use of locally geod<‘.sic co-ordinates enaldes 
us to rocognizi^ at once^ an. iniporfan.f properfi/ of Ike ^-si/nlems, which 
they possess in common with the fundamental tensors rq;,., r/V*' 
—their covariani deriva/iee va.nlshes Idenlicallf/. For each element of 

an €-syst(‘.m is either zero or of the hjrm The deri¬ 

ve 

vatives of tfie a^v/s being zero (in geodesic co-ordinates, for the 
])oint cousid(‘r(xl), the same is true for every element of an e-tens(jr. 
It folhiws (f). 71, final paragraph) that the covaxiant derivative 
vanish(‘s in any syshun of co-ordinates wlialever. 

P. 1(88, lin.e. 3. Tluygeneral cas(^ in whidi the cycle T and conso- 
(pumtly tfie, area P an', not restricted to be infinitely small, can 
also be t.naited without great dilliculty, as has been shown very 
inge.nionsly by J. M. Mc'Ponnell, Rend. Ace. Lincel, Yol. VTI (1628), 
pp. 208 213, 306-306. 

P. 20p, (Old of fool-nole. Se(‘. also 1. L. SYN(iK, On Ike Oeomelri/ (f 
Difmtmies. Phil. Ih’aiis, Hoy. Roc., A, 226 (1626). ])]). 31-106; and 
various nnP*s by MM. IMorwalo, Ihuauf), CArtan, Crtidjcli, 
Dk .Mnt.A iOntNANi'Ks, Onicksc'E, \'HANci<:AX!y Rend. Aec.. Lincei, 
V<ls. V, VI and VIJ (1627, 1628). 

■IJL 
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P. 228, after formula (14). Formula) (13) and (14) can be proved 
more readily, without any formal development, }jy mca,ns of geo¬ 
desic co-ordinates, as has been remarked lyv Mile. Nalli. See liei- 
note Due diuiostrazioni nel calcolo assoluto, Boll, dell’ [Jnione Mat. 
Italiana, Vol. VII (1928), pp. 124, 127. 

P. 234, line 10 from foot. A simpler proof, clue to Mile. Namj, 
is given in the paper cited in the note to p. 228. 

P. 439, at. end of references. On all these questions, Darmois, 
Les equations de la gravitation emsteinienne, Fasc. XX, Memorial 
des Sciences Mathematiques (Paris, Gaiithier-Villars, 1927) may 
also be consulted. 
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Action, in mechanics, 331. 

Action, stationary, 324, 331. 

Addition of tensors, 75. 

Angle between two directions, 92. 

-in U„,, 123-126. 

Angular metric, 123. 

Antisymmetrical systems, 66. 

Area, element of, (jy. 

Associated tensors, 95. 

-with respect to quadric, q6 . 

— vectors, 140. 

Atom, vibration of, 400. 

Attracting mass, spherical, 419-423. 
Attraction on planet, 369. 
Autoparallelism of geodesic, 104, 140. 

Bending of light rays, 402, 403-400. 
Bianchi’s derived vectors, 137-140. 
Bibliography. See Preface. 

— of solutions of Schwarzschild type, 
439 - 

Bilinear covariant, 18, 20, 21. 

— form, 66, 70, 

Binary form, curvature of, 414-419. 

Canonical form of quadratic, 206, 281. 

— system as to given congruence, 278. 
Cartesian co-ordinates, 61. 

— co-ordinates locally, 164, 167, 171, 
202. 

Centra! forces, 397. 

Change of co-ordinates, 61. 
variables, 2, 61. 

... — general, 80. 

Characteristic of envelope, lOi. 

— matrix, 9, 39, 87, 250. 

— - --- surfaces, 47. 

Christof'Tel’s symbols, derivatives of 
nuc in terms f)f, ir. 

-determinant r/in terms of, i 12. 

- — of first kind, 109, i 11. 

of second kind, 110, 11 r. 

-■ — vanishing of, 12t. 

Classical mechanics, correction to, 392. 


r, meaning of constant, 335. 

Coeflicient g„o, second approximation to, 
392-394. 

Coetheients of ds\ by experiment, 363- 
368. 

— -qualitative properties of, 369. 

-quadratic form, covariance of, 73. 

Commutation of second derivatives, 

273 - 

— rule, 184. 

Complete system of partial difl'erential 
equations, 52, 53, 

-total difTerential equations, is- 

18. 

Composition of tensors, 79. 

— —'Velocities, in relativity, 3 ^ 7 - 
Compounded tensor, 79. 

Conformal representation, 229, 246. 
-of Einsteinian in Euclidean space, 

423. 

-of U:„ 411. 

Congruence, canonical system as to, 278. 

— geodesic, 262, 274. 

-curvature of, 275. 

— - normal, 263, 275, 285. 

— of curves, 46, 47. 

— - solenoidal geodesic, 363. 

Congruences in Euclidean space, 282. 

— set of normal, 277. 

— sets of, 265. 

Constant, gravitational, 386. 

— a:, in Einstein’s equations, 387. 
Continuity, equation of, 347, 349“35ij 

360, 363. 

— -molecular, 361. 

Continuous system, mechanics of, 347, 

352. 

-- in covariant equations, 34S, 349. 

... — In terms (T energy tensor, 351. 

..relativistic equations for, 359. 

Contraction of bodies in motion, 313. 

— of tensors, 77 - 79 . 

Coniravariance of the 92. 

Coniravariance, m-fold system, 69-71. 
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Contravariance, simple system, 67, 8 j. 

'— transformation by, 67, 69—71, 
Contravariant differentiation, 149. 
Co-ordinate hypersurfaces, angle be¬ 
tween, 128. 

— lines, angle between, 12S, 

-parameters of, 98. 

-moments of, y8. 

Co-ordinates, Cartesian, 6t. 

— curvilinear, 6r, (S7. 

■—• in space-time, 390. 

■—locally Cartesian, 164-171, 302. 

-geodesic, 164, 167, 171, 

— PJuclcer’s, 68. 

Cosmological interest, solutions of, 426. 

— term, Einstein’s, 438, 439. 

Covariance, m-fold system, 69-71. 

— simple system, 67, 68, 83. 

— transformation by, 64, 67-71. 
Covariant, bilinear, 18, 20, 21, 

— derivative, 146. 

-second, 184. 

— differentiation, 144, 149. 

-of invariant, 147. 

-of vector, 147. 

— simple system, typical, 82. 

-systems, sets of, 74. 

Cramer’s rule, 54, 55. 

Curl of vector, ]6i. 

Curvature, calculated, 413. 

— constant, canonical forms for mani¬ 
folds of, 238, 240. 

-manifolds of, 236, 246. 

— Gaussian, 172. 

-of ordinary surface, 193. 

— geodesic, 135-137* 

-of congruence, 275. 

— hyperspherical, 258. 

-formula for, 260. 

— lines of, 286. 

— locally constant, 335. 

— mean, of physical space, 382. 

-of 2!;8. 

-of V,, 372. 

— of a 201. 

-calculated, 413. 

— — formula for, 203. 

— of space, in Einstein’s space-time, 
429, 43 ^* 

— principal, in K), 204. 

— Riemannian, of 195. 

— space of constant, 425-439. 
Curvatures, calculation of, 414-419. 
Curvilinear co-ordinates, 61, 87, 
Cylindrical space-time, Einstein’s, 429. 

Density, mean cosmic, of matter, 426, 

4.39. 

~ of energy, 35o> 35i* 

-momentum, 350. 


j Density of nebuJie, 439. 

Derivative, covariant, 146. 

— of vector, 139, 140. 

Derivatives, transformation of, 85. 

— of determinant n’, 112. 

De Sitter’s space-time, 429-435. 

-constant negative curvature of, 

43 ^’* 

Determinant, functional, 2, 4-12. 

— a, derivatives of, in terms of Chris- 
toftel’s symbols, 112. 

— reciprocal elements in, 54, 55, 80, 81. 
Developable, circumscribed, 101, 

— surfaces, too, 101. 

Differential equations, linear partial, 
33 ~ 6 i, 

-normal form of, 36. 

-total, 13-33. 

— parameter, first, 231. 

— parameter, second, 15^1, 393. 

— - paramelens, in special case, 418. 

' - total, 13, 64. 

Differentials, linear transformation of, 
So. 

Differentiation, covariant, 144, 149. 
Direction. Sec Versor. 

— spacelike, 356, 357. 

— timelike, 356, 357. 

Directions of co-ordinate lines, in V),, 
127. 

— - 'Surfaces, in 127. 

— specification of, 90. 

Discrete system, motion of, 360-363. 

-incompressible, 361. 

Discriminant of ’s, 157. 
Displacement, cyclic, 173, 186. 

— infinitesimal, 104. 

— parallel, 103. See Parallel displace¬ 
ment, 

— spectral, 400. 

ds' and gravitation, 375. 

— approximately pseudo - Euclidean, 
3 ^ 3 - 

— coefficients of, and gravitational 
experiments, 367. 

-by experiment, 363-368. 

— covariance of coefficients of, 90. 

— discriminant of coefficients of, 90, 

— expression for, 88. 

— for an Einsteinian space-time, 392. 
-assigned Newtonian field, 388- 

392. 

-single point mass, 419-423. 

■— gencralixation of, 320. 

— indefinite, 1^1. 

— in mechanics, 293. 

-invariance of, 294. 

— invariance of, 308, 311. 

— qualitative properties of coefficients 
of, 369. 



SUBJECT INDEX 


447 


c/.v“ same for dynamics and Jight, 336, 
337 - 

— statical, 326, 327, 371, 377, 37^,392. 

-l^nstein tensor in, 380, 381. 

-Riemann’s symbols in, 379. 

— ten functions involved in, 322. 

— ^’aniahing, for light, 332, 338. 

-variational principle for, 340. 

Divergence of double tensor, 154. 

-gradient of vector, 154. 

— — stress tensor, 344, 

-vector, 153. 

Dual variables, 68, 81. 

Eclipse observations, 407, 408. 
Einstein's cylindrical space-time, 429. 

— form of Hamilton’s principle, 291. 

— gravitational equations, 376. 

— tensor, 200, 371. 

— -divergence of, 371. 

-for a K.2, 371. 

-in statical ds-, 380, 381. 

— ■—' linear invariant td’, 371. 
Einsteinian, and Newtonian, trajec¬ 
tories, 395. 

— motion, law of time in, 396. 

— space-time, ds- for an, 392. 
Electrodynamics of bodies in motion, 
^ 311, 312. 

Element of area, 99. 

Elongation, relative, 305. 

Empty space, 392. 

-c/.V“ for, 382, 383. 

Energy and mass, 294, 298. 

- matter, 298. 

-- metric of F4, 328. 
density, 350, 351, 356, 382. 

■ field of uniform, 426. 

Mux of, 350, 351, 356, 357, 358. 
intrinsic, of matter, 297, 298. 
kinetic and potential, 296, 324. 
tensor, 355, 358. 

- — and curvature, 374. 

-- -electnjmagnetism, 374. 

— — equations of motion, 359. 

■ -local phenomena, 374. 

- — metric of space-time, 383. 

--- physical interpretation of, 359. 

• - - vanishing, 382, 392. 

ICnvelope of family of planes, jor. 

ICquation of orbit, 397. 

lujLiations, Einstein’s gravitational, 376. 

— "■ of motion, lunsteinian modification 

of, 35 ^- 

— -in terms <jf stress tensor, 351. 

-of free particle, 287, 

— relativistic, for continuous system, 
359 - 

— total differential, 13-33. 

— -integrals of, 47. 


Equipollcnce of vectors, 103. 
Equivalence, mechanical, a theorem of. 
394 - 

e-systems, 158. 

Ether, 335. 

Euclidean manifold, 121. 

-and Riemann’s symbols, 242-246. 

-ChristofTers symbols in, 121, 

— metric manifold, condition for, 242- 
246. 

Experiment and coefiicients of r/i“, 363- 

368. 

Experiments, gravitational, and ds^, 367. 

— optica], and 363. 

Extension of a field, 160. 

-curved space, 426, 427, 428. 

Facet, 201. 

Fermat’s principle, 335, 402. 

-and geodesics, 34i“343- 

-in relativity, 340, 341. 

Focal directions in congruences, 283. 
Force absorbed in stress system, 349, 
374 , 375 * 

— disturbing, in planet's motion, 397. 

— in relativity field, 328, 

— inversely as cube of distance, 397. 
Form, bilinear, 66. 

— invariant, 73. 

— linear, 67, 

— multilinear, 66, 83. 

—• quadratic, 66. 

Forms of class i, 253. 

-conditions for, 257. 

Frame of reference, 335. 

Frequency of spectral line modified, 

400. 

Fresnel’s convection coeMR'ient, 319. 

— formula for velocity of light in 

moving media, 318—320. 

Function, alternate, 35. 

— implicit, 3. 

— uniform, 14. 

I'unctional matrix, characteristic of, 

9 , 39 , 87, 250 - 
Functions of position, 80, 83. 

Galilean systems, 349. 

-force, stress, and tlivergence in, 

349 - 

Gauss, on intrinsic geometry, 99. 
Gaussian curvature, 172. 

-of Vo, 193. 

General relativity, concept of, 294. 

-postulates of, 364. 

Generalization of metric of 320. 

-J^agrangian function, 322-324. 

Geodesic, co-ordinjites locally, 164, 167, 
171. 

— curvature, 1 35- 1 37. 
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Geodesic, definition of, 103, 128, 

•— deviation, 208-220. 

-Jacobi’s formula for, 219. 

— excess, 197. 

— manifold, 162. 

— motion of particle in, 326. 

— principle, 337. 

-Einstein’s, 328, 331. 

-in 341. 

— sphere, as horizon, 434. 

— surface, 164. 

— triangle, 197. 

Geodesics and trajectories, 324, 326, 
331 - 

— autoparallelism of, 104, 140, 

— differential equations of, I3i“i35- 

— in rigid motions, 408, 

— in space of constant curt'ature, 42S. 

— Lagrange’s equations for, 208, 331, 

332, 341. 367, 413. 

— near given geodesic, 208. 

— of zero length, 330-334, 337. 
Geometrical optics, 334. 

—• - - according to Einstein, 335-338. 
Ga- (Einstein tensor), in statical a'.r, 
380, 381. 

-— linear invariant G of, 380, 

3 f^i. 

G, linear invariant of Einstein tensor, 
3S0, 381. 

Gravitation, modification of Newton’s 
law of, 397. 

— not absorbed in energy tensor, 375. 

— with point mass, 419-423. 
Gravitational constant, 386. 

— equations, and the facts, 387. 

-Einstein’s, 376. 

-for spherical symmetry, 419. 

-for statical r/.v', 381. 

-in space of constant curvature, 

428. 

-modified by cosmological term, 

438. 

-rigorous solutions of, 437, 

-solution of, 419-423. 

— experiments and (/s'-, 367. 

•— field and spectral lines, 400-402, 

-path of light in, 403-408. 

— forces, as privileged, 374, 

— tensor, 371, 372, 

-divergence of, 372. 

I-Iamilton’s principle, 287. 

— ■— Einstein’s form of, aqr, 

— ■—modified, 294-298, 301, 322-324, 
351 * 

I'lorizon, in De Sitter’s space-time, q3 j. 
i'lyperspherical representation, 258. 
llypersLirface, 121. 

— hypcrsphcTical representation of, 258. 


flypersurfaees in Euclidean space, 249, 
253 - 

— parallel,. 231. 

Immersion of Ln in Euclidean sp.uc, 
121. 

Indefinite 141. 

Independence of functions, 5, 8-10. 
Inertia, index of, 299. 

— principle of, in relativity, 298. 

Jimer multiplication of tensors, 79. 
Integral, general, .40, 42, 43, 45, 50. 

— independent, 40, 42. 

— of diflerential equations, 36, 37, 

— principal, 38, 39, 49. 

Intrinsic geometry of surface, 99. 
Invariance and Mamilton’s principle, 

291. 

— in relativity, 322. 

— of c/s'-, 308, 311. 

— m-fold system, 69. 

— simple system, 67. 

— transformation by, 62. 

Invariant, derivatives of, 83. 

— quadratic form, 73, 84. 

Isotropic manifolds, 232. 

Jacobi {)n geodesics, 208. 

Jacobian systems of equations, 52, 53. 
jacobians, 2. See Determinant, Junc- 
tiona/. 

Kinematics, Galilean, 318. 

— of rigid systems, 301. 

-modified, 303. 

— relativity, 311, 316. 

Kummer on congruences, 286. 

i.agrange and geodesics, 208, 331, 332, 
34 L 367, 4 ^ 3 - 
Lagrangian binomials, 289. 

— equations, 289, 331, 332, 341, 367, 

413. 

— parameters, 288. 

Laplace’s operator, 394. 

Law of gravitation, modifications of, 397. 
Light, constancy of velocity of, 335, 

— in gravitational field, frequency of, 
4O0-q02. 

' - path of, as trajectory, .403. 

-in gravitational field, 403-408. 

— propagation of, reversible, 365. 

— rays and trajectorie.s, 343. 

— signals, 364. 

Local time, 290, 311, 312. 

.Lorentz transformation, 300, 308, 310, 
316. 

-invariance for, 352, 353, 354. 

— — most general, 313. 

— translation, 316. 
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Manifold, i. 

KucHdean, 121. 

— geodesic, 162. 

— metric, 119. 

— //-dimensifinal, 119. 

— sections of, 162. 

Manifolds, isotropic, 232. 

— of constant curvature, 236, 238, 240, 
246. 

~ — — their mutual applicability, 249. 
Aiass and energy, 294, 298. 

— and metric of Fj, 328. 

— and velocity, 2950 
Matrices, functional, 8-12, 

A'latter, mean cosmic density i>f, 439. 

— mtal quantity of, 427, 428. 

Aiaximum and minimum, 128. 
Maxwell’s theory, 383. 

Mayer’s method of integration, 25. 
Mechanical equivalence, a theorem of, 
394 - 

Mechanics, classical, correction to, 291- 
294, 320, 392. 

— generalized, 320-324. 

— of continuous systems, 347, 352. 

-in covariant equations, 3 J.8, 349. 

-with any co-ordinates, 347. 

Metric, angular, 123. 

.of space-time and energy tensor, 383. 

— of F,t and physical phenomena, 374. 
-generalization of, 320. 

— pseudo-Euclidean, 299, 360. 

Metrical elements of figure, 100. 
A'letrics, different, covariant derivatives 

for, 222. 

-for same 220. 

— -- Pdemann’s symbols for, 224. 

— in conformal representation, 229. 

— relativity, qualities of, 325. 

-statical, 326. 

-stationary, 326. 

— spatially uniform, 425. 

with spherical symmetry, 408-414. 
Michelson-Morley experiment, 335, 
Minimum time, principle of, 341, See 
Fentiat ’s Principie . 

Mixed system, or tensor, 70, 71. 

— - systems of total differential equations, 

29 ~ 33 - 

Alolecular action, system with no, 360- 
3 ^ 3 - 

A'loments f)f co-ordinate lines, 98. 

— — direction, 92, 120. 

covariance of, 92, 120. 

-- relation connecting, 92, 120 
A'lomentum, 295. 

A'lorera’s method of integration, 22-25. 
Motion, Einsteinian, of planets, 396. 
Alultilinear form, 66, 69, 83. 
^'lulliplj^.ation of tensors, 76. 


Nebuke, density of, 439. 

Newtonian equations, 287, 377 - 

— field, assigned, space-time for, 3 *^^ ' 

392. _ 

— motion, diJferences from Einslcinian, 
377 - 

— potential, 375. 

— potential and 336, 369. 

Normal congruence, 263, 275, 277, 2K5. 

— form of difTerenlial equations, 36. 

Operator .A, properties of, 176, 

— linear, 33-37, 48, 84. 

Optics, geometrical, 334. 

Orbit, equation of, 397. 

Orthogonal directions, sel.s of, 205. 

Parallel, ambiental, 171. 
displacement, 103. 

— — along a geodesic, 103, 104. 

-angles unchanged by, 103, i i 4- 

-cyclic, 173, 186. 

-of vector,' 192. 

-Pdrfes’s formula for, 193* 

Parallelism, 102. 

— and curvature, 193-198. 

— and infinitesimal displacement, i 04 . 

— angle of, 198. 

— differential definition of, 105. 

— equations of, i lo-i 12. 

— extension of notion of, 137. 

— intrinsic character of, 106- 

— intrinsic equations of, 107. 

— invariance of, iio. 

— symbolic equation of, 107. 

— with respect to surface, 102. 
Parallelogram rule for vectors, j 17. 
Parallels, kinematical const rueti(jn f>f, 

102, 104. 

Parameter of family of surfuces, 45. 

— first difi'crenlial, 231, 418. 

— second difTerenlial, 154, 393, 418. 
Parameters and moments, relation <d', 

92, 125. 

— Lagrangian, 288. 

— of co-ordinate lines, 98. 

— of direction, 91, 120. 

-conlravariance of, 91, 120. 

-- relation connecting, 91 , 120. 

Parametric eejuations of surface, 8(). 

Path of light, in gravitational field, 402 
403-40S. 

Peres’s formula, 193. 

Perihelion, displacement of, 396, 398. 

-formula for, 398. 

-- of ATercury, 399. 

-- of other planets, 400. 

PerniLitability (do ~ 5 d), i 16. 

Perturbations, Newtonian, 3<jo. 

Pfalfian, 13, 20, 26, 161, 174. 
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Pfaffian as invariant, 8i, 82. 

— systems, 14. 

Physical phenomena and metric of F4, 

374 * , ^ 

Planet, motion of, 369. 

Planets, Einsteinian motion of, 396. 

— motion of, discrepancies in, 322. 
Poisson’s equation and Einstein’s theory, 

386, 387- 

— equation for potential, 375, 377. 

— parentheses, 35, 36. 

Postulates of general relativity, 364. 
Potential, Newtonian, 287, 292, 297, 

322, 323, 369. 375 , 377 , 388, 394, 396, 
400, 403. 

-and 336, 369. 

— — and metric of space, 391. 
Potentials, 10 gravitational, 375. 
Principe expedition, 407. 

Product of tensors, 76. 

Pseudo-Euclidean ih-, 325, 376. 

— every metric locally, 360. 

—• metric, 299, 360, 3CS3. 

-and versors, 329, 

Quadratic, canonical form of, 205, 281. 

— differential form, invariant, 84. 

— form, 66. 

-covariance of coefficients of, 73. 

-definite, 90. 

- ds~, character of, 120. See fls'\ 

-invariant, 73, 

— •— with non-vanishing discriminant, 
90. 

— forms of class zero, 242. 

-of class i, 253. 

-Euclidean, 242. 

— — Riemann’s symbols for, 242-246. 
-theory of, 205. 

Radioactivity, 297. 

Radius of universe, 439. 

Reciprocal elements in determinants, ^4, 
55, 80, 81. 

— tensors, 95. 

Refracting medium, space as, 402. 
Refraction of light, 334. 

Refractive index, 334. 

Relative motion, 313, 316. 

Relativity and Newtonian theory, differ¬ 
ences, 377. 

— composition of velocities in, 317. 

— general, and Poisson’s equation, 3S6, 

387. 

-postulates of, 364. 

— invariance in, 322. 

— kinematics of, 311, 316. 

— - metrics, qualities of, 325. 

— — statical, 326. 

— - stationary, 326. 


Relativity, postulates of, 364. 

— principle of, 311. 

~ restricted, 300. 

— special theory of, 300. 

Reversible motion, 327. 

— transformation, 3, 7, 61. 

Reversibility of light propagation, 365, 
Ricci’s coefficients of rotation, 268. 

— lemma, 148, 152. 

— symbols, 199, 372, 389, 411, 426. 

— tensor, 199. 

-linear invariant of, 200, 380. 

Riemann-Christoffel tensor in V.^, 372. 

-20 components of, 372. See 

Riei?tann*s symbols. 

Riemannian curvature of V.,i, 195-198. 
Riemann’s symbols, 172. 

-and conformal representation, 228, 

246. 

-—and Euclidean metric manifold, 

242-246. 

— -— Bianchi’s identities in, 182. 

-of first kind, 176, 179-182. 

-of second kind, 175, 177, 178. 

Rigid motion in any manifold, 408. 
Romerian units, 307. 

Rotation, Ricci’s coefficients of, 268, 
Rotor of vector, 161. 

Saturation (of indices). See (]oHh(iriio}i. 
Scalar product of vectors, 98, 126, 152. 
Scbur’s theorem, 235, 

Schwarzschild’s solution of gravitational 
equations, 419-423. 

-extensions of, 439. 

Second covariant derivaliv^es, 184. 

— differential parameter, 154, 393. 

— fundamental form of Vn, 252. 

Section of manifold, 163. 

— of Fj, 201. 

Sets of orthogonal directions, 205. 

— of simple systems, 74, 156. 

— reciprocal, 74. 

.Seven’s theorem, 171. 

Shift, spectral, 400. 

Signals, light, and coefficients of ds", 
364-366. 

.Simultaneity, 290, 311. 

Sirius, spectrum of Companion of, 402. 
Sobral expedition, 407. 

Solution of differential ctjuaiions, 36, 

48. _ 

-—-gravitational equati(ms, Schwarzs¬ 
child’s, 419-423. 

-first approximation deduc'.d 

from, 425. 

Solutions, rigorous, of gravitational 
equations, 437. 

Space, metric of, and Newtonian poten¬ 
tial, 39i. 



